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PREFACE. 


Tee  present  volume  is  the  first  of  throe  in  which  its  author  desires 
to  offer,  to  academies  and  colleges,  a  course  of  Natural.  Philosophy, 
including  Astronomy.  It  embraces  the  subject  of  Mechanics — the 
ground-work  of  the  whole.  It  is  intended  to  be  complete  within 
itself,  and  to  have  no  necessary  deper.dence,  for  the  full  compre- 
hension of  its  contents,  upon  those  which  are  to  follow.  In  its 
preparation,  constant  reference  was  made  to  the  admirable  labors  of 
M.  Poncellet,  and  much  valuable  assistance  was  derived  from  the 
work  of  M.  Peschel. 

Large  type,  marginal  notes,  tables  of  reference,  and  numerous 
diagrams,  often  repeated,  have  swollen  the  volume  beyond  the  limits 
originally  intended ;  but  whatever  of  inconvenience  may  thence  arise, 
will,  it  is  hoped,  be  more  than  compensated  by  the  facilities  which 
I  size  cannot  fail  to  bring  to  the  aid  both  of 


the  teacher  and  student. 
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NATURAL   PHILOSOPHY. 


INTRODUCTION. 

The  term  nature  is  employed  to  signify  the  a 
of  all  the  "bodies  of  the  universe;  it  includes  whatever 
exists  and  is  the  subject  of  change.  Of  the  existence  of 
these  "bodies  we  are  rendered  conscious  by  the  impressions  l,t»1-,:s- 
they  make  on  our  senses.  Their  condition  is  subject  to  a 
variety  of  changes,  whence  we  infer  thai  external  causes 
are  in  operation  to  produce  them ;  and  to  investigate  Phantom  science, 
nature  with  reference  to  these  changes  and  their  causes, 
is  the  object  of  i'iiydval  Science. 

All  bodies  may  he  distributed  into  three  classes,  viz. :  classification  of 
■unov'jih'iizf'd  or  ina.nvm.ati:.  orminivrd  or  animated t  and.  the 
heavenly  bodies  or  primary  organizations. 

The    unorganized    or    inanimate    bodies,    as    minerals,  inanimate 
water,  air,  form  the  lowest  class,  and  are,  .so  to  speak,  ^'^e  ^riod 
the  substratum  for  the  others.     These  bodies  are  acted  noma, 
on  solely  by  causes  external  to  themselves ;    they  have 
no   definite  or    periodical    duration ;    nothing    that   can 
properly  be  termed  life. 

The  organized  or  animated   bodies,    are  more  or  less  Animated  i>  mi  ies, 
perfect  individuals,  possessing  organs  adapted  to  the  per- urg!ms' v  s  1- 
formance  of  certain  appropriate  functions.    In  consequence 
of  an  innate  principle  peculiar  to  them,  know  as  vitality, 
bodies  of  this  class  are  constantly  appropriating  to  them- 
selves unorganized  mailer,  changing  its  properties,  and 
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deriving,  "by  means  of  this  process,  an  increase  of  bulk, 
production,  They  also  possess  the  faculty  of  reproduction.  They 
ration.  retain  only   for  a  limited  time  the  vital  principle,  and, 

when  life  is  extinct,  they  sink  into  the  class  of  inanimate 
lirmifmd         bodies.     The  animal  and  vegetable  kingdoms  include  all 

isstiai  bodies;         The   celestial   bodies,    as  the   fixed  stars,  the   sun,    the 

comets,  planets   and  their   secondaries,   are  the  gigantic 

individuals  of  the  universe,  endowed  with  an  organization 

;nna-  on  the   grandest  scale.     Their  constituent  parte  may  be 

Qospher'e°'!eim'  eompare<i  to  the  organs  possessed  by  bodies  of  the  second 

class;    those  of  our  earth    are  its  continents,   its  ocean, 

its  atmosphere,  which  are  constantly  exerting  a  vigorous 

action  on  each  other,  and  bringing  about  changes  the 

moat  important. 

f&eiiBtcd  The  earth  supports  and  nourishes  both  the  vegetable 

fonimais1  '""S  an(^  anmiai  world,  and  the  researches  of  Geology  have 

demonstrated,  that  there  was  once  a  time  when  neither 

plants  nor  animals  existed  on  its  surface,  and  that  prior  to 

the  creation  of  either  of  these  orders,  great,  changes  must 

have  taken  place  in  its  constitution.     As  the  earth  existed 

thus  anterior  to  the  organized  beings  upon  it,  we  may 

aveniy  bodies  infer  that  the  other  heavenly  bodies,  in  like  manner,  were 

DudsDnd    °     called  into  being  before  any  of  the  organized  bodies  which 

ambles.         probably  exist:  upon  them.     ^Reasoning,  then,  by  analogy 

from  our  earth,  we  may  venture  to  regard  the  heavenly 

bodies  as  the  primary  organized  forms,  on  whose  surface 

both  animals  anil  vegetables  find  a  place  and  support. 

tnrai  Natural  Philosophy,  or  Physics,  treats  of  the  general 

amafJ^ngBB.  properties  of  unorganized  bodies,  of  the  influences  which 

act  upon  them,  the  laws  they  obey,  and  of  the  external 

changes   which   these  bodies   undergo  without   affecting 

their  internal  constitution. 

™iat,j;  Chemistry,   on  the   contrary,   treats  of  the   individual 

properties  of  bodies,  by  which,  as  regards  their  constitu- 
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tion,  they  may  bo  distinguished  one  from,  another ;  it  also  internal  chan 
investigates  the  transformations  which  take  place  in  the 
interior  of  a  body— transformations  by  which  the  sub- 
stance of  the  body  is  altered  and  remodelled  :  and  lastly, 
it  detects  and  classifies  the  laws  by  which  chemical 
changes  arc  regulated. 

Natural   History,    is   that   branch    of   physical    science  Natural  nisto 
which  treats  of  organized   bodies ;    it   comprises   three  j"".™^.',, 
divisions,  the  one  mechanical — the    anatomy   and    dissec-  physiology, 
tion  of  plants  and  animals;  the  second,  chemical — animal 
and    vegetable    chemistry;    and   the   third,  explanatory— 


the  knowledge  of  the  celestial  Astronomy, 
bodies.  It  is  divided  into  Spherical  and  Phyyic.it  natron-  *'  ^al 
omy.  The  former  treats  of  the  appearances,  magnitudes, 
distances,  arrangements,  and  motions  of  the  heavenly 
bodies;  the  latter,  of  their  constitution  and  physical  con- 
dition, their  mutual  influences  and  actions  on  each  other, 
and  generally,  seeks  to  explain  the  causes  of  the  celestial 
phenomena. 

Again,  one  most  important  use  of  natural  science,  is 

the  application  of  its  laws  either  to  technical  purposes —  Appiicaitoi 
mechanics,  technical,  ch.cmixlry,  ■pharmacy,  ih\  ;  to  the  phe- 
nomena of  the  heavenly  bodies  —physical  astronomy  ;  or  to 
the  various  objects  which  present  themselves  to  our  notice 
at  or  near  the  surface  of  the  earth— p hydca I  geography, 
meteorology- — and  we  may  a.dd  geology  also,  a,  science  which 
has  for  its  object  to  unfold  the  history  of  our  planet  from 
its  formation  to  the  present  time. 

Natural  philosophy  is  a  science  of  observation  and  ex-  Nnturai 
periment,  for  by  these  two  modes  we  deduce  the  varied  ^j^"' 
information   we  have    acquired    about   bodies;    by   the  ubscr™ii™ 

lixi^iim!!]'. 

-.Or met'  we  not.ce  aity  charges  1  k;.;;  transpire  m  the  condi- 
tion or  relations  of  any  body  as  they  spontaneously  arise 
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without  interference  on  our  part;  whereas,  in  the  per- 
formance of  an  experiment,  we  purposely  alter  the  natural 
arrangement  of  things  to  bring1  about  some  particular  con- 
dition that  we  desire.  To  accomplish  this,  we  make  use 
of  appliances  called  pkiki-w/vik-al  or  chemical  apparatus,  the 
proper  use  and  application  of  which,  it  is  the  office  of  Ex- 
permi-nMil  Physics  to  teach. 

If  we  notice  that  hi  winter  water  becomes  converted 
into  ice,  we  are  said  to  make  an  observation :  if,  by 
means  of  freezing  mixtures  or  evaporation,  we  cause  water 
to  freeze,  we  are  then  said  to  perform  an  experiment. 

These  experiments  are  next  subjected  to  calculation, 
by  which  are  deduced  what  arc  sometimes  called  the  laws 
of  nature,  or  the  rules  tliul  li.Lt  causes  -will  invariably  pro- 
duce like  results.  To  express  these  laws  with  the  greatest 
possible  brevity  mathematical  symbols  are  used.  When 
it  is  not  practicable  to  represent  them  with  mathematical 
precision,  we  must  be  contented  with  inferences  and 
assumptions  based  on  analogies,  or  with  probable  ex- 
planations or  hypotheses. 
i  A  hypothesis  gains  in  probability  the  more  nearly  it 

accords  with  the  ordinary  course  of  nature,  the  more 
numerous  the  experiments  o;i.  which  it  is  founded,  and  the 
more  simple  the  explanation  it  offers  of  the  phenomena 
for  which  it  is  intended  to  account, 


PHYSICS    OF    PONDERABLE    BODIES. 


phjsicni  §  1. — The  physical  proper  tics  of  bodies   are  those  ex- 

■    ■  temal  signs  by  which  their  existence  is  made  evident  to 

our  minds;    the  senses    constitute    tkc    medium    through 

which  this  knowledge  is  communicated. 
All  me  eens<»  All  our  senses,  however,  are  not  equally  made  use  of 

^oyed"         f°r  ^  purpose  ;  we  are  generally  guided  in  our  decisions 

by  the  evidence  of  sight  and  touch.     Still  sight  alone  is 
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frequently  incompetent,  as  there  are  bodies  which  cannot 
"be  perceived  by  that  sense-,  as,  for  example,  all  colorless 
gases;  again,  some  of  the  .objects  of  sight  are  not  sub- 
stantial, as,  the  shadow,  the  image  in  a  mirror,  spectra 
fori  tied  by  the  reliaeliou  of  ike  rays  of  light,  &e.  Touch,  Tuucii. 
on  the  contrary,  divides  indubitably  as  to  the  existence  of 
any  body. 

The  properties  of  bodies  may  be  divided  into  primary  lMmmy  and 
or  principal,  and  secondary  or  accessory.     The  former,  arc  p^pei-ito  oi 
such  as  we  find  common  to  all  bodies,  and  without  which  bornea, 
we  cannot  conceive  of  their  existing ;  the  latter,  are  not 
absolutely  necessary  to  our  conception  of  a  body's  ex- 
istence, but  become  known  to  us  by  investigation  and 
experience. 


§  2. — The  primary  properties  of  all  bodies  are.  extunswa 
and  impenetrability. 

Extension  is  that  property  in  consequence  of  which  Extension; 
every  body  occupies  a  certain  limited  space.  It  is  the  ^^J^^ 
condition  of  the  mathematical  idea  of  a  body  ;  by  it,  the 
volume  or  size  of  the  occupied  space,  as  well  as  its  boun- 
dary, or  fyurn,  is  determined.  The  extension  of  bodies  is 
expressed  by  three  dimensions,  length,  breadth,  and  thick- 
ness. The  computations  from  these  data,  follow  geometri- 
cal, rules. 

/■/nperieiraliliii/  is  evinced   in  the  fact,   that  one  body  impenetrability. 
cannot  enter  into  the  space  occupied  by  another,  without 
previously  thrusting  the  latter  from  its  place. 

A  body  then,  is  whatever  occupies  space,  and  possesses 
extension  and  impenetrability.     One  might  be  led  to  im-  Body  defined. 
agino  that  the  property  of  impenetrability  belonged  only 
to  solids,  since  we  see  them  penetrating  both   air  and  Air  and  mta 
water;  but  on  closer  observation  it  will  be  apparent  that  lD,P<mBtra"e' 
this  property  is  common  to  all  bodies  of  whatever  nature. 
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If  a  hollow  cylinder  into  which  a  piston  fits  accurately,  be 
filled  with  water,  the  piston  cannot  be  thrust  into  the 
water,  thus  showing  it  to  be  impenetrable.  Invert  a  glass 
tumbler  in  any  liquid,  the  air,  unable  to  escape,  will  pre- 
vent the  liquid  from  occupying  its  place,  thus  proving  the 
impenetrability  of  air.  The  diving-bell  affords  a  familiar 
illustration  of  this  property. 

The  difficulty  of  pouring  liquor  into  a  vessel  having 
only  one  small  hole,  arise;}  from  the  impenetrability  of  the 
air,  as  the  liquid  can  run  into  the  vessel  only  as  the  air 
makes  its  escape.  The  following  experiment  will  illus- 
trate this  fact : 

In  one  mouth  of  a  two- 
necked  bottle  insert  a  funnel 
a,  and  in  the  other  a  siphon  b, 
the  longer  leg  of  which  is  im- 
mersed in  a  glass  of  water. 
Now  let  water  be  ponred  into 
the  funnel  a,  and  it  will  be 
seen  that  in  proportion  as  this 
water  descends  into  the  vessel 
F,  the  air  makes  its  escape 
through  the  tube  i,  as  is 
proved  by  the  ascent  of  the 
bubbles  in  the  water  in  the 
tumbler. 
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The  secondary  properties  of  bodies  are  comprc^ibn/ty, 
expansibility,  poro-ity,  divisibility,  and  elasticity. 

§  3. — Compressibility  is  that  property    of  bodies    by 

,    virtue   of  which  they  may  be  made  to  occupy  a  smaller 

space;   and  expitivnbi.b'Uj  is  that  in  consequence  of  which 

they  may  be  made  to  fill  a  larger,  without  in  either  ease 

altering  the  quantity  of  matter  they  contain. 
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Both   changes  are  produced  in  all  bodies,  as  wc  shall  change  or 
presently  see,  by  change   of  temperature ;    many    bodies tempetMttre' 
may  also  be  reduced  in  bulk  by  pressure,  percussion,  &c.     percussion. 

§  4. — Since  all   bodies  admit  of  compression  and  ex- 
pansion,   it    follows    of   necessity,    that   there    must   be 
interstices   between   their    minutest  particles ;    and  that 
property  of  a  body  by  which  its  constituent  elements  do 
not  completely  fill  the   space   within  its   exterior  boun- 
dary, but  leaves  holes  or  pores  between  them,  is  called  Porosity. 
porosity.    The  pores  of  one  body  are  often  filled  with  pores  raied  with 
some  other  body,  and  the  pores  of  this  with  a  third,  as  in  oUlel' budics 
the  case  of  a  sponge  containing  water,  and  the  water  in  its 
turn,  containing  air,  and  so  on  till  we  come  to  the  most 
snbtle  of  substances,  ether,  which  is  supposed  to  pervade  Ether  pervades 
all  bodies  and  all  space.  "       'es ""  n 

In  many  cases  the  pores  an.!  visible  to  the  naked  eye;  visible  and 
in  others  they  are  only  seen  by  the  aid  of  the  microscope,  mT18'  9  put9a' 
and  when  so  minute  as  to  elude  the  power  of  this  instru- 
ment, their  existence  may  be  inferred  from  experiment. 
Sponge,  cork,  wood,  bread,  &c,  are  bodies  whose  pores 
are  noticed  by  the  naked  eye.  The  human  skin  appears 
full  of  them,  when  viewed  with  the  magnifying  glass ;  the 
porosity  of  water  is  shown  by  the  ascent  of  air  bubbles 
when  the  temperature  is  raised. 

§  5.— The  divisibility   of  bodies  is  that  property   in  WTtabmty. 
consequence   of  which,   by   various    mechanical   means, 
such  as  beating,  pounding,  grinding,  &c,  we  can  reduce 
them  to  panicles  homogeneous  to  each  other,  and  to  the 
entire  mass ;    and  these  again  to  smaller,  and  so  on. 

By  the  aid  of  mathematical  processes,  the  mind  may  infinite 
be  led  to  admit  the  infinite  divisibility  of  bodies,  though        MUri 
their  practical  division,  by  mechanical  means,  is  subject  practice 
to  limitation.     Many  examples,  however,  prove  that  it  1,nii,at")1L 
may  be  carried  to  an  incredible  extent.     We  are  fur-  sroaimesaofsomt 
nished  with   numerous   ii; stances  among    r.atural    objects  "J  ^    "  jeo  ' 
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whose  existence  can  only  be  detected  by  means  of  the 
moat  acute  senses,  assisted  by  the  most  powerful  arti- 
ficial aids;  the  size  of  such  objects  can  only  he  calculated 
approximately. 

jVIeehnviical  subdivisions  for  purposes  connected  with 
the  arts  are  exemplified  in.  the-  grinding  of  corn,  the 
pulverizing  of  sulphur,  charcoal,  and  saltpetre,  for  the 
manufacture  of  gunpowder ;  and  Homoeopathy  affords  a 
remarkable  instance  of  the  extended  application  of  this 
property  of  bodies. 

Some  metals,  particularly  gold  and  silver,  are  suscep- 
tible of  a  very  great  divisibility.  In  the  common  gold 
lace,  the  silver  thread  of  which  it  is  composed  is  covered 
with  gold  so  attenuated,  that  (iie  quantity  contained  in  a 
foot  of  the  thread  weighs  less  than  ^Ve  or"  a  grain-  An 
inch  of  such,  thread  will  therefore  contain  jj^  of  a  grain 
of  gold ;  and  if  the  inch  be  divided  into  100  equal  parts, 
each  of  which  would  be  distinctly  visible  to  the  eye,  the 
quantity  of.  the  precious  metal  in  each  of  such  pieces 
would  be  Y2Tjl'T(ra  °f  a  grain.  One  of  these  particles  ex- 
amined through  a  miscroscope  of  500  times  magnifying 
power  will  appear  500  times  as  long,  and  the  gold  covering 
it  will  be  visible,  having  been  divided  into  3,600,000,000 
parts,  each  of  which  exhibits  all  the  characteristics  of 
this  metal,  its  color,  density,  &c. 

Dyes  are  likewise  susceptible  of  an  incredible  divisi- 
bility. With  1  grain  of  blue  carmine,  10  lbs.  of  water 
may  be  tinged  blue.  These  10  lbs.  of  water  contain  about 
617,000  drops.  Supposing  now,  that  100  particles  of  car- 
mine are  required  in  each  drop  to  produce  a  uniform  tint, 
it  follows  that  this  one  grain  of  carmine  has  been  sub- 
divided 6*2  millions  of  times. 
,  According  to  Biot,  the  thread  by  which  a  spider  lets 

of  herself  down  is  composed  of  more  than  5000  single 
threads.  The  single  threads  of  tin;  silkworm  are  also  of 
an  extreme  fineness. 

Our  blood  which  appears  like  a  uniform  red  mass,  con- 
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sists  of  small  red  globules  swimming  in  a  transparent  fluid 
called  serum.  The  diameter  of  one  of  these  globules  does 
not  exceed  the  4000th  pari,  of  an  inch  :  whence  it  follows 
that  one  drop  of  blood,  such  as  would  hang  from  the 
point  of  a  needle,  contains  at,  least  one  million  of  these 
globules. 

But  more  surprising  than.  all.  is  the  microcosm  of  organ-  in  the  infusori 
ized  nature  in  the  Infusoria,  for  more  exact  acquaintance 
with  which  we  are  indebted  to  the  unwearied  researches 
of  Ehrenberg.     Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there 
exist  many  species  so  small  that  millions  piled  on  each 
other  would  not  equal  a  single  grain  of  sa.nd,  and  thou- 
sands might  swim  at  once  through  the  eye  of  the  finest 
needle.     The  coats-of-inaii  and  .shells  of  these  animalcules 
exist  in  such  prodigious   quantities   on   our  earth  that, 
according  to  Ehrenherg's  investigations,  pretty  extensive  Ehrenberpfs 
strata,  of  rocks,  as,  tor  instance,  the  smooth  slate  neavBilin,  nve!  ,ga  '™3 
in  Bohemia,  consist  almost  entirely  of  them.     By  micro- 
scopic measurements  1  cubic  line  of  this  slate  contains  Micmscopio 
about  23  millions,  and  1  cubic  inch  about  41,000  millions  me08uvemenl^ 
of  these  animals.     As  a  cubic  inch  of  this  slate  weighs  220 
grains,  1.87  millions  of  these  shells  must  go  to  a  grain,  we^iii. 
each  of  which  would  consequently  weigh  about  the  y^y 
millionth  part  of  a  grain.     Conceive  further  that  each  of 
these    animalcules,    as    microscopic    investigations    have 
proved,  has  his  limbs,  entrails,  &c.,  the  possibility  vanishes 
of  our  forming  the  most  remote  conception  of  the  dimen- 
sions of  these  organic  forms. 

In  cases  where  our  finest  instruments  are  unaoic  to  ni.-isibin'.j 
render  us  the  least  aid  in  estimating  the  minuteness  of  det0"ted  "^ 
bodies,  or  the  degree  of  subdivision  attained;  in  other 
words,  when  bodies  evade  the  perception  of  our  sight  and 
touch,  our  olfactory  nerves  freC|  uen.tly  detect  the  presence 
of  matter  in  the  atmosphere,  of  which,  no  chemical  analysis 
could  afford  us  the  slightest  intimation. 

Thus,  for  instance,  a  single  grain,  of  music  diffuses  in  a  Jiiaumceofm 
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large  and  airy  room  ;i  powerful  scent  that  frequently  lasts 
for  years ;  and  priors  laid  near  musk  will  make  a  voyage 
to  the  East  Indies  and  back  without  losing  the  smell. 
Imagine  now,  how  many  particles  of  musk  must  radiate 
from  auch  a  body  every  second,  in  order  to  render  the 
scent  perceptible  in  all  directions,  and  you  will  be  aston- 
ished at  their  number  and  minuteness. 

In  like  manner  a  single  drop  of  oil  of  lavender  evapo- 
rated in  a  spoon  over  a  spirit-lamp,  hlls  a  large  room  with 


he  name  given  to  that  property  of 
bodies,  by  virtue  of  wbicu  they  resume  of  themselves  their 
figure  and  dimensions  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess 
this  property  in  very  different,  degrees,  and  retain  it  with 
very  unequal  tenacity.  The  measure  of  a  body's  elasticity, 
is  the  ratio  obtained  by  dividing  the  capacity  of  resti- 
tution inherent  in  the  body,  by  the  capacity  of  the  cause 
producing  the  change,  both  being  supposed  measurable. 
Thus,  if  H  denote  the  capacity  of  restitution,  'if  that  of  the 
extraneous  cause,  and  c  the  elasticity,  then  will 

R 


When  F  and  It  arc  equal,  the  body  Is  said  to  he  perfectly 
elastic ;  when  H  is  zero,  the  body  is  said  to  be  non-elastic, 
These  limits  embrace  all  bodies  in  nature,  there  being 
none  known  to  us  which  reacli  either  extreme. 

The  fi>l iowing  are  a  few  out  of  a  large  number  of 
highly  elastic  bodies;  viz.,  glass,  tempered  steel,  ivory, 
whalebone,  &c. 

Let  an  ivory  ball  fall  on  a  marble  slab  smeared  with 

i  some   coloring  matter.     The  point  struck  by  the  ball 

shows  a  round  speck  which  will  have  imprinted  itself 

on  the  surface  of  the  ivory   without  its  spherical  form 

being  at  all  impaired 
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Fluids  under  peculiar  circumstances  exhibit  considera- 
ble elasticity;    this  is  particularly  the  ease  with  melted  Elasticity  or  some 
metals,  more  evidently  sometimes  th.'t.u  in  tlieir  solid  state. 
The  following  experiment  illustrates  this  ihet  with  regard 
to  antimony  and  bismuth. 

Place  a  little  antimony  and  bismuth  on  a  piece  of  Halted  bismuth 
charcoal,  so  that  the  mass  when  melted  shall  he  about and  ™ldm0Dy' 
the  size  of  a  peppercorn ;  raise  it  by  means  of  a  blowpipe 
to  a  white  heat,  and  then  turn  the  ball  on  a  sheet  of  paper 
so  folded  aa  to  have  a  raised  edge  all  round.  As  soon 
as  the  liquid  metal  falls,  ii  divides  itself  ir.to  many  minute 
globules,  which  hop  about  upon  the  paper  and  continue 
visible  for  some  time,  as  they  cool  but  slowly ;  the  points 
at  which  they  strike  the  paper,  and  their  course  upon 
it,  will  he  marked  by  black  dots  and  lines. 

The  recoil  of  cannon-balls  is  owing  to  the  elasticity  Eecoii  of 
of  the  iron  and  that  of  the  bodies  struck  by  them.     ' 


§  7.— Whatever  tends  to  change  the  actual  state  of  a 
body,  in  respect  to  rest  or  motion,  is  called  a  force.  If  a  Forces, 
body,  for  instance,  be  at  rest,  the  influence  which  changes 
or  tends  to  change  this  state  to  that  of  motion  is  called 
force.  Again,  if  a  body  be  already  in  motion,  any  cause 
which  urges  it  to  move  faster  or  slower,  is  calledyura;. 

Of  the  actual  nature  of  forces  we  are  ignorant ;    we  ignorant  of  th™ 
know  of  their  existence  only  bv  the  e.li'eets  lijcv  produce,  |"itme;  e«,3len« 

J      </  J   r  i   knows  bj  iSwii 

and  with  these  we  become  acquainted  solely  through  the  effects  on  bodies. 
medium  of  the  senses.     Hence,  while  their  operations  are 
going  on,  they  appear  to  ua  always  in  connection  with 
some   body  which,   in  some   way  or  other,    affects   our 

senses. 
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uniTeraai  forcna,  §8. — -"We  shall  find,  though  not  always  upon  super- 
tmrafcioDi  "ld  H®-^  inspection,  that  the  approaching  and  receding  of 
hodies  or  of  their  component  parts,  when  this  takes  place 
apparently  of  their  own  accord,  are  but  the  results  pro- 
duced by  the  various  forces  that  come  under  our  notice. 
In  other  words,  that  the  universally  operating  forces  are 
those  of  attraction  and  of  repulsion, 

Atomicoi action;  §  9. — Experience  proves  that  these  universal  forces  are 
attraction  of  at  work  in  two  easel) tj ally  diflerent  modes.  They  are 
operating  either  in  the  interior  of  a  body,  amidst  the 
elements  which  compose,  it,  or  they  extend  iheir  influence 
through  a  wide  range,  and  act  upon  bodies  in  the  aggre- 
gate ;  the  former  distinguished  as  Atomiml  and  Molecular 
action,  the  latter  as  the  Attraction  of  gravitation. 

Force  of  ootosioa       §10. — -Molecular  forces  and  the  force  of  gravitation, 
aiul  of  .  often  co-exist,  and  qualify  each  other's  action,  giving  rise 

to  those  attractions  and  repulsions  of  bodies  exhibited  at 
their  surfaces  when  brought  into  sensible  contact.  This 
resultant  action  is  called  the  force  of  cohesion  or  of 
dissolution,  according  as  it  tends  to  unite  different  bodies, 
or  the  elements  of  the  same  body,  more  closely,  or  to 
separate  them  more  widely. 

manic  §  XL— Inertia  is  that  principle  by  which  a  body  resists 

all  change  of  its  condition,  i  n  respect  to  rest  or  motion.  If 
a  body  be  at  rest,  it  will,  in  the  act  of  yielding  its  con- 
dition of  rest,  while  under  the  action  of  any  force,  oppose 
a  resistance;  so  also,  if  a  body  be  in  motion,  and  be 
urged  to  move  faster  or  slower,  it  will,  during  the  act 
of  changing,  oppose  an  equal  resistance  for  every  equal 
amount  of  change.  We  derive  our  knowledge  of  this 
principle  solely  from  experience;  it  is  found  to  be  com- 
mon to  all  bodies ;  it  is  in  its  nature  conservative,  though 
passive  in  character,  being  only  exerted  to  preserve  the 
rest  or  particular  motion  which  a  body  has,  by  resisting 
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all  variation  in  these  particulars.     "Whenever  any  force 

acts  upon  a  body,  the  inertia  of  tiie  latter  reacts,  and  this 

action  and  reaction  are,  as  we  shall  see  in  the  proper  Action  oqimi  to 

place,  equal  and  directly  opposed  to  each  other.  iwusium. 

§12. — Molecular  action   chiefly  determines  the  forms  Forma  ornouies 
of  bodies.      All    bodies  are  regarded  as   collections  or  ^^^1!^ 
ogi'iv  gates   of   minute    elements,    called  atoms,   and    are 
formed   by    the    attractive    and.    repulsive    forces    acting 
upon  them  at  immeasurably  small  distances. 

Several  hypotheses  have  been  proposed  to  explain  the  coiiaumtimi  of 
constitution  of  a  body,  and  the  mode  of  its  formation.  EoK!™'ich 
The  most  remarkable  of  these  was  "by  Boscovich,  about 
the  middle  of  the  last  century.  Its  great  fertility  in 
the  explanations  it  affords  of  the  properties  of  what  is 
called  tangible  matter,  and  its  harmony  with  the  laws 
of  motion,  entitle  it  to  a  much  larger  space  than  can  be 
found  for  it  in  a  work  like  this.  Knough  may  be  stated, 
however,  to  enable  the  attentive  render  to  seize  its  leading 
features,  and  to  appreciate  its  competency  to  explain  the 
phenomena  of  nature 

1.  All  matter  consists  of  indivisible  and  inextended  fuw  postulate. 
atoms. 

2.  These  atoms  are  endowed  with  attractive  and  repul-  second  posum* 
sive  forces,  varying  both  in  intensity  and  direction  by  a 

change  of  distance,   so  that  at  one  distance   two  atoms 
attract  each  other,  and  at  another  distance  they  repel. 

3.  This  law  of  variation  is  the  same  in  all  atoms.     It  Third  postulate. 
is,  therefore,  mutual;    for  the  distance  of  atom  a  from 

atom  b,  being  the  same  with  that  of  b  from  a,  if  a  attract ' 
b,  b  must  attract  a  with  prmvdjj  the  same  force. 

4.  At  all  considerable  or  sensible  distances,  these  mu-PlrtPllll"1'lt 
tual  forces  are  attractive  and   sensibly  proportional  to  the 

square  of  the   distance  inversely.      It  is  the   attraction 
called  gravitation. 

5.  In  the  small  and  insensible  distances  in  which  sensi- 
ble contact  is  observed,   and   which  do  not  exceed  the  f<m> postulate. 
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lOOOtli  or  1500th  part  of  an  inch,  there  are  many  alterna- 
tions oi'  attraction  and  repulsion,  according  as  the  distance 
of  the  atoms  is  changed.  Consequently,  there  are  many 
situations  within  this  narrow  limit,  in  which  two  atoms 
neither  attract  nor  repel. 

6.  The  force  which  is  exerted  between  two  atoms  when 
their  distance  is  diminished  without  end,  and  is  just 
1  vanishing,  is  an  insuperable  repulsion,  so  that  no  force 
whatever  can  press  two  atoms  into  mathematical  contact. 

Such,  according  to  Boseovich,  is  the  constitution  of  a 
material  atom  and  the  whole  of  its  constitution,  and  the 
Immediate  efficient  cause  of  all  its  }iroj(erli.es. 

Two  or  more  atoms  may  be  so  situated,  in  respect 
to  position  and  distance,  as  to  constitute  a  molecuh  Two 
or  more  molecules  may  constitute  a  purlida.  The  par- 
ticles constitute  a  body. 

Now,  if  to  these  centres,  or  loci  of  the  qualities  of 
what  is  termed  matter,  wo  attribute  the  property  called 
inertia,  we  have  all  the  conditions  requisite  to  explain, 
or  arrange  in  the  order  of  antecedent  and  consequent,  the 
various  operations  of  the  physical  world. 

Boscovich  represents  his  law  of  atomical  action  by 
what  may  be  called  an  exponential  curve.     Let  the  dis- 


tance of  two  atoms  be  estimated  on  the  line  OA  0,  A 
being  the  situation  of  one  of  them  while  the  other  is 
placed  anywhere  on  ihis  line.  When  placed  at  i,  for 
example,  we  may  suppose  that  it  is  attracted  by  A,  with 
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a  certain  intensity.     "We  can  represent  thia  intensity  by 
the  length  of  the  line  i  I,  perpendicular  to  A  0,  and  can 
express  the  direction  of  the  force,  namely,  from  i  to  A,  Attractive 
because  it  is  attractive,  "by  placing  il  above  the  axis  A  C.  otdlnatoBBl30¥a- 
Should  the  atom  be  at  to,  and  be  repelled  by  A,  we  can 
express  the  .intensity  of  repulsion  by  run,   and  its  direc-  Repulsive 
tion  from  in  towards  G  by  placing  m.a  below  the  axis. 

This  may  be  supposed  for  every  point  on  the  axis,  and 
a  curve  drawn  through  the  extremities  of  all  the  perpen- 
dicular ordinates.  This  ■will  be  the  exponential  curve  or 
scale  of  force. 

As  there  are  supposed  a  great  many  alternations  of  cm-voonopposi 
attractions  ami  repulsions,  the  curve  must,  consist  of  many 
branches  lying  on  opposite  sides  of  the  axis,  and  must 
therefore  cross  it  at  0',  D',  C",  D",  &c.,  and  at  67.  All 
these  are  supposed  to  be-  contained  within  a  very  small 
fraction  of  an  inch. 

Beyond  this  distance,  which  terinim'.tes  at  G;  the  force  Forcoof 
is  always  attractive,  and  is  called  the  force  of  gravitation,  s™«tBtwn. 
the  maximum  intensity  of  which  occurs  at  g,  and  is 
expressed  by  the  length  of  the  ordinate  G'g.  Further 
on,  the  ordinates  are  sensibly  proportional  to  the  square 
of  their  distances  from  A,  inversely.  The  branch  G'  G" 
has  the  Une  A  C\  therefore,  for  its  asy.'.nptote. 

Within  the  limit  .4  0'  there  is  repulsion,  which  be- 
comes infinite,  when  the  distance  from  A  is  zero;  whence 
the  branch  G' Dn  has  the  perpendicular  axis,  Ay,  for  its 
asymptote. 

An  atom  being  placed  at  G,  and  then  disturbed  so 
as  to  move  it  in  the  direction  towards  A,  will  be  repelled, 
the  ordinate  of  the  curve  being  below  the  axis ;   if  dis- 
turbed so  as  to  move  it  from  A,  it  will  be  attracted,  the 
cor  responding  ordinates  being  above  ike  axis.     The  point  position  or 
G  is  therefore   a  position  in  which  the  atom  is  neither  Indl£ferenoe 
attracted  nor  repelled,  and  to  which  it  will  tend  to  return 
when  slightly  removed  in  either  direction,  and  is  called  Limit  of 
the  limit  of  gravitation.  gravitation. 
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If  the  atom  "be  at  C",  or  C",  &c,  and  be  moved  ever  so 
little  towards  A,  it  will  be  repel  Led,  and  when  the  disturb- 
ing cause  is  removed,  will  fly  back;  if  moved  from  A,  it 

Kg.  8. 


will  "be  attracted  and  return.  Hence  C,  0",  are  positions 
similar  to  6?,  and  are  called  fe«e  </  coins-ion,  C  being 
termed  the  fost  ^"»u.'  0/  cohesion.  An  atom  situated  at  any 
one  of  these  points  will,  with  that  at  A,  constitute  a 
permanent  molecule  of  the  simplest  kind. 

Oil  the  contrary,  if  an  atom  be  placed  at  D',  or  D",  &c, 
and  "be  then  slightly  disturbed  in  the  direction  either  from 
or  towards  A,  the  action  of  the  atom  at  A  will  cause  it  to 
recede  still  further  from  its  first  position,  till  it  reaches  a 
limit  of  cohesion.  The  points  D',  D",  &c,  are  also  posi- 
tions of  indifference,  in  which  the  atom  will  be  neither 
attracted  nor'  repelled  by  that  at  A,  but  they  differ  from 
&,  0',  0",  &c,  in  this,  that  an  atom  "being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return 
to  it  again;  these  points  are  called  limits  of  disso'kdkm. 
An  atom  situated  in  one  of  them  cannot,  therefore,  con- 
stitute, with  that  at  A,  a  permanent  molecule,  but  the 
slightest  disturbance  will  destroy  it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three, 
'  four,  &c,  atoms  may  combine  to  lorm  molecules  of  differ- 
ent orders  of  complexity,  and  how  these  again  may  be 
arranged  so  as  by  their  action  upon  each  other  to  form 
particles.  Our  limits  will  not  permit  us  to  dwell  upon 
these  points,  but  we  cannot  dismiss  the  subject  without 
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suggesting  a  consequence   which  the  reader  will  find  of 

interest  when  lie  comes  to  the  subjects  of  light  and  heat 

Wc  allude  to  those  characteristics  of  the  sun  "by  which  he  inference-light 

i~  the  main  source  of  these  principles  to  the  in  habitants  of 

the  ear  ill. 

It   results   from   the   laws    of  gravitation,   that    every  Attraction  of 
atom  in  a  spherical  solid  body  is   attracted  towards  the  sp"e"     !™!ses■ 
centre  by  a  force  directly  proportional  to  its  distance  from 
that  point.     The  pressure  towards  the  centre  will,  there- 
fore, increase  as  the  magnitude  of  the  sphere  increases, 
and  may  ultimately  become  ho  great  as  to  force  the  atoms 
near  enough  to  each  other  to  bring  them  within  the  last 
limits  of  cohesion,  in  which  ease,  the  mass,  composed  of 
atoms  thus  urged  into  close  proximity,  becomes  perfectly  Productionof 
elastic.      The  magnitude   of   this    elastic    mass  will  be  °  "* 101  s' 
greater  in  proportion  as  the  whole   sphere   is   greater. 
Every  body  falling  upon   the  sphere  will,   on  reaching 
its  position  at  the  surface,  send  the  motion  with  which  it 
arrived  towards  the  centre  to  agitate  the   atoms  of  the 
elastic  mass.     These  being  once  disturbed  will,  under  the  Effect  of  u  failing 
forces  thus  called  into  play,  vibrate  indefinitely  about   "  *' 
their  positions  of  rest  by  virtue  of  their  inertia. 

It  is  only  necessary   therefore   to   suppose,  that  the  Kcbuinr 
heavenly  bodies  have  been  formed  by  the  gravitation  of  1,)noll"!S's' 
the  particles  of  a  vast  nebula  towards  its  centre,  and  to 
adopt    the    hypothesis    which  modern    discoveries  have 
revived  and  forced  upon  us,  viz.,  that  heat  and  light  are  ugw  mi  hem, 
but  the   effects  of  vibratory  motion,   to  account  for  the 
incandescent  and  self-baamous  character  of  the  sun.     The  incandescancs 
same  principle  furnishes  an  explanation  of  the  internal  ^'„  „„,        J  ° 
heat  of  our  earth  which,  together  with  all  the  heavenly 
bodies,  would   doubtless   appear   self-luminous  were  the 
of  our  sense    of   gig]  it    increased   beyond  its 
t  limit  in  the  same  proportion  that  the  sun  exceeds 
the  largest  of  these  bodies.     The  sun  far  transcends   all  Those  of  ihe  sun 
the  other  bodies  of  our  system  in  regard  to  heat  and  light,  ^"^cr  size 
simply  because  of  his  vastly  greater  size. 
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§  13.— -The  molecular  forces  are  the  effective  causes 
which  hold  together  the  particles  of  bodies.     Through 

tociton.  jkgj^  tke  moiei:uleiJ  approach  to  a  certain  distance  -where 
they  gain  a  position  of  rest  with  respect  to  each  other. 
The  power  with  which  the  particles  adhere  in  these 
relative   positions,  is   called,  as  we 

of         This  force   is   measured    by  the 

mechanical  separation  of  the  parts  of  bodies  from  each 
other. 

tea  or  On  the  degree  of  this  force,  the  three  states  or  ag- 

ou'  gregate  forms  called  solid,  liquid,  and  gaseous  depend. 
These  different  states  of  matter  result  from  certain  definite 
relations  under  which  the  molecular  attraction  and  repul- 
sion establish  their  equilibrium ;  there  are  three  eases,  viz. 
two  extremes  and  one  mean.  The  first  extreme  is  that  in 
which  attraction  predominates  among  the-  atoms ;  this  pro- 

?,iiqr.Ld.  duces  the  solid  state.  In  the  other  repulsion  prevails,  and 
the  gaseous  form  is  the  consequence.  The  mean  obtains 
when  neither  of  these  forces  is  in  excess,  and  then  matter 
presents  itself  under  the  V.<i>aM  form. 

Let  A  represent  the  attraction  and  B  the  repulsion, 
then  the  three  aggregate  fon.ns  may  be  expressed  by  the 
following  formula : 

A  >  R    solid, 
e.  A  <  E    gas, 

A  =  S    liquid. 

These  three  forms  or  conditions  of  matter  may,  for  the 
most  part,  be  readily  distinguished    by  certain  external 
1  peculiarities ;  there  are,  however,  especially  between  solids 

'or  °\t  an(^  li'fui'H  so  many  imperceptible  degrees  of  approxima- 
tion, that  it  is  sometimes  difficult  to  decide  where  the  one 
form  ends  and  the  other  begins.  It  is  further  an  ascer- 
tained fact  that  many  bodies,  (perhaps  all,)  as  for  instance 
water,  are  capable  of  assuming  all  three  forms  of  aggrega- 
tion. 
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Thus,   supposing  that   the   relative  intensity   of  the  ciiaugeof 

molecular  forces  tl.oki.nnJ.ii.CH  these  throe  funis  of  matter,  it  11H,!™''iir  "fv 

'        m  ww  body. 

follows  from    what  has    been    said  above,    t.h.at  this  term 
may  vary  in  the  same  body. 

The  peculiar  properties  belonging  to  each  of  these 
states  will  be  explained  when  solid,  liquid,  and  aeriform 
bodies  come  severally  under  our  notice. 

§  14.— The  molecular  forces  may  so  act  upon  tlio  atoms  /.cu™  of 
of  dissimilar  hodies  as  to  cause  a  new  combination  or  J"Jt^„Br 
union  of  their  atoms.     This  may  also  produce  a  separation  disarmUm  bod 
between  ibe  coml fined  atoms  or  .molecules  in  such  maimer 
as  to  entirely   change  the  individual   properties  of  the 
bodies.    Such  efforts  of  the  molecular  forces  are  called 
chemical  action;  and  the  disposition  to  exert  those  efforts,  chemieai actii 
on   account  of  the  peculiar  stale  of  aggregations  of  the 
ultimate  atoms  of  dilTere'd  bodies,  chemind  afilmty.  chemical  man 

g  15. — Beyond  the   last   limit   of   gravitation,   atoms  Attraction  of 
attract  eaeh  other :  hence  all  the  atoms  of  one  body  attract  ^  J™,^^™ 
those  of  an.oi.lier,  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through   sensible  distances,  intensity  oft; 
The  intensities  of  these  attractions  are  directly  proportional  oUl,BeUu"- 
to  the  number  of  attracting  atoms,  and  inversely  as  the 
squares  of  their  distances  apart. 

The  term,  universal  gravitation  is  applied  to  this  force  universal 
when  it  is  intended  to  express  the   action  of  the  heavenly  8ravlla1""1- 
bodies  on  each  other ;  and  that  of  knvdri.d-  grandaiion  or  Terrestrial 
simply  gravity,  where  we  wish  to  express  the  action  of  gra"'1'' 
the  earth  upon  the  bodies  forming  with  itself  one  whole. 
The  force  is  always  of  the  same  kind  however,  and  varies 
in  intensity  only  by  reason  of  a  tliiieronee  in  the  number  EiTeetaofoii 
of  atoms  and  their  distances.     Its  effect  is  always  to  gen- Eur™- 
crate  motion  when  the  bodies  are  free  to  move. 

(irariti/,  then,  is  a  property  common  to  all  terrestrial  Gravitycomi 
bodies,  since  they  constantly  exhibit  a  tendency  to  ap- 1° ""  bo,i'C9 
proach  the  earth  and  its  centre.     Iu  consequence  of  this 
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tendency,  all  bodies,  unless  supported,  fall  to  the  g 

of  tlie  earth,  and  if  prevented   by  any  other  bodies  from 

doing  so,  they  exert  a  pressure  on  these  hitter. 

This  is  one  of  the  most  important  ui-opert.ies  of  terres- 
trial bodies,  and  the  cause  of  many  phenomena,,  of  which 
a  fuller  explanation  will  be  given  presently. 


SECTIOI     I. 


§  16.— That  branch  of  Natural  Philosophy  which  treats 
of  the  action  of  forces  on  bodies,  is  called  Mechanics.  Me- 
chanics is  usually  divided  ii;.io  Sialics,  which  treats  of  the 
mutual  destruction  of  force;;  when  applied  to  solid  bodies; 
Hydrostatics,  when  applied  to  fluids ;  Dynamics,  which  treats 
of  the  motions  of  solid  bodies;  and  Hydrodynamics  which 
investigates  the  motions  of  fluids.  Statics  and  Dynamics 
will  be  treated  together,  under  the  general,  head,  Me- 
chanics of  Solids,  as  will  also  Hydrostatics  and  Hydro- 
dynamics, under  the  head,  Mechanics  of  Fluids, 
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SPACE,  TIME,  MOTION",  AND  FORCE. 

§  17.— Space  is  indefinite  extension,  without  limit,  and  space, 
contains  all  bodies. 

§  18.' — Time  is  any  limited  portion  of  duration.     We  Time; 
may  conceive  of  a  time  which  is  longer  or  shorter  than 

a  given  time.      Time,  hns,  therefore,  magnitude,  as   well  as  hosmag 
lines,  areas,  &e. 

To  measure  a  given  time,  it  is  only  necessary  to  obtain  Time  m 
equal  times  which  succeed  each  other  without  intermission, 
to  call  one  of  these  equal  times  unity,  and  to  express,  by 
a  number,  how  often  this  unit  is  contained  in  the  given 
time.  When  we  give  to  this  number  the  particular  name 
of  the  unit,  ts.hoi.M-,  -minute,  second.  &c,  we  have  a  com-  units  of 
plete  expression  for  time. 

The  Instruments  usually  employed   in  measuring  time  Tim e 
are    dock,   tJti-onorapJers,   and    common    uvJ.ches.  which  are  llistlljm 
too  well  known  to   need   a  description  in  a  work  like 
this. 

The  smallest  division  of  lime  indicated  by  these  time- 
pieces is  the  second,  of  which  there  are  6f)  in  a  minute, 
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3600  in  an  hour,  and  86400  in  a  day;  and  chronometers, 
which  are  nothing  more  than  a  species  of  watch,  have 
been  "brought  to  such  perfection  as  not  to  vary  in  their 
rate  a  half  a  second  in  365  days,  or  31536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  s 
tween    any   two    events    or    instants,    may 
with  as  much  precision  and  ease  as  the  number  of  yards, 
feet,  or  inches  between  the  extremities  of  any  given  dis- 
tance. 
A       Time  may  be  rep- 
resented by  lines,  by 

laying    off    upon    a         Aj — ,—— t     j'    t~i      i—r^* 
given  right  line  A  B, 
the    equal    distances 

from  0  to  1,  1  to  2,.  2  to  3,  &c.,  each  one  of  these  equal 
distances  reprcs-j.i'.ting  the  unit  of  time. 

§  19. — A  body  is  in  a  state  of  absolute  rest  when  it 
continues  in  the  same  p'ace  or  position  in  space.  There  is 
perhaps  no  body  absolutely  at  rest;  our  earth  being, 
without  cessation,  in  motion  about  the  sun,  nothing  con- 
nected with  it  can  be  at  rest.  In  what  follows,  rest  must, 
therefore,  be  considered  b;nt  as  a  relative  term.  A  body 
is  said  to  be  at  rest,  when  it  preserves  the  same  position 
in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  place 
in  a  boat,  is  said  to  be  at  rest  in  relation  to  the  boat, 
although  the  boat  itself  may  be  in  motion  in  relation 
to  the  banks  of  a  river  on  whose  surface  it  is  floating, 

it,  §  20. — A  body  is  in  motion  when  it  occupies  succes- 
sively different  positions  in  space.  Motion,  like  rest,  is 
but  relative.  A  body  is  in  motion  when  it  changes  its 
place  in  reference  to  those  which  we  may  regard  as 
fixed, 

i.  Motion  is  essentially  cord h u tons :  that  is.  a  body  cannot 
pass  from  one  position  to  another  ^-iiaout  passing  through 
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a  series  of  intermediate  positions;  the  motion  of  a  point 
describes,  therefore,  a  continuous  line. 

When    we  speak  of  the    path    described   by  a  body,  pnfliofui 
we  are  to  understand  that  of  a  certain  point  connected 
with  the  body.     Thus,  the  path  of  a  ball,  is  that  of  its 
centre,  &c. 

g  21. — The  motion  of  a  body  is  curvilinear  or  recti-  camimen 
linear,   according   as   the  path   described  ia   a  curve-  or  ^^J" 
right  line.     When  the  motion  ia   curvilinear,   we  may 
consider  it  as  taking  place   upon  a  polygon,  of  which  Direou™ 
the  sides  are  very  small  and  sensibly  coincide  with  the"0  Jsmc 
curve.     The  prolongation  of  any  one  of  these  sides  will 
be  a  tangent  to  the  curve,  and  will  indicate  the  direction 
of  the  "body's  motion,  while  upon  this  side. 

Conceive  the  time  employed  by  a,  body  to  pass  from  uniform  i 
one  position  to  another,  to  be  divided  into   a  number 
of  very  small  and  equal  parts.     If  the  portions  of  the 
path  successively  described  in  these  equal,  times  be  equal, 
the  motion  ia  said  to  be  uniform.     If  otherwise,  the  mo- 
tion  ia   said   to  be  varied.     It  is  accelerated  when  these  Varied  m 
elementary  paths  are  greater  and  greater;  retarded,  when  "™laMI 
less  and.  less  in  the  order  of  time. 

§  22.—  Vehcily  is  the  rate  of  a  body's  motion.     The  velocity} 

rapidity  or  slowness  of  motion  is  indicated,  by  the  greater 
or  less  length  of  the  path  described  by  the  body,  during 
each  of  the  small  and  eqi.i.'!.]  portions  of  time  into  which 
the  whole  time  is  divided.  This  length  is  taken  as  the 
measure  of  the  velocity  when  the  small  portion  of  time  ia  itBmeaau 
made  to  denote  the  unit  of  time, 

The  velocity  is  constant  in  uniform  motion:  it  is  vari-  constant 
able  in  accelerated  and  retarded  motion.  v«™,Mu. 

§  23. — In  uniform-  motion,  the  small  spaces  described  uniform 
in  equal  consecutive  portions  of  time  being  equal,  it  is 
i  that  the  space  described  in  any  given  tune  will 
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contain  as  many  equal  parts  of  space  as  there  are  equal 
parts  of  time.  Consequently,  in  uniform  motion,  equal 
spaces  will  be.  described  in  equal  limes,  whatever  be  the  rate 
of  motion,  and  the  spaces  will  be  proportional  to  the  times 
employed  in  describing  them. 
iMntionofspoco  Denote  by  S  the  length  of  space  described  during 
the  time  T;  s  the  length  of  the  space  described  in  the 
small  portion  of  time  t,  then,  from  what  precedes,  we  have 

S  :    T  ::   s  :    ( 


a  constant  ratio. 

§  24 — Since  in  uniform  motion,  the  spaces  art'  propor- 
tional to  the  times  employed  in  describing  them,  the 
velocity  may  be  measured  by  the  space  described  in  any 
time  whatever,  for  example  in  a  second,  minute,  an  hour, 
&o.  Thus  we  say  the  velocity  is  2  feet  a  second,  or  120 
feet  a  minute,  or  7200  feet  an  hour,  or  •&  of  a  foot  in  ^ 
of  a  second,  &c;  all  of  which  amounts  to  the  same  thing, 
since  the  ratio  of  the  space  to  the  time  is  not  changed. 

When  a  body  describes  uniformly  a  certain  space  in 
a  given  number  of  units  of  time,  as  the  second,  for  ex- 
ample, which  is  usually  taken  as  the  unit,  the  velocity  is 
found  by  dividing  the  whole  space  by  the  whole  time,  for 
if  we  make  t=  one  second  in  equation  (1),  s  becomes  the 
velocity,  §  22,  and  denoting  this  by  Fwe  have 

r=j, (2). 

Kmm.pte :  The  space  described  in  1  minute  and  5 
seconds  or  05s  being  260  feet,  the  space  described  in  Is, 
or  the  velocity,  is  given  thus ; 
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Reciprocally,  if  the  velocity  "be  multiplied  by  the  number 

of  units  of'  time,  the  space  will  result. 

§  25.— It  frequently  happens  in  practice  that  the  ve-  p< 
locity  is  not  constant,  although  the  spaces  described  at  the  m' 
cud  of  certain  equal  intervals  are  equal.    Such  for  instance 
is  the  case  in  all  periodical  movements  of  which  the  dif- 
ferent changes  are  executed  in  the  same  interval  of  time, 
although  the  velocity  is  continually  varying  within  this 
interval.     The  motion  of  a  carriage  and  that  of  a  pedes-  in 
trian,  are   examples    of   this ;    the    spaces    described  in  ™ 
certain  intervals,  are  often  the  same,  while  the  motion  is 
s  accelerated  and  sometimes  retarded. 


§  26. — Conceive   a   table    consisting    of   two  vertical  Beii 
columns,  in  one  of  which  are  arranged  the  numbers  ex.- 
pressive  of  the  intervals  of  time  elapsed  since  any  given  se<» 
instant,  and  in  the  other,  on  the  same  horizontal  lines, 
the  numbers  which  designate  the  spaces  described  by  any 
body  in  these  intervals.     Draw  an  indefinite  right  line  mi 
OB;  assume  any  linear  dimension,  as  an  inch,  to  repre-    ■ 
sent  the  unit  of  time,  and  let  the  same  length  represent 
the  unit  of  space ;  with  a  scale  of  equal  parts,  lay  off  a 
distance   0  tA  representing 
an  interval  of  time  given 
by  the  table ;  upon  a  per- 
pendicular to    OS  at  the 
point  tt,  lay  off  a  distance 
!4e4  representing   the   dis- 
tance passed  over  by  the 
body  in  the  time  0  tt.    Do 
the    same    for    the  other 
times    and    corresponding 
spaces  of  the  table,  and  we  obtain  the  points  & 
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which,  "being  united  two  and  two  by  right  lines,  will  give  a 
polygon.  Tliis  polygon  will  not  differ  sensibly  from  a  curve 
when  the  intervals  of  time  are  small  and  differ  very  little 
from  each  other.  0  (,,  0 1^  0 13,  &c,  arc  the  abscisses, 
and  ti^  4%  4%  &c-i  the  ordinates  of  this  curve,  of 
which  the  origin  is  0.  It  is  obvious  that  by  means  of  the 
curve  we  may  obtain,  as  by  the  table,  the  space  de- 
scribed during  any  given  interval;  so  that  this  curve 
gives  the  relation  which  connects  the  spaces  with  the 
times,  whatever  be  the  nature  of  the  motion. 

In  uniform,  motion  the  spaces  increase  in  the  direct 
ratio  of  the  times,  and  the  ordinate?  t^e^  t2e%,  %  e3]  &a., 
are  therefore  proportional  to 
the  abscisses  0  tl}  Ot2,  0  %, 
&c. ;  hence  the  curve  becomes 
a  right  line.  Let  the  axia 
OB,  of  times,  be  divided  into 
any  number  of  equal  and 
very  small  parts;  through 
the  points  of  division  draw 
the  ordinates  or  spaces,  and 
through  the  extremities  of  the 
ordinates  draw  the  lines  et  b3, 

%  ba,  ea  bit  &c.,  parallel  to  the  axis  of  times,  we  shall 
thus  form  a  series  of  small  right-angled  triangles  OtyBj. 
el  6a  %  &c,  similar  to  the  triangle  0  tt  et,  and  because 
e3  h4  =  ta  tA,  we  have 


Fig.  6. 


t4e, 


0>t 


kk 


Ot, 


hh 


!a  but  bt  ai  is  the  space  s,  described  in  the  small  time  ts  t4  =  t, 
and  tt  et  the  space  S  described  in  the  time  0  (4  =  T,  and 
the  above  may  be  written 
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and  making  f,  =  1,  s  becomes  the  measure  of  the  velocity 

V,  and  we  hare 


r! 


the  same  as  before,  equation  (1). 

Or,   0  i4  may  be  taken  as  the  unit  of  time,  in  which 
case,  (4e4  becomes  the  Telocity  V,  and  we  have 


t 


In  varied  'motion,  the  spaces  not  buing  proportional  to  v«ri 
the  times,  the  line  Oe,,  e^  e^,  &e.,  is  not  straight,  and 
the  small  spaces  e2  Sa 

ea  \  &c,  described  in  Kg-  8- 

the  elementary  times 
(,  ts,  tg  tg,  &c.,  are  not 
equal.  The  velocity 
must,  therefore,  vary 
at  every  instant.  For 
the  case  represented 
by  the  figure,  the  mo- 
tion is  accelerated. 
because     the     spaces 

hhi  h\i  &e-;  described  in  the  equal  elementary  times, 
continually  increase.  Now  let  it  be  supposed  that  at 
the  point  e3  the  motion  ceases  to  be  accelerated,  and  Moa< 
that  it  becomes  uniform  with  the  velocity  which  the 
body  had  at  this  instant.  The  law  of  the  motion  after- 
ward will  be  represented  by  the  right  line  e3  m,  the  pro-  beooi 
Iongation  of  <%  e4l  and  since,  at  the  instant  "we  are 
considering,  the  body  describes  a  spa.ee  equal  to  etbt  in 
the   elementary  time   e%  b4  =  ^  tt)    it   will,    in  virtue  of 
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its  uniform  motion,  describe  in  a  unit  of  time  a  space 
equal  to  mn,  obtained 

by  laying  off  from  the  Kg.  6. 

point  %,  on  esb4  pro- 
duced, a  distance  e8n 
equal  to  the  unit  of 
time.  But  the  space 
described  in  a  unit  of 
time,  at  a  constant 
rate,  is  the  measure 
of  the  velocity  corre- 
sponding to  the  point 
e8,  or  at  the  end  of  the  time  0  ^ 

UUUULL 


or  making 


as  bdbTc. 


hh 


tV.I.  '-H    li' 


If  we  suppose  the  element  of  time  ^  tt  sufficiently 
small,  the  line  e3  ei  will  coincide  with  the  curve  to  which 
e3  m  will  become  a  tangent  at  the  point  %.  This  tangent 
being  constructed  geometrically,  will  give,  in  the  manner 
above  indicated,  the  velocity  corresponding  to  the  point 
of  the  curve  to  which  it  is  drawn,  or  the  velocity  at  the 
end  oi'l.lie  time  0  L. 
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Fig.  7. 


Periodical  motion,  such  as  has 
been  defined  in  §  25,  will  be  rep- 
resented by  a  waved  line  EEE, 
&e,  whose  undulations  are  regu- 
larly disposed  about  the  right 
line  fy,  e%  e$,  &c.,  which  repre- 
sents the  law  of  uniform  motion. 

It  may  be  important  to  re- 
mark that  the  curves  which  have 
jnst  been  described,  and  which 
connect  the  lengths  of  the  spaces 

and  the  times,  in  any  kind  of  motion,  must  not  be  con-  Distinction 
founded    with    the   actual    ixi.tli    (lewrnhed   bv   l.hc   body.  ,ld"ci-,|ltb(!lll"J 

r  •>  ■>     giving  the  law  Dl 

In  this  last,  the  timgoiit  simply  gives  the  direction  of  the  the  motion,  ami 
motion ;  and  to  obtain  the  velocity,  the  elementary  por-  daiSneaiiyfii* 
tion  of  the  curve,  or  of  the  tangent  line,  must  be  divided  body- 
by  the  time  during  which  this  clement  is  (Inscribed. 


unorganized  state,  is  inanimate  or 

tself  motion,    nor   can  it  change 


Kg.  ! 


|  27.— Matter  in  i> 
inert.  It  cannot  giv( 
of  itself  the  motion 
which  it  may  have 
received.      A    body 

at  rest  will  forever  * — - — — f 

remain,  so  unless  dis- 
turbed by  something 

extraneous  to  itself;   or  if  it  be  in  motion  in.  any  direction,  ir 
as  from  a  to  b,  it  will  continue,  n.Ci.er  arriving  at  b,  to  move  " 
towards  c  in  the  prolongation  of  ub :  for  having  arrived  at  o> 
b,  there  is  no  reason  why  it  should  deviate  to  one  side 
more  than  another.     Moreover,  if  the  body  have  a  certain 
velocity  at  b,  it  will  retain  this  velocity  unaltered,  since 
no  reason  can  be  assigned  why  it  should  be  increased 
rather  than  diminished  in  the  absence  of  all  extraneous 


If  a  billiard-ball,    thrown    upon  the  tabic,    seem  to  ^-pp™"1 
diminish  its  rate  of  motion  till  it  stops,  it  is  because  its  explained. 
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motion  is  resisted  by  the  clotli  and  tlie  atmosphere.  If  a 
body  thrown  vertically  downward  seem  to  increase  its 
velocity,  it  is  because  its  weight  is  incessantly  urging  it 
onward.  If  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  change,  it 
is  because  the  weight  of  the  stone  urges  it  incessantly 
towards  the  surface  of  the  earth.  Experience  proves  that 
in  proportion  as  the  obstacles  to  a  body's  motion  are  re- 
moved, will  the  t notion  itself  remain  unchanged. 

It  results,  from 
what  has  been  said, 
that  when  a  body  is 
put  in  motion  and 
abandoned  to  itself, 
'  its  inertia  will  cause 
it  to  move  in  a 
straight     line     and 

preserve  its  rate  of  motion,  unchanged.  If,  from  any  extra- 
neous cause  the  body  is  made  to  describe  a  curve  AB)  and 
this  cause  be  removed  at  the  point  B,  the  inertia  will 
cause  the  body  to  move  along  the  tangent  BC,  and  to 
preserve  the  velocity  which  it  had  at  B. 

%  28. — A  force  has  been  defined  to  be  that  which 
changes  or  tends  to  change  the  state  of  a  body  in  respect 
to  rest  or  motion.  Weight  and  Heat  are  forces.  A  body 
laid  upon  a  table,  or  suspended  from  a  fixed  point  by 
means  of  a  thread,  would  move  Tinder  the  action  of  its 
weight,  if  the  resistance  of  the  table,  or  that  of  the  fixed 
point  did  not  continually  destroy  the  effort  of  the  weight. 
A  body  exposed  to  any  source  of  heat,  expands,  its 
particles  recede  from  each  other,  and  thus  the  state  of  the 
body  is  changed. 

§29. — Forces  produce  various  effects  according  to  cir- 
cumstances. They  sometimes  leave  a  body  at  rest,  by  de- 
stroying one  another,  through  its  intervention  ;  sometimes 
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they  change  its  form  or  break  it;  sometimes  they  impress 
upon  it  motion,  they  accelerate  or  retard  that  which  it  has, 
or  change  its  direction;  sometimes  tii.csc  effects  are  produ- 
ced gradually,  sometimes  abruptly,,  hat  however  produced 
they  require  some  definite  time,  and  are  effected  by  con-  The™  ei&cis 
tinuous  degrees.     If  a  body  is  sometimes  seen  to  change  '^u"^^"1* 
suddenly  :1.1s  state,  either  in  respect  to  the  direction  or  the 
rate  of  its  motion,  it  is  because  the  force  is  so  great  as  to 
produce  its  effect  i.u  a  time  so  short  as  to  make  its  dura- 
tion imperceptible  to  our  senses,  yet,  some  definite  portion 
of  time  is  necessary  for  the  change.     A  ball  tired  from  a  ABnuswdita 
gun,  will  break  through  a  pane  of  glass,  a  piece  of  board,  B,ca'molli 
or  a  sheet  of  paper  when  freely  sus- 
pended,   with   a   rapidity   so    great 
that  the  parts  torn  away  have  not 
time  to  propagate  (heir  motion  to  the  7 

rest     A  cannon  freely  suspended  at 

the  end  of  a  vertical  cord  will  throw         £ i~~r~> 

its  ball  to  the  same  point  as  though 
it  were  on  its  carriage,  which  proves 

that  the  piece  does  not  move  sensibly  till  the  ball  leaves  nreciB  obvious 
its  mouth,  though  afterward  it  recoils  to  a  considerable  "w°  'b0 """* 
distance.  In  these  several  cases  the  effects  are  obvious, 
while  the  times  in  which  they  are  accomplished  are  so 
short  as  to  elude  the  senses:  and  yet  these  times  have 
had  some  definite  duration,  since  the  changes,  correspond- 
ing to  these  effects,  have  passed  in  succession  through 
their  different  degrees  from  the  beginning  to  the  ending. 

Forces  which  give  motion  to  bodies  are  called  motive  Muiive  forces; 
forces ;  they  are  accelerating  when  they  accelerate  the  ™Sj'*tine  ™ 
motion  at  each  instant,  arid  retarding  when,  they  retard  it. 

§  30.— We  may  form  from  our  own  experience  a  clear  uim  of  tbeacti 
idea  of  the  modi:  in  which  knees  act ;    when  we  push  or  Ul  10™a"bti1"1 

x  I|"I1L  1;,\|>LJHJ]1^ 

pull  a  body,  be  it  free  or  fixed,  we  experience  a  sensation 
denominated  pressure,,  traction,  or  in  general,  effort.  This 
effort  is  analogous  to  that  which  we  exert  in  raising  a 
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weight,  and  thus  forces  are  to  us  real  pressures.  Pressure 
may  be  strong  or  it  may  lie  feeble;  it.  therefore  lias  magni- 
tude, and  may  "bo  expressed  in  numbers  by  assuming  a 
certain  pressure  as  unit.)/,  which  may  easily  be  done  if  we 
can  find  pressures  that  are  equal  to  each  other. 

Two  forces  are  equal  when,  substituted,  one  for  the 
other,  in  the  same  circumstances,  they  produce  the  same 
effect,  or  when,  being  directly  opposed,  they  destroy  each 
other. 

Conceive  a  body  W.  suspended  from  the 
extremity  of  a  thread;  the  thread  will  as- 
i  sume  a  vertical  direction,  and  an  effort  will 
be  necessary  to  support  it;  if  two  forces, 
applied  .sLLOCiwsivdy  io  the  thread  and  in  the 
same  manner,  maintain  the  bodyi;,t  rest,  these 
forces  are  equal  to  each  other  and  to  the 
weight  of  the  body.  A  double,  triple,  &c. 
force,  will  support  two,  three,  &c,  bodies, 
similar  to  the  first,  suspended  one  above 
another  on  the  same  thread ;  talcing  one  of 
these  forces,  that,  for  instance,  which  sup- 
ports (i^jj'ili  of  a  cubic  foot  of  distilled  water 
at  the   temperature   of  60°  Fahrenheit,   and  £j 

of  which,  the  weight  is  called  a,  pound,   for 
unity,   any  force   will    be   expressed  by   a 
number  which  indicates  how  many  pounds  it  will  sup- 
port. 


Fi-   11. 


■»0- 


■rapmcxi  §  31. — Weights  are  measured  and  compared  by  means 
luioe.  Qf  an  iris'j-uiEient  called  a  hdaua'.  and  of  which,  we  shall 
speak  hereafter.  By  the  definition  given  above  of  equal 
forces,  it  will  lie  easy  to  find  the  weights  of  bodies  what- 
ever be  the  merits  or  delects  of  such  an  instrument.  "We 
have  but  to  require  that  these  bodies  substituted  for  a 
certain  number  of  standard  units  of  weight,  shall  produce, 
under  the  same  circumstances,  the  same  effect  upon  the 
Under  this  point  of  view,  many  devices  may  be 
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employed  to  measure  the  weights  of  bodies  and  conse- 
quently the  magnitudes  of  forces. 

Springs,    among  others,  in  rj 

supposing  they  preserve  unim- 
paired for  a  long  time  their 
elasticity,  may  be,  and  indeed 
sire,  used  in  practice,  for  this 
Of  such  is  the  .spring 
,  a  sketch  of  which  is 
given  in  the  figure.  In  using 
this  instrument,  it  is  necessary 
to  determine  previously  the 
accuracy  of  its  divisions  by 
means  of  standard  weights, 
and  to  change  the  values  of  its  * 

graduations  if  the  elasticity  of 

the  spring  shall   be  found  to  have  undergone  a  change 
since  its  construction. 


§  32. — It  is  known  from  observation  that  the  action  variation  in  for. 
of  the  force  of  gravity   diminishes   as   the  bodies  uprai  ^f^  ™|| 
which  it  is  exerted  are  elevated  above  the  surface  of  Hmiw. 
the  earth.     The  same  body,  therefore,  which  will  cause  by 
its  weight  a  spring  to  head  through  a  certain  angle  at  the 
surface  of  the  sea,,  will  cause  it  to  bend  through  a  less 
angle  when  weighed  at  the  top  of  a  mountain,  and  thus 
the  absolute  weight  of  the  body,  or  magnitude  of  the  force 
which  sustains  it,  is  diminished.     But  this  diminution  for 
the  height  of  three  miles  docs  not.  exceed  -jj-^  of  the  total 
weight.     Experience  also  shows  that  the  weight  of  a  body 
diminishes  as  it  approaches  the  eijuator,  but  for  an  extent 
of  territory  equal  to  that  of  the  state  of.  New  York  this 
variation,  is  scarcely  appreciable. 

The  directions  of  two  [.dumb -lines  being  normal  to  the 
surface  of  the  earth,  cannot  he  perfectly  parallel,  since  Acta  in  pa™iiei 
they  converge  to  a  point  near  its  centre  and  which  is  (n™ll™a  v,'ik" 
therefore   distant   about  -1000   miles  from  the  place  of  online? hodi™, 
4* 
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observation.     These  lines  when  separated   by  a  distance 

of  600  yards  on  the  surface  of  the  earth,  will  form  with 

each  other  an  angle  not  to  exceed  (>",  which  is  inapprcci- 

Foroeofgmviij    able   to    common   instruments.     It  hence  follows,   that, 

™n*a™u  i"11  aCt3  within  ordinary  limits,  ike  force  of  gravity  may  be  regarded 

directions.  as  couatasd,  and-  atlhig  !■:■<■  [Xi.-ivJl:!-  drr:;d>'jns. 


ACTION"    OF     FORCES,     EQUILIBRIUM,     WOKK. 

f  §  33.— When  a  three  acts  against  a  point  in  the  surface 
'  of  a  body,  it  exerts  a  pressure  which  crowds  together  the 
neighboring  particles ;  the  body  yields,  is  compressed  and 
its  surface  indented ;  the  crowded  particles  make  an  effort, 
by  their  molecular  forces,  to  regain  their  primitive  places, 
and  thus  transmit  this  crow  ding  action  oven  to  "the  re- 
motest particle's  of  the  body;  If  these  latter  particles  are 
fixed  or  prevented  by  obstacles  from  moving,  the  result 
will  be  a  compression  and  change  ol  figure  throughout  the 
body.  If,  on  the  contrary,  these  extreme  particles  are 
free  they  will  advance,  and  motion  will  be  communicated 
by  degrees  to  all  the  parts  of  the  body.  This  internal 
motion,  the  result  of  a  scries  of  compress  ions,  proves  that 
a  certain  time  is  necessary  for  a  force  to  produce  its  entire 
effect,  and  the  absurdity  of  supposing  that  a  finite  velocity 
may  bo  generated  instantaneously.  The  same  kind  of 
action  will  take  place  when  the  force  is  employed  to 
destroy  the  velocity  which  a  body  has  already  acquired ; 
it  will  first  destroy  the  velocity  of'  the  molecules  at  and 
nearest  to  the  point  of  action.,  and  then,  by  degrees,  that 
of  tnose  wliieli  are  more  remote  in  the  order  of  distance. 


liurli';k:s:iiViix':il. 


§  34. — As  the  molecular  springs  cannot  he  ( 
without  reacting  in  a  contrary  direction,  and  with  the 
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same  effort,  the  agent  which  praises  a  body  will  experience 
an  equal  pressure.  This  is  usually  expressed  by  saying 
that  reaction  is  equal  and  con trary  to  action.  In  pressing 
the.  .linger  against  a  body,  in  pulling  it  wkh  a  thread,  or 
pushing  it  with  a  "bar,  we  are  pressed,  drawn,  or  pushed  in 
a    contrary   direction,    and    with   the    same   effort.      Two 


weighing  springs  attached  to  l.l.i.c  extremities  of  a  thread  or 
bar,  will  indicate  the  same  degree  of  tension,  and  in  con- 
trary 1Ji.rcclim1.iiv.i1.cn  made  to  act  upon  each  other  through 
the  intervention  of  the  thread  or  bar. 

§  35. — In  every  case,  the  action  of  a  force  is  trans-  Point  c 

nutted  through  a  body  to  the  ultimate  point  of  resistance.  ' ;  J| '' 
by  a  series  of  equal  and  contrary  actions  and  reactions  imc or 
which  destroy  each  other,  and  which  the  molecular 
springs  of  all  bodies  exert  at  every  point  of  the  right  line, 
limited  by  their  boundaries,  along  which  the  force  acts. 
It  is  in  virtue  o('  this  property  of  bodies,  that  the  action  of 
a  force  may  be  supposed  to  be  exerted  at  any  point  in  its 
line  of  direction. 

§  36.. — Bodies  being  more  or  less  extensible  arid  com-  uodica 
presaible,  a  thread  or  bar,  interposed  between  the  power  ^™™ 
and  resistance,  will  be  stretched  or  compressed  to  a  certain 
degree,  depending  upon  the  energy  with  which  these 
forces  act;  but  as  long  as  the  power  and  resistance  remain 
the  same,  the  thread  or  bar,  having  attained  its  new 
length,  will  cease  to   change.     On  this  account,  bodies. 
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regarded  us  rigia  which  are    usually  employed  to   transmit  tlie  action    of 

mexensi  e>  .forc£,a  £.om  one  p0in^  to  another,  may  be  regarded  as 

perfectly  inextensible  or  rigid,  especially  as  such  "bodies 

are  chosen  and  applied  so  as' not  to  yield   undor  this 

actio:). 


I'ig.    15. 


1  §  37.— We  have  just  seen,  that  when  a  force  acts  upon 
a  "body  to  give  it  motion  or  to  destroy  that  which  it  has, 
the  "body  will  react  or  oppose  a  resistance  equal  to  the 
force.  This  resistance  measures  the  inertia  of  the  matter 
of  the  body.  It  is  obvious  that  for  the  same  body,  this 
resistance  increases  with  the  degree  of  velocity  imparted 
or  destroyed;  we  shall  presently  find  that  it  is  propor- 
tional to  this  velocity,  and  that  it  also  increases  in  the 
direct  ratio  of  the  quantity  of 
matter  in  the  body.  If  a  body, 
free  to  move,  be  drawn  by  a 
thread,  the  thread  will  stretch 
and  even  break  if  the  action  be 
too  violent,  and  this  will  the 
more  probably  happen  in  propor- 
tion as  the  body  is  more  massive. 
If  a  body  be  suspended  by  means 

,  of  a  vertical  cord,  and  a  weighing 
spring  be  interposed  in  the  line 
of  traction,  the  graduated  scale 
of  the  spring  will  indicate  the 
weight  of  the  body  when  the 
latter  is  at  rest ;  but  if  we  sud- 
denly elevate  the  upper  end  of 

the  thread,  the  spring  will  immediately  bend  more  in 
consequence  of  the  resistance  opposed  by  the  inertia  of 
the  body.  The  motion,  once  acquired  by  the  body  and 
become  uniform,  the  spring  will  resume  and  preserve 
the  degree  of  flexure  or  tension  which  it  had  when  the 
body  was  at  rest.  If,  now,  the  body  being  in  motion,  the 
velocity  of  the  upper  end  of  the  thread  be  diminished,  the 
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spring  will  unbend  and  the  scale  ■will  indicate  a  pressure 
less  .than  the  weight  of  the  body.     The  oscillations  of  the  oscillations, 
spring  may  therefore  serve  to  measure  the  variations  in  >''*■(",!!  ^ 
the  motions  of  a  body,   and  the  energy  of  its  force  of  changes  in 

Inertia,  which  acts  against  or  with  a  power  exerted  in  the 
direction  of  the-  motion,  according  as  the  velocity  is  in- 
creased or  diminished. 

§  38. — The  effect  of  every  force  depends,  1st,  upon  its  jsmsctofa  r< 
point  of  application;  that  is,  the  point  to  which  it  is8^*"! 
directly  applied:    2d,  upon  the  position  of  /Jin  linn  along  <>f  iiueciion, 
which  it  acts  or  the  straight  line  which  its  point  of  appli-  m  enB'  y' 
cation  would   describe  if  perfectly  free :   3d,    upon  the 
direction  in.  which  it  tends  to  solicit  its  point  of  application 
along  this  line,  whether  backward  or  forward :  4th,  upon 
its  absolute  ink/tsily,  measurable  in  pounds  or  any  other 
unit  of  weight. 

§  39.— Let  A  be  the  point  of  application  of  a  force 

which  acts  upon  the  line  AB;   from  A,   lay  off  upon  Graphical 

the     direction     in  '  mO? 

which    the     force 

,.  ,  Hg-  16.    . 

acts,     a     distance  _. 

AP,  containing  as 

many  linear  units,  __,.-- 

say  inches,  as  there  j*--"""" 

are  pounds  in  the  "~ &>— __^ 

intensity    of     the  v' 

force ;     the     force 

will   he  fully  represented.     Commonly  the  direction  of 

the  action  is  indicated  by  an  arrow,  and  the  intensity 

of  the  force  by  some  letter  as  -P,  for  the  sate  of  brevity. 

Thus,  we  say  a  force  P  or!P,a  force  Q  or  A  Q,  as  we 

say  a  force  of  5  pounds,  a  force  of  8  pounds.     In  this  way  by  length  of  line 

the  investigations  in  mechanics  are  reduced  to  those  of  M'llJBJ,nbDL' 

geometrical  figures. 
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|  40. — When  the  forces  applied  to  any  body  balance,  or 
mutually  destroy  each  other,  so  as  to  leave  the  body  in  the 
same  state  a?  before  their  application,  tlie.se  forces  are  said 
to  be  in  equilibria.  The  equilibrium  may  he  statical  or 
dynamical  In  the  first  case,  the  forces  .finding  the  body  at 
rest,  will  leave  it  so ;  in  the  second  case,  the  forces  being 
applied  to  the  body  in  motion,  will  in  no  respect  alter  the 
motion.  Two  men  pulling  with,  equal  strength  at  the  op- 
posite ends  of  a  cord,  will  be  a  case  of  statical  equilibrium 
if  the  men  be  at  rest,  and  a  case  of  dynamical  equilibrium 
if  they  be  in  motion. 

In  reality  there  is  no  case  of  absolute  statical  equi- 
librium, since  the  earth's  motion  involves  that  of  every 
body  connected  with  it,  in  the  same  way  that  a  boat 
moving  over  the  surface  of  the  water  carries  every  thing 
on  board  along  with  it.  The  idea  of  repose  is  not  neces- 
sary to  that  of  an  equilibrium,  winch  only  requires  the 
mutual  destruction  of  all  the  forces  which  act  at  the  same 
instant  upon  a  body. 

§  41. — ■When  a  bod)',  subjected  to  the  action  of  several 
extraneous  forces,  preserves  its  motion  perfectly  uniform, 
notwithstanding  these  forces,  these  latter  will,  from  the 
definition  above,  be  in  equilibrio.  If  the  velocity  however 
a  augment  or  dimmish,  the  extraneous  forces  will  not  be  in 
'"  equilibrio ;  but  if  wc  take  into  account  the  force  of  inertia 
of  the  different  particles  of  the  body,  and  introduce  among 
.  the  extraneous  forces  one  equal  to  it  and  capable  of  pre- 
venting the  modification  of  the  motion,  there  will  again  be 
an  equilibrium  among  all  the  extraneous  forces.  A  horse 
which  draws  a  carriage  along  a  road,  destroys  at  each 
instant  all  resistances  which  arc  opposed  to  his  action ;  if  ' 
the  motion  is  perfectly  uniform,  these  resistances  arise 
only  from  the  ground,  the  different,  frictions.  &e.  If  the 
velocity  increases  at  each  instant  in  consequence  of  an 
increased  effort  of  the  horse,  the  inertia  of  the  carriage 
will  come  into  action  and  add  Lo  the  other  7 


)y  Google 


u:  i:<:  si  a.mcs   of   solids. 


above  named,  and  the  effort  of  the  horse  daring  this 
increase  of  velocity,  will  be  in  equilibria  with  all  these 
forces;  if,  on  the  contrary,  the  velocity  diminish,  the 
inertia  of  the  carriage,  which  lends  to  preserve  its  motion 
uniform,  will  add  its  action  to  that  of  the  horse  to  over- 
come all  the  resistances,  or  to  maintain,  the  equilibrium. 

Thus  inertia  stands  always  ready  l<->  maintain  an  eqtti-  inetiia m™ 
librium  among  forces  of  whatever  nature ;  and  hence  the  ^  .Inibi 
distinction   between   the   equilibrium   of   bodies  and  of  among  ton 
forces.     Forces  are  ever  in  equilibrio.  while  bodies  arc  not 
necessarily  so.     If,  lor  example,  a  material  point  be  acted 
upon  by  a  force,  it  will  move  in  the  direction  of  this  force, 
while    fho    force    itself    is    maintained  in    equilibrio   by 
the  inertia  developed  during  the  yielding  of  the  point. 
Actum  and  reaction  are  equal  and  contrary. 


|  42. — 'When   an   equilibrium   exists    among 
forces,  as  0,  P,  Q,  &c,  one  of  them,  as  0,  may  be  con-  ""j ' 
sideved  as  preventing  the  effect  of  all  the  others.     If,  then, 

wo  conceive  a  force 


R,  equal  and  directly 
opposed  to  0,  at  the 

same  point  of  appli- 
cation 0,  this  force 
will 


i'fc.   17. 


self  the  force  0,  and 
will  therefore  pro- 
duce the  same  effect 
upon  the  body  as 
the  forces  .P,  Q,  &e., 
taken  together.  This  0I 

force  R  is  called  the 

resultant  of  the   forces,  P,    Q,  &c.,  and  these  latter  the 
components  of  the  force  R. 

JJ.coiproca.Hy,  if  to  (lie  resultant  R  of  several  forces  P. 
Q,  &c.,  an  equal  force  0,  be  immediately  opposed,  there 
will  be  an  equilibrium  between  this  force  and  the  several 
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forces  P,  Q,  &C. :  hence,  the  resultant  is  a  single  force 
which  will  produce  the:  same  effect  as  two  or  more  forces ; 
the  components  are  two  or  more  forces  which  will  produce 

Uio  same  effect,  a.s  a  single  force. 

§  48. — When  several  forces  act  along  the  same  straight 
line  and  in  the  same  direction,  their  joint  effect  will  ob- 
viously he  the  same  as  that  of  a  single  force  equal  to 
their  sum,  which  single  force-  will  be  their  resultant.  If 
some  of  the  forces  act  in  one  direction,  and  others  in  an 
opposite  direction,  the  resultant  will  be  a  single  force  equal 
to  the  excess  of  the  sum  of.'  llioso  which  act.  hi  one  direction 
over  the  sum  of  those  which  act  in  the  contrary  direction; 
and  it  will  act  in  the  direction  of  those  forces  which  give 
the  greater  sum,  for  when  two  unequal  forces  are  directly 
opposed,  the  smaller  will  destroy  in  the  larger  a  portion 
equal  to  itself.  Three  men  jiuhing  in  the  same  direction 
a  cord,  with  efforts  10,  17,  and  25  pounds,  and  two  others 
pulling  in  the  opiioshe  direction  with  efforts  12  and  19 
pounds,  the  effect  to  move  the  cord  will  be  the  same  as 
though  it  wen;  solicited  by  a  single  force  52 —  31  =  21 
pounds,  acting  in  the  direction  of  the  first  men. 

i  §  44. — The  most  simple  case  of  equilibrium,  is.  that  in 
which  two  equal  and.  opposing  forces  destroy  each  other, 
and  it  is  this  to  which  the  employment  of  force  in  the 
mechanic  arts  is  always  reduced.  To  work,  is  to  destroy 
or  overcome,  in  the  service  of  the  arts,  resistances,  such 
as  the  force  of  adhesion  of  the  molecules  of  bodies,  the 
strength  of  springs,  the  weight  of  bodies,  their  inertia, 
&c,  &c.  To  polish  a  body  by  friction,  to  divide  it  into 
parts,  to  elevate  weights,  to  draw  a  carriage  along  a  road, 
to  bend  a  spring,  to  throw  stones,  balls,  &c,  &c>,  is  to 
work,  to  continually  overcome  resistances  incessantly 
recurring. 

Mechanical  work  not  only  supposes  a  resistance  over- 
come, but  a  resistance  reproduced  along  the  path  described 
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by  the  point  at  which  the  resistance  is  exerted,  and  in 
the  direction  of  this  path.  To  take  away  from  a  hody 
•a  portion  of  its  mutter  with  a  too:,  for  example,  we  must 
not  only  overcome  the  resistance  opposed  by  the  matter 
removed,  but  also  cause  the  point  of  action  of  the  tool  to 
advance  in  the  direction  of  (Tic  line  along  which  the  resist- 
ance incessantly  recurs.  The  further  the  tool  advances, 
the  greater  will  be  the  length  of  the  removed  portion; 
on  the  other  hand,  the  broader  and  thicker  this  portion, 
the  greater  the  resistance,  and  consequently,  the  greater 

the    effort   tO    Overcome   it.       The   -work   -peifbrmed,    l/iav/ore,  Work increases 

at  each  instant,  inweases  with  the  intensity  of  the  effort  and  l^^th^"'* 
the  length  of  the  'path  dexribed  by  iJ-<  point  if  appltct.Ui/n  in  described bj ite 
the  dii-'ieiion  of  the  effort.  application 

§  45.' — -Let  us  suppose  a  constant  rcsistan.ee  and,  there-  Measure  of  uie 
fore,  a  constant  effort  which,  is  equal  and  directly  opposed  ^^^e'is'"1 
to  it,  that  is,  they  are  the  same  at  each  instant ;  it  is  constant, 
obvious,  from  what  precedes,  that  I. he  work  produced  will 
be  proportioned  to  the  length  of  the  path  described  by 
the  point  of  application  of  the  effort — double,  if  the  path 
is  double,  triple,  if  the  path  is  triple,  &c. ;  so  that,  if  we 
take  for  unity  the  work  which  consists  in  overcoming  a 
resistance  over  a  length  of  1  foot,  the  total  work  will  be 
measured  by  the  number  of  feet  passed  over.  But  if  for 
another  work,  the  constant  resistance  is  double,  triple, 
&c.  of  what  it  was  in  the  first  case,  Cor  an  equal  length 
of  path,  the  work  will  be  double,  triple,  &e.  of  what  it 
was  before.  If,  for  example,  the  resistance  were  1  pound 
in  the  first  case,  and  2,  3,  4,  &e.  pounds  in  the  second,  the 
work  for  each  foot  of -path  would  be  2,  8,  4,  &c.  times  that 
of  1  pound.  In  assuming,  then,  the  work  which  consists 
in  overcoming  a  resistance  of  1  pound,  through  a  distance 
of  1  foot,  for  the  unit  of  work,  we  shall  have  for  the 
measure  of  the  work,  of  which  the  object  is  to  overcome 
a  constant  resistance,  the  number  of  jiovnd*  -which  -measures  Rgie. 
this  restdivhcc  repeated  as  many  UracH  as  there  are-  feet  in  ike 
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path    described   by    the  point   of  applkamn    of    the    resist- 


For  example,  suppose  a  motive  force  employed  to 
draw  a  body  on  a  horizontal  plane;  the  work  will  be, 
to  overcome  the  resistance  of  the  constant  friction  exerted 
between  the  body  and  plane.  Let  this  friction  be  37.5 
pounds,  and  the  path  described  G4  feet,  the  total  work 
will  be 

37.5  X  64  =  2400  pounds, 

or  equal  to  2400  pounds  over  1  foot,  or  1  pound  over  a 
distance  of  2400  feet. 

In  general,  then,  denoting  by  Q.  the  quantity  of  work 
performed;  by  Pthe  constant  resistance,  or  its  equal,  the 
effort  necessary  to  overcome  it ;  and  by  8,  the  space  de- 
scribed by  the  point  of  action,  we  shall  have 


=  P.  S, 


(8). 


Fig.  1 


To  represent  this  geometri- 
cally, assume  any  linear  unit, 
f  as  the  inch,  to  represent  1 
pound,  and  the  same  to  repre- 
sent the  unit  of  linear  length ; 
lay  off  from  O  on  the  indefi- 
nite right  line  OB,  the  dis- 
tance 0  e^  equal  to  the  length 
of  path  described  by  the  point 

of  action,  and  at  e„  the  perpendicular  e^r^  containing  as 
many  inches  as  the  constant  effort  contains  pounds;  then 
will  the  number  of  square  inches  in  the  rectangle  Oet  rv  r, 
s  the  quantity  of  work. 


hentbo         §  46. — If  the  resistance,  or  the  equal  effort  which  de- 

™1"        stroys  it,  instead  of  being  the  same  at  each  instan^  varies 

incessantly,   as  is  most  frequently  the  case,  the  quantity 

of  work  will  not  be  given  by  the  simple  rule  above ;  but, 

as  the  effort,  however  variable,  may.  daring  the  descrip- 
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tion  of  a  very  s:ndl  portion,  of  the  path,  be  regarded  as 
constant,  the  corresponding  portion  of  ■work  will  still  "be  Eiommtary 
measured  by  this  constant  effort  into  this  smaE  portion  s      trnr™ 
of  the  path, 

The  total  work,    being  composed  of  all  its  elements, 
will  be  measured  by  the  sum  of  all  these  elementary 


Fig.  19. 


Draw  the  curve  r,  r1}  r2,  rit  &c,  of  which  the-  abscisses 
Oe,  Oeh  Oe2,  0<;3,  &c,  shall  represent  the  s 
by    the    point    of 

action  of  t.Uc  resist- 
ance up  to  certain 
given  successive  in- 
stants of  time,  and 
of  which  the  ordi- 


egTft  &&,  shall  rep- 
resent the  corre- 
sponding resistan- 
ces. Let  ee^  e^ 
<%%,  &c,  he  the 
equal     and      very 

small  spaces  described  in  successive  portions  of  time.  The 
elementary  portions  of  work  during  these  intervals  of 
.time,  having  for  their  measures  the  products  of  the  small 
spaces  by  the  eorras 
stant  for  each  one,  that  is,  by  the  products 


et%X^r„       <%e3Xe 


these  elementary  portions  of  work  are  represented  respec- 
tively by  the  elementary  areas 


and  the  total  work  will  he  represented  by  the  sum  of  all 
these  rectangles.     But  if  we  multiply  suitably  the  points 
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of  division  eu  e^  &,,  &c,  by  diminishing  the  distances  e<%, 
h&b  ^esi  &c-i  i*  ^s  obvious  that  the  aum  of  the  rectangles 
will  not  sensibly  differ  from  the-  uvea  included  by  the 
curve  r r,  r2 ■  ■■t7,  the  whole  path  e 6,  described  by  the 
point  of  action,  and  the  two  ordinates  er  and  e7r,  drawn 
through  its  extremities. 

Hence  we  see,  that  when  wo  know  from  experience,  the 
iteduj  law  which  connects  the  variable  resistance  with  the  .length 
of  path  described  by  its  point  of  action,  to  compute  the 
amount  of  work  per  form  eel,  is  but  to  construct  by  points, 
or  otherwise,  the  curve  of  this  law,  and  to  calculate  the 
area  included  by  the  curve,  the  total  length  of  path 
described  and  the  extreme  ordinates.  "When  the  unit  of 
length  employed  to  construct  the  ordinates  is  the  same  as 
that  by  which  the  length  of  path  is  measured,  it  is  plain 
that  the  unit  of  area  will  represent  the  work  performed 
by  a  unit  of  effort,  as  a  pound,  through  a  unit  of  length,  say 
afoot. 

To  find  this  area,  divide  the  path  described  into  any 


number  of  [ 

points  of  division, 
and  at  the  extremi- 
ties ;  number  the 
ordinates  in  the  or- 
der of  the  natural 
numbers;  add  to- 
rielher     i.lui     extreme 


and  erect  the  ordinates  at  the 


■increase 
this  sum  oy  four 
times  that  of  the  even 

ordinates  and  twice,  that  of  (ha  uneven  ordinates,  and  multiply 
by  one   third  of  the    distance    between    any  two   t 


Demonstration:  To  compute  the  area  comprised  by  a 
curve,  any  two  of  its  ordinates  and  the  axis  of  abscisses, 
by  plane  geometry,  it  is  usual  to  divide  it  into  elemen- 
tary areas,  by  drawing  ordinates,  as  in  the  last  figure, 
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Fig.  21. 


and  to  regard  each  of  the  elementary  figures,  «j  a,  ra  »*lt 
ea  'h  ri  r»  &c->  as  trapezoids ;  and  it  is  obvious  that  the  n 
error  of  this  supposition  will  be  less, 
in  proportion  as  the  number  of  trape- 
zoids between  given  limits  is  greater. 
Take  the  first  two  trapezoids  of  the 
preceding  figure,  and  divide  the  dis- 
tance eL  e3  into  three  equal  parts,  and. 
at  the  points  of  division,  erect  the  or- 
dinatea  m  n,  mt  % ;  the  area  computed 
from   the  three  trapezoids   %  mn  r^ 
in  »!.j  %  n,  m,  c;i  r:,  %,  will  be  more  ac- 
curate than  if  computed  from  the  two  e,  %  r. 
The  area  by  the  three  trapezoids  is 


.  ejj-i  +  ?; 


-  +WMr 


;■>  +  ■;)?■!  n, 


+  wv 


m^n 


eBr3 


But  by  construction, 

e,m  =  mmi  =  mjfl,  =  £e,e3  =  f^e^, 

and  the  above  may  be  written, 

144(4'!  t2j»b  +  2 m^,  +  <%n,), 
but  in  the  trapezoid  m  m^  nx  n, 

Zmn  +  2m1nl  —  4 ^ r2,    very  nearly ; 

whence  the  area  becomes 

144(4*  +  44ffa  +  e3r3); 

the  area  of  the  next  two  trapezoids  In  order,  of  the  pre- 
ceding figure,  will  be 

fotfot  +  4e<r.  +  <%rB); 
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and  similar  expressions  for  cadi  succeeding  pair  of  trape- 
zoids. Taking  the  sum  of  these,  and  wc  have  the  whole 
area  bounded  by  the  curve,  its  extreme  orcli.  nates,  and  the 
axis  of  abscisses ;  or 


whence  the  rule. 

§  47. — When  the  value  of  the,  mechanical  work  of  a 

variable  resistance  for  any  distance  passed  over  by  the 

Mean  resist™™ ;  point  of  action,  is  found  by  the  method  just  explained,  if 

this  value  be  divided  by  the  distance,  the  quotient  will 

GijiiaiMtiieeniiro  be  a  mean  miMa-hcc,  or  the  eoiustant  effort  which,  exerted 

work  divided  by  ^jjQ^gjj  fae  entire  path,  will  produce  the  same  quantity 

of  work;  for  wc  have  seen  that  for  a  constant  resistance, 

the  quantity  of  work  is  measured  by  the  product  arising 

from  multiplying  this  resistance  into  the  path  described 

by  its  point  of  action. 

Humpies  t>f  §  48. — -When  a  motive  force  is  employed  to  bend  a 

™k.  spring,  it  will  develop,    at  each  instant,   an  effort  which 

is  greater  in  proportion  as  its  point  of  action  describes, 

thiit  of  a.  I'oi™      in  the  direction  of  the  effort,  a  greater  path;   an  effort 

bending  n  spnng,  ^^  ^-g  }-)ave  geea  maY  be  measured  for  each  position 

of  the  spring  or  point  of  action.     The  curve  which  gives 

the  law  of  these  efforts  may  be  constructed  by  the  method 

just  given,  and  the  area  determined  by  the  rule  in  §  46 

will   give  the  total  mechanical  work  performed  by  the 

force.    . 

We  have  already  taken,  as  an  example  the  work  pro- 
duced by  a  constant  force  in  drawing  a  body  over  a  horizon- 
tal plane,  and  above  we  have  taken  the  work  which  arise, 
from  the  action  of  a  variable  force  in  bending  a  spring 
of  me  dron  of  o    the  reasoning  applied  to  these  is  applicable  to  all  kinds 
oftteeHortof      °^  wor^  employed  in  the  arts.     Does  a  horse  pull  upon 
iinum.  the  shaft  of  a  mortar  mil] ;  a.  man  draw  water  from  a  well 
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an  artificer  saw,  plane,  file,  polish ;  a  turner  1 
materials  in  the  lathe;  the  quantity  of  work  performed  ™„^°na° 
is  measured  "by  the  product  of  the  dibit,  which  is  always  obtained  dj  me 
equal    and    contrary    to    the    resistance    opposed    by   the*"™8'''" 
matter  to  the  tool,  into  the  path  described  by  the  point 
of  action,  if  the  resistance  is  constant,  or  by  the  sum  of 
the  partial  products  which  measure  the  elementary  por- 
tions of  work,  if  the  resistance  is  variable, 

|  49.- — In  seeking  io  appreciate  different  kinds  of  work,  Distinction  to  be 
we  must  be  careful  not  to  confound  that,  which  is  really  °  Sfitve  my""  ' 
[  by  the  motive  force,  with  that  which  is  actually 
in  accomplishing  an  object.  It  Is  to  this  last  that 
are  to  be  applied  the  foregoing  con  si  d.e rations  and  measure- 
ments. We  shall  presently  examine  the  mode  of  action 
of  motive  forces,  the  circumstances  which  modify  the  result 
of  this  action,  and  the  waste  which  may  attend  it. 

|  50. — To  show  the  complication   incident   to  certain  coitipiiraitiou 
kinds  of  mechanical  work,  take,  for  example,  the  workeflrtdatliidflor 
of  a  filer :  it  is  necessary  1st,  to  press  upon  the  file  to  work. 
make  it  take  hold ;  2d,  to  support  continually  its  weight ; 
3d,  to  push  it  along  the  surface  of  the  body  ;  -1th,  to  move 
it  with  a  certain  velocity  back  and  forth,  and  therefore  to 
overcome  the  inertia  of  the  file  as  well  as  that  of  the 
matter  removed.     The.  quantity  of  work  is  the  result  of 
these  different  circumstances;  but  this  complication  may 
be  made  to  disappear  by  sepa.ra.iiug  from  the-  result  of  the 
work,  every  thing  not  indispensable  to  it,  in  considering 
only  what  takes  place  where  the  metal  is  removed  by  the 
file:   there,  we  only  perceive   a  resistance  which   is  op- 
posed to  an  equal   and   contrary  effort  in  the  direction 
of  the  path  described  by  the  points  of  action  of  the  file, 
and  of  which  the  quantity  of  work  is  measured  in  the  The  worn  reduced 
manner   already  described.      The  work    of  the    operator  ™£|™eaaurel1  SB 
may  bo  reduced  to  this,  by  supposing  the  ::'ilc  placed  upon 
a  level  surface,    loaded   with   a   given   weight,   and  the 
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operator  or  motive  power  only  employed  m  drawing  it 
uniformly  in  the  direction  of  its  length. 

§  51.' — 'In  general,  then,  wc  must  henceforth  understand 
by  mechanical  work,  that  which  results  from  the  simple 
.action  of  a  force  upon  a  resistance  which  is  immediately 
opposed  to  it,  and  which  is  continually  destroyed  in 
causing  the  point  of  action  to  describe  a  path  on  the 
li.ne  of  direction  of  this  resistance.  The  force  must  be 
considered  as  a  simple  agent,  producing  an  effort  or 
pressure  measurable  in  pounds,  and  acting  in  a  single 
direction,  as  described  in  §  38;  and  we  must  be  careful 
not  to  confound,  as  is  frequently  done,  the  terms  work 
and  force,  with  those  by  which  we  vaguely  designate 
all  the  effects,  more  or  less  complicated,  arising  from  the 
action  of  animate  or  inanimate  agents  upon  resistances : 
thus  we  should  not  speak  of  the  force  of  a  horse,  of  a  man, 
of  a  machine,  without  iiidi.cu.ting  the  point  of  action  of  this 
force,  its  intend  by,  and  its  direction;  we  .should  not  speak 
of  the  mechanical  work  of  a  force,  without  specifying  the 
same  things  of  the  resistance  which  it  overcomes  at  each 
instant,  in  each  particular  case  of  its  application. 

%  52. — The  most  simple  work,  that  which  conveys  at 
once  an  idea  of  its  measure,  is  the  elevation  of  a  weight 
through  a  vertical  height,  if  we  omit  the  consideration 
of  inertia.  The  work  in  this  case  oh  viously  increases  as 
to  the  weight  and  vertical  height  increase,  and  is  measured 
by  the  product  of  the  two,  agreeably  to  what  is  said  in 
§  45  and  §  46;  here  the  unit  of  work,  is  the  unit  of 
weight  raised  through  a  unit  of  height. 

The  utility  of  this  measure  is  its  great  simplicity,  and 
the  ease  it  affords  of  estimating  the  pressure  or  effort  in 
pounds,  and  the  path  described  by  the  point  of  action  in 
feet.  "We  might,  to  be  sure,  take  any  other  standard  unit, 
as,  for  instance,  the  quantity  of  work  necessary  to  grind 
1,  2,  or  3  pounds  of  corn,  which  is  the  old  standard  of 
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millers  and  the  proprietors  of  mills.     But  a  given  weight 
of  corn  will  present  different  degrees  of  resistance,  accord-  standard  of 
ing  to   its   quality  and    the  kind  of   tool  or  machine m    ™ ' 
employed  to  grind  it ;   so  that  not  only  is  it  impossible 
for  people  generally  to  understand  what  the  millers  mean 
by  their  standard,   but   for  the   millers    to  understand 
each    other.      It  is  hence    indispensable  to   have   some  objections  w  i 
standard  which  does  not  admit  of  variation,  and  of  being 
interpreted  differently  by   different    people ;    of  such  a 
nature  is  the  standard  which  results  from  the  considera- 
tion of  the  effort,  and  the  path  described  by  its  point  of 
action  in  the  direction  of  the  effort. 

It  will  remain  to  be  found  bow  many  pounds  of  corn  Memsof 


yards  of  boards  it  will  saw,  &e. :  all  this  must  come  from  at 
careful   observation   and  experiment.      It  is,  above   all, 
essential   that  there  shall    be  nothing  arbitrary  in  the 
mode  of  estimating  the-  quantity  of  mechanical  work. 


§  53.— Different  authors  have  given  > 
to  mechanical  work,  which  should  be  carefully  distin- 
guished from  the  object  accomplished,  this  latter  being 
but  its  effect. 

Smeaton  calls  it  mechanical  power  ;    Carnot,  moment  Different  namea 
of  activity;  Monc-e  and  Hachette,  dynamic  effect;  Cou-  ^™^°ica! 
LOMB,  Naviki:,   and  others,   quantity  of  action ;    and  this  work ; 
last  expression  is  now  generally  adopted.     It  will  here- 
after be  employed,  and  will  always  signify  the  quantity 
of  work—^nedianical  work. 

Sometimes  the  mechanical  work"  has  been  called  qvan-  sometimes  cmied 
tiiy  of  motion,  and  sometimes  living  force,  both  of  which  are  ^X^nnd  living 
but  simple  effects  of  mechanical  work  upon  a  body  free  force, 
to  move.    "We  shall  explain,  in  the  proper  place,  the  mean- 
ing to  be  attached  to  these  terms. 

All  work  is  judged  of  by  the  quantity  of  each  par- wurtjuiigedor 
ticular  species  of  result,  or  useful  effect,  which  it  produces ;  J^B  use 
but  we  have  seen  that  this  quant iy  of  result  is  propor- 
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tional  to  the  quantity  of  mechanical  work  necessary  to  its 
production,  and  Hence  mechanical  work  or  quamMty  of 
adum  is  what  pays  in  forces. 

§  54. — When  a  motive  three  acts  with  a  constant  effort, 
and  its  point  of  action  moves  uniformly  during  any  con- 
siderable portion  of  time,  it  will  be  sufficient  to  express 
the  work  done  in  a  unit  of  time,  as  a  day,  an  hour,  a 
minute,  or  second,  Tins  will  avoid  the  use  of  multiplicity 
of  figures  in  comparing  the  effects  of  different  forces  with, 
each  other,  while  it  will  enable  ns  easily  to  obtain  the 
value  of  the  whole  work,  by  simply  multiplying  the  work 
in  the  unit  of  time,  by  the  number  of  units  of  time  during 
h0  which  the  force  lias  acted  or  been  working.  The  duration 
of  the  work  must,  therefore,  be  noted.  Thus,  we  say  the 
mechanical  work  of  a  particular  horse  is  120  pounds 
raised  through  a  vertical  height  of  8  feet  in  one  second, 
or  120  pounds  raised  through  ISO  feet  in  one  minute, 
this  work  being  continued  during  8  entire  hours  each 
day. 

Ordinarily,  we  take  for  the  length  of  path,  that  which  is 
(  described  in  one  second,  this  latter  being  taken  as  the  unit 
of  time.  But  this  distance,  according  to  the  definition  of 
uniform  motion,  is  the  measure  of  the  velocity  of  the  point 
of  action,  which  we  have  supposed  constant;  by  this  co- 
incidence, the  mechanical  work-  happens  to  be  measured 
by  the  product  of  a  constant  ollort  into  the  velocity  of  its 
point  of  action  :  which  has  misled  many  persons  in  caus- 
ces  ing  them,  as  we  shall  see  farther  on,  to  confound  the 
quanti/.i/  of  work  or  of  action  with  the  quantity  of  -motion, 
although  their  measures  arc  in  fact  very  different. 

In  the  same  way  that  the  unit  of  time  is  arbitrary,  so 
also  are  the  units  of  effort  or  weight  and  distance,  and 
consequently  the  unit  of  work,  which  is  always  equal  to 
me  the  unit  of  effort  or  weight,  exerted  through  the  unit  of 
distance.  We  shall  take  for  the  unit  of  effort  1  pound, 
and  for  the  unit  of  distance  1  foot   so  that  the  unit  of 
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work  will  be,  us  before,  l!u:  r.fort  one  pound  cxcrlal  fii-vough  uaitofwort,  the 
a,  distance  of  one  foot.  p    "c  °     aae' 

Suppose,   for   example,   that  the  effort  75  pounds  is 
exerted  through  tin:  distance  4  feet,  then  will 

4  x  75  —  300  units  of  work, 

of  which  each  one  is  equivalent  to  an  effort  of  one  pound  amitiaBno 
exerted  through  a  distance  of  one  loot.     This  is  ordinarily 
expressed  thus, 

300lba'  /■ ; 

and  is  read,  i300  pound*  raised  through.  1  foot.  A.nd  this 
has  no  reference  to  the  time  in  which  the  work  is  per- 
formed. 

§55. — Mechanicians  long  felt  the   necessity   of  some  ntflerent  units  oi 
well  defined  unit  by  which  to  express  the  work  performed,  "^u'"^^^' 
or  capable  of  being  per  form  oil.  by  a  motive  force,  in  a  considered, 
given  time,   and  several  were  proposed;    but  these  ill 
'according  among  themselves,  the  re  seamed  as  little  likeli- 
hood of  a  general  agreement  in  this   respect  as  iu  regard 
to  the  unit  of  velocity,  which  depends  upon    the    units 
a.ssimicd  for  time  and  space. 

After  the  introduction  of  the  steam-engine,  the  horse-  jiorse-powet 
power  was  proposed,  and  is  now  generally  adopted  as  the  c'll)t,led; 
measuring  unit     By  Iwrse-power  is  meant,  the  quantity  of 
work,  measurable  in  pounds  and  feet,  which  a  horse  is 
capable  of  performing  in  a  given  time ;    but  this  would 
obviously  be  indefinite,  si.n.ce  horses  differ  in  strength  and 
endurance,  were  it  not  that  some  fixed  value  has  been 
agreed,  upon,  fiecording  to  the  principle  explained  in  §  51, 
as  the  standard  of  horse-power.    This  value  is  the  mean 
of  the  results  of  a  great  many  trials  with,  different  horses, 
and  is  set  down  at  ijoO  pounds  raised  through  a  vertical  mo  ii>s. 
height  of  1  foot  in  1  second,  or  33,000  pounds  raised  i™^! foot  ™ 
through  1  loot  in  1  minute,  or  1,980,000   pounds  raised 
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through  1  foot  in  1  hour ;  all  of  which  amount  to  the  same 
thing. 

W 1  k:u,  then,  we  are  told  that  a  machine  or  engine  is 
of  30-horse  power,  or  has  a  power  equal  to  30,  for  in- 
stance, we  are  to  understand  that  it  will  do  work  which 
is  equivalent  to  raising  550  X  30  — 16,500  pounds  through 
one  foot  in  1  second,  or  33,000  X  30  =  990,000  pounds 
through  one  foot-  in  1  minute,  &c. 

§  56. — We  can  now  appreciate  the  error  we  should 
commit,  if,  m  estimating  the  productive  power  of  a  motive 
force  or  machine,  we  confine  ourselves  to  the  greatest 
absolute  effort  it  is  capable  of  exerting,  without  regard  to 
the  space  described  by  its  point  of  action;  if,  for  ex- 
ample, in  estimating  the  productive  effort  of  a  man,  we 
only  consider  the  greatest  burden  he  is  capable  of  sup- 
porting at  rest  under  the  action  of  its  weight ;  or,  of  a 
horse,  we  consider  alone  the  greatest  etfort,  as  indicated 
by  a  spring  balance,  he  can  exert  while  pulling  against  a 
fixed  obstacle. 

We  can  conclude  nothing  from  these  in  respect  to  the 
quantity  of  action;  we  must  also  have  the  path  described 
in  a  continuous  manner.  Simply  to  support  a  weight  or 
exert  an  effort,  is  not  to  work  usefully;  and  this  is  rendered 
clear  from  the  consideration  that,  we  rn^y  in  all  such  cases 
replace  the  moter  by  an  inert  body,  as  a  prop,  a  post, 
&c;  the  actio] i  and  reaction  being  equal  anil  contrary, 
unaccompanied  by  any  motion,  there  is  no  balance  of 
work  either  in  favor  of  the  effort  or  resistance. 

It  would  be  equally  impossible  to  infer  any  work  or 
quantity  of  action  ("ram  the  path  described  by  the  point  of 
action,  without  taking  into  account  the  effort  exerted  at 
each  instant.  It  is  obvious  that  a  man  or  horse,  running 
at  full  speed,  without  exerting  any  effort  except  that 
which  he  is  capable  of  impressing  upon  himself,  is  pro- 
ducing no  useful  effect;  he  overcomes  no  resistance  ex- 
ternal to  himself,  which  it  can  be  an  object  to  destroy. 
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In  a  word,  the  productive  effect  of  every  motive  force  is  Productive 
measured,  at  each  instant,  by  the  product  of  the  effort  mo'a'B^  b  ft 
into  the  path  described  in  the  direction  of  the  effort;  so  product  of  the 
that,  if  either  the  effort  or  path  be  zero,  the  quantity  of  piltlli 
action  will  also  be  zero. 

§57. — It  must  be  remarked,  however,  that,  since  all  Always  tome 
bodies  are  more  or  leas  extensible  and  compressible,  a  JJ£*d 0^"B ^^ 
motive  force  cannot  act  against  what  are  usually  called 
fixed  obstacles,  without  producing  a  certain  quantity  of 
action  or  mechanical  work,  such  aa  we  have  defined  it : 
for  the  point  to  which  the  force  is  applied  will  yield  to  a 
greater  or  less  extent,  and  the  body  will  be  flattened  or 
elongated ;  the  molecular  springs  will  oppose  a  resistance ; 
there  will  be  a  small  path  described  in  the  direction  of  the 
force.  At  first  the  efforts  of  the  equal  and  contrary  re- 
sistances are  nothing ;  afterward  they  augment  by  degrees 
till  the  effort  of  the  power  attains  its  maximum,  and  the 
body  its  greatest  change  of  shape ;  after  this  the  action  is 
reduced  to  maintaining  the  body  or  obstacle  at  its  state 
of  tension  and  repose,  without  producing  henceforth  any 
mechanical  action. 

§  58. — Construct,   in 
the    manner    before   de-  's'     ' 

scribed,  the  curve  0rx 
r2.  ■  ■  fjj,  of  which  the 
abscisses  Oej,  ^%,  &c, 
represent  the  spaces  de- 
scribed by  the  point  of 
action  in  each  successive 
instant  of  time  in  the 
direction  of  the  force,  and 
the  ordinates,  the  cor- 
responding  pressures  or 

resistances  opposed  by  the  body  in  a  contrary  direction. 
The  quantity  of  work  destroyed  while  the  point  of  action 
is  describing  any  one  of  the  small  paths,  as  e2eg,  is  the 
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area  of  the  trapezoid  <%  W'a;  and  the  total  quantity  of 
action  destroyed  by  the  molecular  action  of  the  body 
during  its  entire  change  of  figure,  is  the  area  comprised 
by  the  curve,  its  greatest  ordinate  <%  re,  which  denotes  the 
maximum  resistance,  and  the  axis  of  abscisses.  If,  then, 
it  should  happen  that  the  body  or  obstacle  is  either  eom- 
'■  pressed  or  extended  by  any  appreciable  quantity  as  0^, 
which  is  the  path  described,  by  the  point  of  action,  and 
the-  greatest  resistance  ee  re  should  be  considerable,  this 
quantity  of  work  must  be  taken  into  account  in  certain 
ci  renin  stances  which  will  be  explained. 

|  59.' — -But  in  general  the  bodies  employed  to  receive 
jin  and  transmit  the  action  of  force-!,  are  fleered  with  special 
reference  to  their  capacity  to  resist  all  change  of  figure; 
so  that  when  well  chosen  and  judiciously  disposed  in  com- 
binations, the  work  referred  to  in  the  preceding  article, 
becomes  so  small  a  fraction  of  that  developed  by  the  force 
when  it  produces  motion,  or  when  the  space  described  by 
the  point  of  action  is  considerable  in  comparison  with 
that  which  measures  the  linear  change  of  figure,  that  it 
may,  and  indeed  is  in  practice,  neglected.  It  Is  under 
this  point  of  view  only  that  the  work  developed  by  a 
force,  applied  to  a  fixed  obstacle  can  be  said  to  be 
nothing. 

This  work,  may  also  be  neglected  when  the  force  which 

develops  it,  acts  in  a  direction  perpendicular  to  the  path 

which  the  body  is,  by  its  connection  with  others,  com- 

efi    petted  to  describe.      The  force  in   this  case  will  only 

3      compress  or  stretch  the  body  uselessly,  without  adding  to 

a     or  subtracting  from  the  work  in  the  direction  of  the 

motion,     A  man  who  pushes  against  the  side  of  a  carriage 

in  a  direction  perpendicular  t.o   (he  path   along  which  it 

is  moving,    neither  aids  nor    hinders  the  horses:    and 

although  he  actually  develops  a  quantity  of  work  by  the 

compression  of  the  carriage,  it  must  be  totally  negl 

in  making  an  estimate  of  the  useful  effect. 
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g  60.— These    considerations   arc  important,    as    they  Motive  force 
prove,  in  general,  that  forces  may  work  without  produ-  "^^ubot 

cirtg  any  useful  effect.     If  the  dhTereut  pieces,  tor  example,  er;-ct; 
which  compose  a  machine,  and  which  serve  to  transmit 
motion  and  work,  in  acting  upon  each  other,  become  com- 
pressed or  stretched,  it  is  obvious  that,  even  though  the 
point  of  action  moves  in  the  direction  of  the  force,  this 
latter  must  first  expend  a  certain  quantity   of  work  in 
changing  the  figure  of  the  pieces  before  the  motion  can 
become  regular   or  uniform  throughout.     And  it  may 
happen  that  tins  first  work  of  the  power  will  be  totally 
lost^  if  the  pieces,  on  ceasing  to  be  compressed  or  stretched,  the  places 
retain  their  altered  shape  :  that  is  to  say,  if  they  be  not  "^ , ,' ' K  ',V. . l ' '■'- 
elastic,  or,  more  generally,  if  the  molecular  .springs  do  not  perfectly  ei: 
contribute  to  augment  the  work  when  the  effort  of  the 
force  is  relaxed,  as  they  did  to   diminish  it  when  the 
action  began. 

|  61. — We  also  see  that  if  the  action  of  the  force  ot  Lomgnnte) 
moter,  or  the  resistance  occasioned  by  the  work,  undergo  f0™^™^L' 

fm.pi.er.it  alterations,  in  becoming  sometimes  feeble  and 
sometimes  stronger ;  in  a  word,  if  the  pieces  are  often 
compressed  and  distended,  the  loss  of  work  thence  arising 
may  bear  a  considerable  ratio  to  the  total  work  of  the 
power,  which  could  not  take  place  if  the  action  of  the 
latter  were  constantly  the  same  from  the  beginning  to  the 
end  of  the  work. 

§  62. — 'The  shock  of  bodies  develops  considerable  sun  great* 
pressure,  and  produces  sensible  changes  of  figure ;  the  ^^ of 
quantity  of  action  destroyed  or  generated  will,  therefore, 
always  be  appreciable.  On  this  account  it  becomes  in- 
dispensable, in  the  application  of  mechanics,  to  pay  the 
strictest  attention  to  the  influence  of  concussions  which 
may  occur  during  the  performance  of  mechanical  work. 

§  63. — And  hence  we  perceive  the  advantage  arising  Mvamngot 
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from  the  use  of  very  stiff  and  very  elastic  materials  in  the 
construction  of  those  pieces  which  are  employed  to  receive 
and  transmit  ;he  action  of  forces,  and  to  regulate  the  mo- 
tions they  produce. 

§  64. — To  obtain  a  clear  idea  how  the  molecular 
springs  of  a  body  may  develop  or  restore  a  certain 
quantity  of  mechanical  work,  we  have  but  to  consider 
what  takes  place  at  the  instant  when  a  body  "begins  to 
resume,  progressively,  its  primitive  figure  after  it  has  been 
changed,  and  to  recall  what  was  said  of  the  measure  of  the 
quantity  of  work  of  a  force,  employed  to  bend  a  spring. 
to  compress  or  distend  a  body.  Indeed,  we  have  only  to 
estimate,  in  pounds,  the  different  pressures  c 
to  each  state  of  the  body,  from  that  of  gn 
or  distention  to  that  of  restitution,  or  to  some  intermediate 
state  which  the  body  will  retain  of  itself.  If  the  body 
resume,  at  last,  precisely  the  form  which  it  had  before  the 
change ;  if,  also,  the  pressures  which  correspond  to  the 
same  degree  of  tension — to  the  same  shape  and  size  of  the 
body,  are  the  same,  if,  in  a  word,  the  body  be  perfectly 
elastic,  the  quantity  of  work  produced  during  the  process 
of  restitution  against  a  resistance  opposed  to  it,  will  be 
equal  to  that  required  to  compress  or  distend  it,  since  the 
curve,  which  gives  the  law  of  the  pressures  and  spaces, 
will  be  the  same  in  the  two  cases. 

If,  on  the  contrary,  the  body  be  not  perfectly  elastic, 
it  will  not  return  to  its  former  figure ;  the  pressures  will 
be  less  during  the  process  of  restitution,  there  will  be  a 
loss  of  space  described  by  the  point  of  action,  and,  con- 
sequently, less  work  performed  than  in  the  first  change 
of  figure,  there  will  be  a  certain  quantity  of  action  lost. 

There  are  scarcely  any  perfectly  elastic  bodies  except 
the  gases  and  vapors,  and  these  must  be  confined  in  a 
close  vessel  or  reservoir  and  acted  upon  by  a  piston. 
Such  contrivances,  together  with  springs  made  of  the  most 
elastic    solids,    serve  to  store  up  mechanical  work  for 
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future  use ;  forces  arc  employed  to  compress  or  bend  them,  their  use. 
in  which  state  they  are   retained  by  mechanical  contri- 
vances till  the  work  thus  expended  is  required  for  other 
purposes ;   the  restraint  is  then  removed  and  the  work 
transferred  to  some  other  body,  which,  in  its  turn,  com- 
municates it  to  something  else,  and  so  on  to  the  ultimate 
object  to  be  attained.     The  balistas,  oatapultas,  and  bows  Emmpi»- 
ofthe  ancients,  throwing  arrows,  stones,  and  other  missiles  J^J^.'  ' 
are  examples  of  this;   the  air-gun,  in  which  the  motive 
power  is  but  a  reservoir  of  compressed  air,  is  well  known ; 
and  every  body  is  familiar  with  the  steam-engine,   in 
which,  by  the  application  of  heat,  water  is  expanded  into 
vapor  whose  molecular  spring  or  elasticity  is  capable  of 
performing  any  amount  of  work,  by  the  simple  alterna- 
tions of  heating  and  cooling.     No   one   is   ignorant  of  steam  and 
the  terrible  effects  of  steam  arid  gunpowder,  when  over-  s™P°wde! 
heated,   and  yet,  when  properly  managed,  these  agents 
admit  of  being  pent  up  in  inert  bodies  or  vessels,  and 
made  to  do  the  work  not  only  of  the  lower  animals,  such 
as  horses,  oxen,  &c.,  but  almost  of  intelligent  beings.     It 
is  by  means  of  this  principle  of  elasticity,  that  clocks 
and  watches,   are   kept  in  motion  for  days   and  entire 
months. 

§  65.— "Weight  also  affords  the  means  of  storing  upweijhtas 
mechanical  work,   and  of  rendering  it  available  when "™  °r^ 
wanted.     When   a  motive   force   has   elevated   a  body  work, 
through  a  certain  height,  in  expending  upon  it  a  quantity 
of  work,  measured  by  the  product  of  its  weight  into  the 
height,   this  body,  employed   afterward  to   overcome   a 
resistance  either  directly  or  by  means  of  a  machine,  may 
restore,   in   its   descent,  precisely  the   same   quantity  of 
work  which  had  been  before  expended  upon  it.    It  is  in 
this  way  that  motion  is  communicated  to  clocks,  spits, 
&c,  &c. 

By  the  action  of  heat,  water  assumes  at  the  surface  of  Eievaiiun 
the  ocean  the  form  of  vapor,  ascends  to  elevated  i 
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in  the  atmospLero.  whence  it  is  precipitin  tod  in  the  form 

of  rain,  is  collected  into  natural  reservoirs,  and  becomes, 

by  its  -weight,  a  source  of  motion  to  mills,  machinery,  &c. 

This  reproduction  does  not  obtain,  however,  when  the 

:d    work  is  employed  to  divide,  to  break,  to  polish,  to  rub,  to 

""  destroy,  in  a  word,  the  natural  ail'mity  of  bodies.     The 

quantity  of  woi.h  thus  expended  is,  in  it,  mechanical  point 

of  view,  totally  annihilated  ;  it  cannot  be  restored  by  the 

body  after  it  has  undergone  tin*  change  of  state. 

Springs,  like  animals,  and  combustibles  which  give 
"•  heat,  have  this  peculiarity,  viz. :  they  are  very  portable, 
and  may  be  even  used  as  a  motive  power  for  vehicles. 
Thus  carriages  have  been  put  in  motion  by  springs  at- 
tached, as  boats  are  put  in  motion  by  animals  on  board, 
and  by  the  vapor  of  heated  water.  But  springs  are 
never  perfect,  and  being  subjected  to  the  action  of  foreign 
resistances,  never  restore  the  whole  of  the  mechanical 
work  which  they  have  received.  Finally,  animals,  and 
heat  even,  the  primitive  source  of  all  the  mechanical 
work  employed  in  the  arts,  require  si  certain  expense  in 
nourishment  and  fuel  which,  according  to  the  beautiful 
theory  of  Leibig,  are  the  same  in  principle.  This  nourish- 
ment and  fuel  become,  there:- (ore,  the  representatives  of  a 
certain  amount  of  mechanical  work,  so  that  it  is  really 
impossible  to  create  a  motive  force,  without  having  pre- 
viously incurred  an  equivalent  expenditure. 

:e  §  66.— Thus  far  we  have  only  examined  the  work  of 

n  forces  when  employed  to  overcome  the  weight  of  bodies, 
the  resistance  inherent  to  their  state  of  aggregation  or 
force  of  affinity,  their  elasticity,  &o.  It  remains  to  speak 
of  the  resistance  which  all  bodies  oppose  to  a  change  of 
their  state  in  respect  to  motion  or  rest,  by  reason  of  their 
inertia,  of  winch  no  estimate  has  been  made  in  what  has 
gone  before,  and  from  which  it  is  impossible  to  separate 
the  other  species  of  resistance  in  all  questions  affecting 
quantity  of  work.     It  has  already  been  remarked  that  the 
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■  must  overcome  the  inertia  of  the  matter  of 
which  his  tool  is  made ;  the  draft-horse,  that  of  the 
carriage,  and  of  the  load  it  bears,  &c.  But  indepen- 
dently of  this,  it  is  very  important  to  be  able  to  estimate 
the  quantity  of  work  which  a  body  will  absorb  in  ac- 
quiring a  certain  degree  of  velocity,  for  this  is  often  the 
only  useful  object  in  view,  as  in  the  case  of  throwing 
projectiles  by  the  elastic  force  of  gases  or  solids,  which 
gives  rise  to  the  art  of  balistict,  employed  in  war.  Be- 
sides, it  very  often  happens  that  instead  of  applying  a 
force  directly  to  the  object  in  view,  we  cause  it  to  act 
upon  a  free  body,  and  subsequently,  by  the  aid  of  its 
inertia,  concentrate  tlie  quantity  of  action  absorbed  by  it 
to  do  the  work  at  a  blow,  as  in  the  example  of  the  pik-  Kxampieir 
ram,  common  hammer,  &c. ;  the  inertia  of  bodies  is  thus pUft"1™1 " 
made,  like  weight,  elasticity,  &c.,  to  restore  the  quantity  of  LammBt. 
work  which  has  been  expended  in  subduing  it ;  and  we 
now  proceed  to  the  consideration  of  the  action  of  forces 
employed  to  overcome  inertia  and  to  produce  motion. 


VARIED    MOTIOK. 

§  67. — We  will  begin  with  the  most  simple  case  of  v 
varied  motion,  viz :  that  in  which  a  body  is  pressed  by  a "' 
constant  force,  that  is  to  say,  one  which  does  not  change 
the  intensity  of  its  action,  and  which  is  equal  and  contrary 
to  the  resistance  opposed  by  the  inertia  in  the  line  of 
direction  of  the  motion. 

It  is  clear  tliat,  the  pressure  being  the  same  at  each 
instant,  the  small  increments  or  decrements  of  velocity 
will,  for  the  same  body,  also  be  the  same ;  and  thus  the 
velocity  will  increase  or  decrease  with  the  time ;  in  other 
words,    the  velocity   will  be   proportional   to    the    time 
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uniformly  rated,  elapsed   since   the   commencement  of  motion.      This  is 

aeccietitted, and   calli,<]  v,w;forml,i  oaried  motion  in  general ;  which  becomes 

uniform';/    accdarited    or    vM-dorml;/  retarded,    according  us 

the   force  increases   or   diminishes   the  velocity  of  the 

body. 

uniformly  §  68. — First,  take  the  case   of  uniformly  accelerated 

accelerated,        motion,  and  recall  to  mind  that  the  velocity  acquired  at  any 
instant. is,  §  25,  measured  by  tlie  space  described  by  the 
body  in  the  unit  of  time  succeeding  this  instant,  if,  the 
force  having  ceased  its  action,  the  body  continue  to  move 
uniformly  in  virtne  of  its  inertia ;  this  velocity  we  have 
seen  how  to  calculate  by  means  of  the  law  which  connects 
the  time  with  the  spaces. 
Let  0  be  the  point 
of   starting.      Draw    the 
line  Ov1v2...  ve,  of  which 
the    abscisses    Oty,    0^ 
&c.,   represent    the   time 
elapsed   from  the   origin 
smpiiicai  or  beginning  of  the  mo- 

fejtfesenidUon  of  ^Q]^     a]1(j    Qf    which    fl^g 

ordinates  ^ vh  % v.h  ...tgVa 
represent  the  velocities 
acquired  at  the  end  of 
the  times  0 1^  Oti,...Ot&. 

Since  in  uniformly  varied  motion,  the  velocities  /,  vk, 
t%v2, ...tzVg  are  proportional  to  the  times  Ot^  0ts, ...  0%, 
the  line  0  Vr  v2  v3 . . .  ve,  is  a  right  line,  which  passes 
through  the  point  0  from  which  the  body  takes  its  depar- 
ture ;  for  at  this  point,  the  velocity  and  time  are  zero 
together,  at  the  instant  of  starting.  The  distances  Ot^, 
titft  ^£j,  &c,  being  equal,  if  through  the  points  v„  v%, 
v3,... ve,  lines  be  drawn  parallel  to  the  axis  0 B  of  times, 
there  will  be  formed  a  series  of  right-angled  triangles, 
0  ([  vh  v,  6g  vs, . . .  v5  be  Vfy  all  equal  to  each  other.  The  sides 
tiVt,  v2h2,  vg &3, , , . v&  J>s,  will  represent  I. he  successive  incre- 
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ments  of  velocity,  which  are  equal  a-.id  constant,  by  the 
definition  of  uniformly  varied  motion,  since  the  corre- 
sponding intervals  of  time  0  th  vt  6a,  va  6j, . . , .  vs  b6,  are 
equal. 

i'iic  succo^-ive  intervals  of  time  0  t{,  t\  U.  L  ts.  &c,  being  Piiairqnvi..- 
supposed  very  small,  we  may  regard  the  body  as  moving  ^j^^of 
uniformly   during  any   one  of  them  as  tii4  or  its  equal  velocity  into 
v-Jj.f.  and  with  the  velocity  t-,v-t  acquired  at  its  commence- 
ment.     But   by   virtue   of   uniform   motion,    the    path 
described  "by  the  body  contains  as  many  linear  units  as 
the  rectangle  of  the  time  into  the  velocity  contains  super- 
ficial units,  and,  in  this  sense,  the  distance  passed  over  by 
the  body  in  the  time  tB  tm  will  have  for  its  measure  the 
product  of  this  elementary  portion  of  time  by  the  velocity 
IjVj,  or  the  area  of  the  rectangle  ^(4S,va:    for  another 
interval  d4(3,  the  path  described  will  'have  for  the  measure 
of  its  length,  the  area  t4  t&  bs  viy  and  so  on ;  so  that  the  total 
length  of  path  described,  by  the  body  during  the  time  Ot^, 
will  be   the   sum  of   all  the  partial   rectangles  t^t^b^v^ 

h  k  h  v% k  k  h  vb ;    which  sum  will  not  differ  sensibly 

from  the  area  of  the  triangle  0  ^  ve,  when  the  points  of 
division  th  t%  . . ,  t$,  are  greatly  multiplied. 

From  this  fact,  viz. ;  that  the  length  of  the  path 
described  by  a  body  in  uniformly  varied  motion,  is 
represented  by  the  area  of  a  triangle  whose  base  is  the 
time  during  which  the  motion  takes  ruuco,  au.il  altitude  the 
velocity  acquired  at  the  end  of  this  time,  we  easily  deduce 
several  important  consequences,  called  the  laws  of  uni- 
formly varied  motion. 

Since  the  area  of  the  triangle  0  te  va  has  for  its  measure,  Lawa  of 
the  half  of  its  base  into  its  altitude,   and  as  the  base  ™[°™ y  v 
into  the  altitude,   or  the  entire  rectangle,  represents  the 
length  of  path  described  in  the  time   0te,  with  a  con- 
stant velocity  t$ve,  acquired  at  the  end  of  this  time,  it 
follows, 

1st.  In  uniformly  accelerated  motion,    the  palji,  described  First  law. 
at  the  end  of  any  limv,  in  half  that,  which  the  hody  would 
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:  time,  if  it  wire,  to  move  uniformly  with 
i  during  t/iis  time. 

Since  the  paths  described  during  any  two  times,  as 
Ot3,  Otfa  are  represented  by  the;  triangles  0^v3,  Ot^v^ 
respectively,  and  since  these  triangles  arc  similar  and  their 
area,'!  are  to  each  other  as  the  squares  of  their  homologous 
sides,  it  also  follows, 

2d.  In  uniforrahi  accelerated  -motion,  the  paths  described 
at  the  end  of  any  two  times,  are  to  each  oilier  as  the  squares 
of  these  times, 

3d.  TJiat  these  paths  are  to  each  other,  as  the  squares 
of  the  velocities  acquired  at  the  end  of  t 


When  in  uniformly  accelerated  motion,  the  velocity 
/;  vs,  acquired  at  the  end  of  a  given  time  0  tb,  say  one 
second,  taken  as  the  unit  of  time,  is  given,  the  law  of  the 
motion  or  the  right  line  Ov6,  which  represents  it,  is  com- 
pletely determined,  and  we  may  compute  the  velocity  and 
space  which  correspond  to  Any  other  time. 

Denote  by  e1  and  vh  the  length  of  path  and  velocity 
which  correspond  to  the  first  second,  and  by  S  and  V,  the 
path  and  velocity  corresponding  to  any  ot'ier  time,  as  T; 
we  have  "by  the  first  law, 

el  =  i«iXl*  =  lwi     .     .     .     (4). 
*  S=\VT (5); 

and  by  the  second  law, 

e,   :    S  :  :    Is  x  Is   :    T  X  T  :  :   V   :    T*; 
whence, 


S  =  e,  X  T1 (6); 
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ami  replacing  r,  by  its  value,  .Eq.  (i), 

£  =  ^0,  r2.  . 

From  tbe  third  law,  spwo  in  anj 

cj,      or     Jv,   :   8  ::    «,■   :    F3; 

whence 

Fs  -  2^5 (8).        TUodutoto 

Bny  space. 

By  the  definition  of  uniformly  varied  motion,  we  have, 
vx  :    F  : :   1-  :    T; 

whence 

V   =   VlT. (9).  Vetoed  due  ta- 

in what  precedes,  we  have  supposed  the  body  to  start  The  bo<ij  has 

from  rest,  so  that  the  right  line,  which  gives  the  law  of  the  ^'e^d™  ]odfir. 

motion,   passes    through  the  point  of  departure  0,     But 

if   the  body   have   already 

a    velocity     0  v0l     acquired 

previously,    this    right    line 

will    pass   through   v^,   the 

extremity   of   the   ordinate 

which  represents  the  ve- 
locity of  the  body  at  the  in- 
stant from  which  the  time  is 

reckoned.  The  velocity  0v„, 

is  called  the  initial  velocity. 
By  drawing  %  t's,  parallel 

to    OB,   we    see    that    the 

velocity  t$vS)  which  corre- 
sponds to  the  time  0te,  is 

composed  of  two  parts,  viz. 

tst's,   and  t'ava;    the  first  is 

equal  to  the  initial  velocity  0t>o,  and  the  second  to  the 


Fig.  2 
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velocity  which  the  body  would  acquire  in  the  time  v0f3, 
f  equal  to  0  ts,  undo:'  the  action  of  the  constant  force,  had  it 
moved  from  the  point  va  with  no  initial  velocity,  as  in  the 
preceding  case ;  for  the  line  vav;i  gives,  in  reference  to  the 
line  vQP$,  the  law  of  acceleration.  Knowing,  then,  the 
velocity  which  the  force  is  capable  of  improving  upon  the 
body  in  a  unit  of  time  when  moved  from  a  state  of  rest, 
it  is  easy  to  construct  the  line  WjVj,  in  relation  to  vBfs  or 
its  parallel  OL,,  and  to  deduce  from  it  all  the  circumstances 
of  the  motion. 

Let  it  be  required,  for  example,  to  find  the  length  of 
path  described  by  the  body  in  the  time  Ot^.  This  path 
will  contain  as  many  linear  units  as  the  trape7x>idal  area 
Otiviva  contain:-!  superficial  units.  We  perceive  at  once, 
that  this  length  will  he  composed  of  two  parts,  viz,:  that 
described  uniformly  in  virtue  of  the  initial  velocity  0% 
and  represented  by  the  rectangle  0^?4vQl  and  that  de- 
scribed in  virtue  of  the  constant  force  aud  represented  by 
the  triangle  u0tf4t^.  But,  denoting  by  a  the  initial  ve- 
locity, and  by  2*  the  time,  we  have  for  the  measure  of  the 
rectangle 

aT; 
and  for  the  measure  of  the  triangle,  Eq.  (7), 

and  if  we  denote  by  S  the  total  length  of  path  actually 
described  by  the  body,  we  have 

#  =  aT  +  i^Z78  ....    (10): 

and  because  the  actual  velocity  at  the  end  of  any  time,  is 
the  initial  velocity  increased  by  that  due  to  the  action  of 
the  constant  force  during  this  time,  we  have,  Eq.  (9), 

V=  a  +  v^T     .    .    .    .    (11). 
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Fig.  25. 


§  60. — If  we  now  suppose  tin:  constant  force,  in; 
of  increasing  the  initial  velocity  of  tlie  body,  to  diminish" 
it,  the  motion  becomes   twiformbj  retarded,  and  the  line 
vovi  gives  the  law  of  the  motion. 

By  drawing  vat'b  parallel  to 
Ots,  we  see  that  the  velocity 
wuig,  which  corresponds  to  the 
time  Otj,  is  nothing  else  than 
the  initial  velocity  0v0  dimin- 
ished hy  the  velocity  V s  v3, 
which  the  body  would  acquire 
under  the  action  of  the  con- 
stant force  at  the  end  of  the 
time  0t$  had  it  moved  from 
rest.  The  length  of  path  de- 
scribed is  now  represented  by 
the  trapezoidal  area  O/3^3«0;  and  i 
would  be  umj'jrmJ'i  i.hscri!i^.l  m  the  sa 
velocity  Ov0,  diminiilied  }»j  thai,  which  would  be  described  in 
Hie  same  time,  if  -mooed  from-  red  under  lite  action  of  the 
constant  force,  by  a  motion  uniformly  accelerated;  that  is  to 
say,  Hie  length  of  path,  is  rcpresr-nfcil  In/  the  rectangle  0  fs  ff&  va 
diminished  by  the  triangle  vt  vs  t's. 

The  equations  (10)  and  (11),  which  appertain  to  uni-  Foramina  to 
formly  accelerated  motion,  become,  therefore,   applicable  ™^Btlul^s 
to  uniformly  retarded  motion,  by  simply  changing  the  cub  motion. 
sign  of  the  velocity  generated  by  the  constant  force,  and 
that  of  the  area  of  the  triangle,  which  represents  the  path 
due  to  the  action  of  this;  force  :  hence. 


i  equal  to  that  which 
■ne  time,  unfa  Ui.e  initial 


8  =  oT  -  faT*  .    .     .     .    (12),      v»h«,orBp« 

V    =    a    -    V/I'        .....      (IS).        of  velocity. 


Let  ns  suppose  that,   among   oilier  things,  we. desire 
the  time  required  for  the  force  to  destroy  all  the  initial 
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velocity;  we  have  only  to  make  V=  0,  and  equation  (13) 


T  =  — (14) ; 

v, 

from  which  we  conclude  that  the  time  required  for  a  con- 
stant force  to  destroy  all  the  velocity  a  body  may  have,  is 
equal  to  the  quotient  mining  from  dividing  the  value  of 
this  velocity,  by  the  velocity  which  the  force  can  generate 
in  the  body  in  one  unit  of  time. 

To  find  the  length  of  path  described  by  the  "body 
during  the  extinction  of  its  velocity,  substitute  the  value 
of  the  time  above  found  in  equation  (12),  and  wc  have 

>_  S  =  ~ (15); 

that  is  to  say,  the  space  through  which  a  body  will  move 
during  the  entire  destruction  of  its  velocity  by  the  action 
of  a  constant  forties,  is  equal  l.o  the  square  of  the  velocity 
destroyed,  divided  by  twice  the  velocity  which  this  force 
can  generate  in  the  body  during  a  unit  of  time- 

It  is  important  to  remark,  that  if  the  force  continue  to 
theveionitj  act  after  having  destroyed  all  the  velocity,  the  body  will 
return  along  the  path  already  described,  and  pass  in 
succession  and  in  reverse  order,  as  to  time,  through  ita 
previous  positions,  at  each  of  which  it  will  have  the  same 
velocity  it  had  there  before ;  for  while  the  body  is  losing 
its  velocity,  it  may  be  regarded  as  beginning  its  motion 
at  any  point  of  its  path  with  its  remaining  velocity  or' 
that  yet  to  be  destroyed,  which,  in  such  case,  is  denoted  by 
a,  and  when  all  its  velocity  is  destroyed,  it  returns  from  a 
state  of  rest  or  begins  to  move  backward  with  no  initial 
velocity;  so  that  equations  (-1)  to  (9)  become  applicable  to 
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this  latter  motion,  while  conations  (14)  and  (15)  are  to  the 
former.     But  from  equation  (8)  we  have 

V  =  Vi^Z] 

and  substituting  for  S  its  value  given  by  equation  (15) 
we  get 


that  is  to  say,  tin;  velocity  V,  which  the  body  has  ac- 
quired in  moving  backward  through  a  space  *S*  is  equal  to 
the  velocity  o,  with  which  it  began  to  describe  the  same 
space  in  its  forward  motion. 

§  70.— One  of  the  most  important  examples  of  mri- Motion  of 

fornily  accelerated  motion,  is  that  presented  by  the  verti-  a  '"s 
cal  fall  of  heavy  bodies ;  but,  before  discussing  it,  we  will 
make  known  some  of  the  cireum  stances  which  accompany 
and  modify  this  motion  at  the  surface  of  the  earth. 

We  have  already  seen.  §  82,  that  the  force  of  gravity 
may  be  considered   as  constant  within   ordinary  limits. 
But  at  the  surface  of  our  globe,  all  bodies  are  plunged  into  causes  which 
the  atmosphere,  and   this  atmosphere  is  itself  a  material.  ^^';'.!""" 
body,    which,   by  its   inertia  and  impenetrability,    opposes 
with  greater  or  less  energy  all  kinds  of  motion  of  bodies; 
this  opposition  is  named   alw.o;-r>7n:ri.r.   rari dance.      Experi- 
ment shows  us  that:  this  resistance  increases  as  the  velocity 
of  the  body  and  the  extent  of  its  surface  increase;  thus, 
in  striking  the  air  with  a  light  fiat  board,  the  resistance 
which  we  experience  is  greater  hi   proportion  as  the  mo- influence  of 
tion  is  more  rapid,  while  it  is  scarce'}7  sensible  when  the  ^™  „""„£ 
motion  is  veiy  slow;   and  again,  the  resistance  will  be  less 
if,  instead  of  striking  the  air  with  the  broad  surface,  we 
present  to  it  the  edge  of  the  board. 
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Fig.  2 


It  is  plain,  therefore,  that  the  presence  of  the  air  must 

rf«Jr     modify  the  laws  of  the  vertical  fall  of  "bodies  subjected  to 

the  action  of  their  weight.     In  permitting  bodies  to  Ml 

through  the  air,  from  the  same  height,  it  is 

■loh       observed  that  those  which  weigh  most  under 

stai«i    t^e  same  volume,  or  those  which  present  the 

ill  most  least  surface  in  the  direction,  of  the  motion, 

arrive  soonest  at  the  bottom ;  thus,  a  ball  of 

lead  will  fall  sooner  than  a  ball  of  equal 

volume  of  common  wood,   and  a  ball  of 

common  wood  sooner  than  one  of  cork,  &c. 

But  if  made  to  fall  in  vacuo,  or  in  a  long 

hollow  cylinder  from  which  the  air  has  been 

removed,  experiment  shows   that  all  bodies 

ai        fall  equally  fast,  and  therefore  will  reach  the 

at.       bottom  at  the  same  instant  if  they  start 

together.      Thia    is   called    the   guinea,   and 

feather    experiment,    from    the    fact    that    a 

guinea  and  feather  will   fab.  under  the  action  of  their 

respective  weights  in  vacuo,  with  the  same  velocity  and, 

therefore,  will  reach  the  bottom  in  the  same  time. 

From  this  it  follows,  that  the.  fore.',  of  gravity  acts  indis- 
criminately upon.  ccerg  particle  of  matter,  and  impresses  upon 
each,,   at  every  instant,    t/ie  same  rkgrce  of  velocity  in  vacuo, 
a  fact  which  it  is  important  to  remember, 
its  on  "We  may  easily   assure  ourselves  that  the  force  of 

'"iX'i'-L  8Tav^y  ac';s  on  the  interior  as  well  as  on  the  exterior 
alike;  particles  of  all  bodies,  by  observing  that  the  same  body 
weighs  just  as  much  by  the  weighing  spring  whether 
placed  in  the  open  air,  or  in  a  close  chamber ;  which 
proves  that  the  force  of  gravity  acts  through  this  chamber 
envelope  without  undergoing  any  change, 
o  The  weight  of  a  body,  is  the  resultant  of  all  1.1 10  ae'ions 

/body  °^  t^ie  f°rce  oJ?  gravity  upon  its  elementary  particles  ;  we 
>reeoi    must  be  careful,  therefore,  not  to  eon  found  the  weigld  with 
the  force  of  gravity  itselfj  which  is,  in  fact,  only  the  ele- 
mentary force  impressed  upon  each  particle. 


)y  Google 


MECHANICS    OF    SOLIDS. 

§  71. — Finally,  it  is  important  to  remember  that  the 
denser  bodies,  such  as  gold,  lead,  iron,  &c.,  are  those  Gold,  lead,  &.< 
which,  under  equal  volumes,  or  equal  surfaces,  "will  fall  ;„  ^""nt'-"1"' 
most  rapidly  in  the  air,  because  the  resistance  of  the 
latter  is  weaker  when  considered  in  reference  to  the 
weight ;  and  this  resistance  may  "become  relatively  so 
small  that  we  may  neglect  it,  particularly  when  the  fall  of 
the  body  is  not  very  rapid. 

Galileo,  an  Italian  philosopher,  was  the  first  to  in.vesti-  the  motion  of 
gate,  experimentally,  the  laws  which  govern  the  motion  of  UIlL'f"fm]°  lta 
bodies  falling  under  the  action  of  their  own  weight,  in  accelerated, 
vacuo;  and  he  found  the  motion  to  ht:  uniformly  accelerated. 
The  force  of  gravity  is.  therefore,  within  the  limits  of  ex- 
periment, a  connianl  aeeekroXiu/j  force,  acting  with  an  equal 
intensity  at  each  instant-  whatever   be  the  velocity   ac- 
quired.    Atwood,   an    English    philosopher,   in   resuming 
the  experiments  of  Galileo,  with  greatly  improved  means, 
obtained  the  same  results. 

§  72.— Hence,  when  a  body  falls  from  rest  through  a  motion  oraii 

certain  height,  in  vacuo, 

1st.  The  velocities   acquired  arc    proportional   to    thesmtiaw; 
times  elapsed  .since  the  beginning  of  the  motion. 

2d.  The  total  spaces  passed  over,  or  the  heights  of  the  second  imr; 
fall,  are  proportional  to  the  squares  of  the  times  elapsed. 

3d.  These  heights  are  proportional  to  the  squares  of  tuirdimirj 
the  velocities  acquired  at  the  end  of  each. 

4th.  The  velocity  acquired  at  the  end  of  the  first  unit  fourth  law. 
of  time,  is  measured  by  double  the  height  of  fall  passed 
over  during  this  time. 

Although  the  force  of  gravity,  may,  without  sensible  Force  of  gr&vi 
error,  be  regarded  as  constant  at  the  same  locality,  it  yet  \. '"'if^]'1' "' 
varies,  as  we  have  seen,  from  place  to  place,  in  going 
southward  or  northward,  and  cannot,  therefore,  generate 
as  much  velocity  in  one  latitude  as  another.  From 
careful  experiments,  made  with  a  pendulum  at  different 
places,  it  is  found  that  the  length  of  path  described  by  a 
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body  in  the  first  second  of  its  full  from  rest-  in  vacuo,  will 
be  given  by  the  following  formula,  viz : 

npnee  a  body  raL 

wi"  *»««»  ^  =  16.0904  -  0.04105  cos.  2  +  .     .     (16), 

in  which  ei  is  the  space,  and  4-  the  latitude  of  the  place. 

In  works  on  mechanics,  the  vducity  which  tli.e  force  of 
gravity  can  generate  in  a  second  of  time  at  the  surface  of 
the  earth,  is  usually  denoted  by  g  ;  and  as  this  velocity  ia 
equal  to  twice  eh  Eq.  (4),  as  given  by  the  above  equation, 
we  have, 

IIZL  iaZe  g  =  32.1808  -  0.0821  cos.  2  4-.     .     (17J ; 

hence  all  the  circumstances  of  the  motion  of  falling  bodies 
at  any  place,  will  be  given  by  equations  (■■!-)  to  (15)  after 
substituting  therein  r/  for  %\. 

Let  H  represent  the  height,  in  feet,  through,  which  the 
body  has  fallen  in  a  given  lime  denoted  by  T.  and  V  the 
velocity  acquired  at  the  bottom  of  this  height;  then,  from 
equations  (5),  (7),  (S),  and  (i)),  we  have 

S  =\YT (18), 

"\h!^i  H  =  \gT* (19), 

™»i "  "  Vs  =  2  g  H (20), 

V  =  g  T (21), 

in  which,  for  all  ordinary  eases  we  may  take 

g  =  32.1808  feet  .     .     .  (22). 

application  to  Suppose  wc  arc  required  to  find  the  velocity  acquired 

exampes,  ^^  ^  p-fXit  described  at  the  end  of  7  seconds;    from 

equation  (21),  wc  have 

V  =  32.1808  X  7  =  225.2656  feet, 
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from  equation  (19), 


that  is  to  say,  at  the  end  of  7  seconds,  the  "body  will 
have  a  velocity  which  would  carry  it  over  a  distance  of  ntinu; 
225.2656  feet  during  the  8th  second,  were  its  velocity  at 

the  end  of  the  scvcn1.li  .second  to  become  constant,  and  the 
space  described  during'  the  seven  seconds  of  fall,  will  be 
788.4296  feet. 

It  must  be  rem  cm  bored  that,  iu  the  atmosphere,  the  influence  of  the 
body  will  not  fall  with  the  same  velocity,  on  account  of  Btniosp  °'e' 
the  resistance  of  this  medium;   but  from  what  has  already  in  the  case  of 
been  remarked,  this  resistance  vail  not  have  much  m"™,f^ofti,a 
fluence  if  the  falling  body  be  very  dense,  as  iron,  lead,  body  nod  ueigi 
&e. ;   or  if  the  surface  of  the  body  be  small ;    or  if  the   e  aiuli  " 
height  of  fall  be  not  great,  say  sixty  or  seventy  feet.     We 
might,  therefore,  measure  approximately,  the  height  of  application  to 
towers,  depth  of  wells,  &c.,  &c.,  by  noting  the  time,  as  0"tatB^d 
indicated  by  a  watch,  beating  tenths  or  fifths  of  seconds,  depthotweiia. 
required  by  a  body  to  fall  through  the  height. 

If  we  have  given  the  height  through  which  a  body  has 
fallen,  it  is  easy  to  find  the  velocity  acquired;  for  from 
equation  (20),  we  have 

V=    -f%g~K 

Suppose  a  body  to  fall  through  a  height  of  80  feet,  then 

will 


V  =    SYx  32.1808  X  80  =  71.75  feet. 
This  proposition  is  of  frequent  occurrence  in  practical 


Velocity  due  to  ! 

The  quantity    V  is  called,    the  velocity  dim  to   a  given,  Xl\^tsslob 
height  II ;   and  II,  tkyj  he ij/u  due  to  a  give?',  velocity  V.  given  velocity. 
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§  73. — When  a  body,  as  the  ball  from  a  gun,  for 
example,  is  thrown  vertically  upward,  its  weight  acts  at 
each  instant  with  the  same  intensity  to  diminish  "by  equal 
degrees  its  primitive  velocity ;  the  motion  will  he  uni- 
formly retarded ;  the  velocity  -will  be  totally  destroyed 
when  the  body  attains  a  certain  height,  from  which  it  will 
descend,  in  taking  successively  the  different  degrees  of 
velocity  which  it  had  at  the  same  places  in  its  ascent,  all 
of  which  is  obvious  from  what  was  said  in  §  69.  Thus,  at 
the  distance  of  1,  5,  7,  &c.  feet  from  the  place  of  starting, 
the  body  will  have  exactly  the  same  velocity  in  ascending 
and  descending ;  it  will  only  have  the  direction  of  its 
motion  changed.  When  it  returns  to  its  point  of  depar- 
ture, its  velocity  will  be  the  same  as  it  was  at  starting. 

Denote  by  H,  the  greatest  height  the  body  will  attain; 
and  V,  the  primitive  or  initial  velocity;  then  will,  equa- 
tions (20)  and  (21), 

U=J7, «. 


(24). 


That  is  to  say.  '.he  greaves;,  height  to  which  a  body  will 
ascend,  when  thrown  vertically  upward,  is  equal  to  the 
square  of  its  initial  velocity,  divided  by  twice  the  force  of 
gravity;  and  the  time  of  ascent  will  be  equal  to  the  initial 
velocity,  divided  by  the  force  of  gravity 

Let  the  body,  for  example,   leave  the  earth  with  a 
velocity  of  150  feet  a  second,  then  will 

77  =    i-^l .   =    S«n  9K  feet 
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This  is  on  the  supposition  that  the  air  opposes  no  resist-  effect  of 
ance.    The  "body  will  not  ascend  so  high  in  the  air;;  and,  "™XcTC 
moreover,  will  fall  with  less  velocity  than  in  vacuo.   '-'■; 

§  74.— We  may  now  appreciate  the  quantity  of  work  Quantity  of  work 
or  of  action  which  the  weight  of  a  body  will  expend,  in  ^""E"e*ht' 
impressing  upon  itself  a  certain  velocity,  or  in  overcoming  impreaa  upon  u 
its  inertia.    Denote  by  W,  the  weight  of  the  body,  express-  t^J^L.™1 
ed  in  pounds,  or,  in  other  words,  the  absolute  effort  which 
gravity  exerts  upon  the  body,  and  which  is  equal  and 
contrary  to  that  neecsHary  to  support  it  in  a  given  posi- 
tion; this  will  measure  the  constant  effort  exerted  upon 
the  body  during  its  descent  through  the  height  If.     The 
quantity  of  work  consumed  during  this  fall  will,  §  45,  be  quantity  of  work 
denoted  by  ^"mT"1  d°t"'!! 

W  X  B, 

and  this  quantity  of  work  will  have-  generated  in  the  body 
the  velocity  V,  computed  by  the  equation 

F3  =  2gS; 

from  which  we  have 

w-  v'- 

and  multiplying  both  members  by  W, 

WH  =  J  —  x   F2     .     .     (25). 

§  75. — Thus,  the  quantity  of  work  developed  by  the  wkreqpitredto 
weight  of  a  body  to  impress  a  certain  degree  of  velocity  '"^oX-"6'™ 
upon,  itself,  is  equal  to  half  the  product  obtained  by  multi- 
plying the  square  of  this  velocity,  by  the  weight  of  the 
body,   divided   by   the  velocity  g,   which   the  force  of 
gravity  is  capable  of  impressing  upon  all  bodies  during 
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the"  first  second  of  their  fall.     This  product, 


fores;.       is   what  mechanicians    call  the  living  force  of  the    hody 

.J    whose  weight  is  W.    We  see,  therefore,  that  the  quantity 

neoassoiy    of  action  expent.led  !,_//  (he  wev/ht  of  a  hi'b;,  is  half  the  lining 

'      force  impressed;  or  that  the  hviwj  force  im/rrcssed,  is  double 

the  quantiti/  °f  w<'wit  expended  In/  the  weight.  ■ 

o  living  It  is  to  be  remarked,  that  when  a  body  ia  thrown  ver- 

"enmito    Really  upward  with  a  certain  velocity,  the  quantity  of 

irk  that      action  of  the  weight,  which  is  always  measured  by  the. 

product  of  the  weight  into  the  height  to  which  this  body 

has  risen,  is  employed,  on  the  contrary,  to  destroy  this 

velocity,  so  that  in  the  two  eases  of  ascent  and  descent, 

the  half  of  the  living  force  lost  or  gained,  measures  the 

quantity  of  action  or  of  work  necessary  to  overcome  the 

inertia  of  the  body,  whether  the  object  of  this  action  be  to 

impress  upon  the  body  a  certain  velocity,  or  to  destroy 

that  which  it  already  has. 

This  principle  is,  as  we  shall  soon  sec.  general,  what- 
ever   be    the  motive    force   employed   to    communicate 
motion  to  a  body,  and  whatever  be  the  direction  of  the 
.  motion.     But  it  ia  necessary  first  to  remark  upon  certain 
terms  employed  in  mechanics, 

og  of  living        §  76.— As  the  expression  of  living  force,  employed  to 
designate  the  product, 


may  lead  to  error,  it  is  proper  to  remark  here,  that  it 
must  not  be  regarded  as  the  name  of  any  force,  any  more 
than  the  name  given  to  the  product 

W.S, 

or  the  quantity  of  action,  designates  a  force;   it  is  simply 
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the  result  of  the  act!  vity  of  a  motive  force:,  expressible  in 
pounds,  which  has  been  employed  to  overcome  the  inertia 
of  a  body,  to  impress  upon  it  a  certain  motion— a  certain 
velocity.  Under  this  point  of  view,  the  living  force  is  binV 
a  dynamic  effect  of  a  force,  or  ratiier  double-  this  effect,  since  ndj-nau-.t 

W 

— .  V2  =  2  W.  S, 
9 

A  body  in   motion,   or  a   certain    dynamic  effect,   may  a  body  ii 
indeed  become,  in  its  turn,  a  source  of  work ;    as,   for  ^k,e ' 
example,  a  body  thrown  vertically  upward  is   elevated 
in  virtue  of  its  velocity  to  a  certain  height,  as  though  it 
were  taken  there  by  the  incessant  action  of  an  animated 
moter.  '  But  this  is,  in  all  respects,  analogous  to- what 
takes  place  when  a  force  has  developed  a,  certain  quantity 
of  work  to  bend  or  compress  a  spring ;   the  inertia  of  the 
matter  has  been  brought  into  play  in  the  same  manner 
that  the  molecular  springs  have  in  this  latter  case.     This 
inertia,,  §  66,  when  it  has  been  thus  conquered,  becomes 
capable  of  restoring  the  quantity  of  work  expended  upon  but  conn 
it,  as  well  as  a  compressed  spring  ;   in  a  word,  inertia,  lihe  Lj|.:''.'  '^\ 
a  spring,    serves  to  store  up   a  quantity  of  action,    tobotiy.or 
transform  it  into  living  force,  so  that  living  force  is  a  true  BI)""El 
disposable  quantity  of  action.     The  same  may  be  said  of 
a  body  elevated  to  a  certain  height ;    this  body  solicited 
by  its  weight  is  the  source  of  a  quantity  of  action,  of 
which  we  may  subsequently  dispose  to  jyi'ociuce  a  certain 
amount  of  mechanical   work.     But  as  we  cannot  say  that 
this  body,  elevated  to  a  certain  height,  is  a  force,  that  a 
compressed  spring  is  a  force,  neither  can  we  say  that  a 
body  in  motion,  or  that 

Kr, 

9 
is  a  force.     It  is  the  same  of  men,   animals  in  general,  or  nntmaj 
of  caloric,  of  icafer-cou-vses,  erf  viiv.d,  Sec,  &c.\  these  are  brat'^™"1' 
ayiiLiLri  oi'  work,  or  motors-  -nof:  simple  foreres. 
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It  is  the  object  of  mechanics,  in  its  application  to  the 
ls"       arts  of   life,    to  study  the   different  transformations   or 

metamorphoses  which  the  work  of  rooters  undergoes  by 
means  of  machines  and  implements,  to  compare  different 
quantities  of  work  with  each  other,  and  to  estimate  their 
value  in  money,  or  iu  work  of  this  or  that  kind. 

In  short,  when  wc  speak  of  living  force,  communicated 
to,  or  acquired  by  a  body,  it  is  only  necessary  to  remem- 
ber, that  it  relates  to  a  real  motion,  of  the  body,  and  is  equal 
to  ike  product  of  the  square  of  its  velocity  into  its  weight, 
divided  by  the  force  of  gravity. 

g  77.- — Since  the  force  of  gravity  acts  indiscriminately 

upon  all  the  particles  of  a  body,  and  impresses  upon 

them  at  each  instant,  the  same  degree  of  velocity  at  the 

same  place,  the  weight  of  a  body,  which  is  the  result  of 

these  partial  actions,  may  give  us  an  idea  of  the  relative 

oia       quantity  of  mutter  it  contains,  or  of  its  mtts-s',  for  it  is  plain 

that  the  mass  must  be  proportional  to  the  weight;  often, 

indeed,  the  weight  is  taken  for  the  mass.     But  as  the 

intensity  of  the  force  of  gravity  varies  from  one  locality  to 

another,  and  as  the  quantity  of  matter  in  the  same  body 

or  the  mass  remains  absolutely  the  same,  it  is  obvious  that 

this  latter  would  be  but  ill  defined  by  its  weight.     Ex- 

ravit/    perience  shows  that  the  velocity  iinprrwscd  by  the  force  of 

nai  to    gravj£yj  ±n  one  second  0f  time,  is  directly  proportional  to 

■e*iiu     the  intensity  of  this  force,  and  that  therefore  the  ratio 


must  remain  the  same  for  all  places,  since  the  weight  is 
also  directly  proportional  to  the  force  of  gravity.  Thus  if 
W  and  W,  be  the  weights  of  the  same  body  at  different 
places,  and  g  and  </  the  intensities  of  the  force  of  gravity 
at  those  places,  respectively,  then  will 

W  :     W    ::    g    :    &\ 
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,  taken,  in   mechanics,  as  the 
if 
measure  of  the  mass  of  a  body.     Ordinarily  the  mass  is  u«t 
represented  by  M,  whence 


W  = 


in  which  W  expresses   the  effort  or  pressure  ( 

the  weight  of  the  body,  and  g  the  velocity  which  this 

weight  can  impress  upon  the  body  in  a  second  of  time. 

§  78. — By  substituting  the  value  of  the  weight,  as  given 
by  equation  (20),  in  the  expression  for  the  living  force,  we 
find 

W"  Living  f 

JLV3     =     MV2;  torn  ol 

g  and  vol, 

that  is  to  say,  the  living  force  of  a  body  in  motion,  is 
equal  to  the  produd.  of  its  mass  into  the  square  of  its  velocity. 

finally,  meeiiameians  have  agreed  to  call  the  product  of 
the  mass  of  a  body,  as  above  defined,  into  its  velocity,  or 
MV,  the  quantity  of 'motion  of  the  body ;  and  this  it  must  be  qnaiuiiy 
remarked  is  very  different  from  the  quantity  of  action  or  mo  Dn' 
of  -work.     To  -understand  what  is  meant  by   this    new 
expression,  denote  the  quantity  of  motion  by  Q,  then  will 

Q  -  —  V  =  MY    .    .    .    (27); 
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or,  which  is  the  same  thing, 

it,  meaning  Q     :      W     :  :      V     :     g. 

But  W,  is  the  weight  of  the  body,  and  g,  the  velocity 

which  this  weight:  can  generate  in  this,  body,  in- one  second 

it.  is  *  press™,    of  time;  hence  Q  must  designate  either  a  weight  or  an 

EkewaigM;        e^uiValent  effort,  which  can  generate  in  the  body,  the 

velocity  V,  in  one  second. 

We  see  also  that  the  living  force, 

MV\    or   MVV  =   QV, 

imngforee         is  the  product  of  this  effort,  by  the  velocity  7|  or  by 

T«™iHy"fe       ^ie  Patla  described  uniformly  by  the  body  in  a  unit  of 

oiutiou  into  the    time  in  virtue  of  its  acquired  velocity. 

These  observations  show  the  distinction  between  the 
quantity  of  motion  of  any  body  and  its  living  force,  and  the 
identity  between  this  latter  and  double  the  quantity  of 
actios). 

ueeoftiw  §  79. — It  is   principally  to   abridge   and  simplify  the 

denominations  C0]1-1y)11|;;ltiOI]!5  a)]fn  reasonings,  thai,  the  denominations  mass 
jnantitjoT  and  quantity  of  motion,  are  employed  in  mechanics;  and 
"""""''  they  might  easily  be  dispensed  with.     But  as   authors 

generally  have  used  them,  it  becomes  important  to  under- 
stand their  precise  significations. 

A  r^ce is  ■  §  80. — We  have  just  seen,  that  the  force  of  gravity  will 

proportional  to  jmpreR^  Up0n  a  body,  during  one  second  of  time,  velocities 
am  gone  rate  in  a  which  are  constantly  proportional  to  its  intensity,  or  to 
"■h™  coMiimt1'  "^e  absolute  weight  of  the  body  in  each  locality.  But 
this  property  arises  only  from  the  fact,  that  the  weight 
when  the  roi™  renuiLus  constant  during  the  fall,  so  that  the  total  velocity 
'VoTc^oD.aw  at  tne  cncl  of  tlie  faU>  ^  ProPortiorial  t0  tne  e1ua'  degrees 
iho  small  degree  of  velocity  impressed  at  each  instant.  When  the  motive 
hnrtrted  at  a  force,  instead  of  being  constant,  paries  at  each  instant,  it  is 
nivei.  instant.      obvious  that  its  intensity  can  no  longer  be  measured  by 
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the  velocity  which  it  impresses  upon  the  same  .  "body 
during  a  unit  of  time,  and  that  its  measure  must  depend 
upon  the  small  degree  of  velocity  which  it  communicates 
at  a  given  instant 

By  observing  what  takes  place  at  the  surface  of -the  forces 
earth,  and  in  our  planetary  system,  it  is  found  that  the  ^fl^^nd^™M 
motive  forces  or  pressures  a/re,  in  fact,  proportional  to  the  small  ofvciodiyihoj 
degrees  of  velocity  mulch  /Jury  impress  upon  the  same  body  ?«  ™" y^H8™" 
equal  indefinitely  small  portions  of  time.     This  fact  serves  poiiionoftime. 
as  the  basis  of  all  dynamic  investigations,  and  must  be 
regarded  as  a  general  law  of  nature. 

§  81.- — ■Accordingly,  .let  F  bo  the  measure,  in  pounds,  Measure  of  the 
of  a  force  of  pressure;    let  v  be   the  small  degree  of  ^,1^ j,"™" ° 
velocity   which   it    can    impress   upon    a    body  at  any  ™iociij 
instant  or  epoch,  during   an  indefinitely  small   interval  "mainline™ 
of  time,   denoted  by   t;    also,   let    W  be  the  pressure 
exerted  by  the  weight  of  a  body  at  any  given  place, 
and  v'  the  small  degree  of  velocity  which  this  weight  can 
impress  upon  the  body  during  the  same  short  interval  t. 
We  shall  have,  from  the  principles  already  established, 
since  F  may  be  regarded  as  constant  within  the  limited 
time  t, 

F      '.      Tr        '.'.      V      '.      V1  j  Consequences  o( 


But  from  the  fi  rst  law  of  falling  bodies 
v'    :    g    :  :    t    :    V0" 

whence 

v'  -  gt; 
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therefore 

W  v  v 

F  =  —  X~  =  M.~    .    ■    (28). 


That  is,  the  inteiu-iiy  of  any  motion  force,  is  measured  hy  the 
'product  of  the  'mass  into  the  velocity  it  can  generate  while 
acting  with  a  constant  intr.nsiiy,  divided  hy  Cue  duration  of  the 
action.     Thus,  when  we  know  the  small  velocity  v,  im- 
pressed in  the  short  interval  of  time  t,  by  the  force  F,  we 
may  compute  the  value  of  this  force,  which,  is  equal  and 
contrary  to  the  resistance  opposed  to  motion  hy  the  inertia 
of  the  "body.     This  resistance  has  been  called  by  some  the 
force  of  inertia,  and  by  others  dynamite  fore/-.     The  relation 
inertia,  exerted,     given  by  Eq.  (28),  shows  us  tJiat  the  force  of  inertia,  which 
th°Prl[i™iofg     is  e'iua^  an&  contrary  to  F,  is  directly  proportional  to  the 
mesa  inio  the       mass,  and  to  the  velocity  v  vjkich  this  mass  receives  during 
Imported-  ^  dementary  time  t. 

Let  F'  be  the  measure  of  a  second  force,  which  acts 
upon  the  mass  .if',  impressing  upon  it  in  the  same  time  t, 
the  small  velocity  v',  then  will 

F'    =   if'.X 


which,  with  Eq.  (28),  gives 
t  F    :     F<    -.:     Mv    :     M'  v'. 

That  is  to  say,  any  two  'motive  force-',  are  to  each  other,  as  the 
<p-iom.tiU.e6  of  mo!;on  they  can  inprc^a  in  the  same  e.- 
portion  of  time. 

§  82.— Prom  Eq.  (28),  we  find 

F.t 
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from  which  wo  perceive  that  tlio  degree  of  velocity  which  proportional  to 
a  motive  force  impresses  upon  a  body,   during  a  short  tll„ f"r™diviaod 
elementary  portion,  of  time,  increases  with  the  intensity  of  byiiicmass. 
the  force,  i 


§83. — If  now  we  suppose,   at  any  instant,  the  force  Measure  of  inertm 
suddenly  to  cease  to  vary,  and  to  continue  to  act  upon  the  ^^Jj.^fq,1!l1 
body  with  the  intensity  which,  it  possessed  at  that  instant,  motive  mi™; 
the  velocity  will  increase  or  diminish,  proportionally  to 
the  time,  §  67,  and  the   intensity  of  the  force  may  be 
measured  by  the  definite   quantity  of  motion  which   it 
can  impress  upon  the  "body  during  the  first  succeeding 
second. 

Designate  by  Vl  the  velocity  generated  in  the  body 
during  the  first  second  succeeding  the  instant  in  which 
the  force  beeom.es  constant,  tli.cn  will 


l"x 


!«■„  . 


*-; 


.  (28),  gives 

F  =  KM 


(29); 


and,  in  genera.],  the  motive  Jim?;,  equal  and  contrary  to  the  equal  to  the 
force  of  inertia,  is  measured,  at  each-  inshsn.L  by  (he  qv.antity  ^"^^  lllttar 
of  motion  it  can  impress  duriny  one  second.,  if  instead,  of  vary-  cau  impress  in  a 
ing,  it  retain  unaltered  die  iideif-dy  d.  hid.  at  dial  instant.  constant    ' 

When  the  mass  becomes  the  unit  of  mass,   Kq.  (29) 
becomes 


(30); 


the  force  in  this  case  is  called  the  itev.ekra.tm.ij  force,  or,  Awetatiiis 
more  properly,  the  a.cce/cmlion  or  reta.rdati.on  due  to  il 
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■  and  is  always  measured  by  tit 
prattling  on  a  unit  of  mass  va 
constant  intensity. 

And  from  Eq.  (29),  which  gives, 


velocity  it  is  capable  of  im- 
unit  of  time,  acting  with  a 


F 


(noma      it  appears  that  the  acceleration  or  retardation  due  to  the 
IdbyHia     force,  ia,  in  every  case,  nothing  more  than  that  portion 
of  the  entire  motive  force  which  results  from  dividing  the 
latter  by  the  number  of  units  in  the  mass  acted  on. 

etncai  §  84. — Trace,  according  to  the  method  described  for 

a  OTi        uniformly  varied  motion,   §  68,  the  curve  va  Vj  v2  v3l  &c, 

which  r 


the  law  of  the 
times  and  veloci- 
ties ;  let  (j  w3  and 
tt  vt  represent  the 
velocities  which 
correspond  to  the 
end  of  the  times 
0t3  and  Of^  0T 
at  the  beginning 
and  end  of  the 
very  small  por- 
tion of  time 


hh 


■■  ft 


Draw  through  v.s  the  line  vsbit  parallel  to  the  axis  OB 
of  times,  and  produce  it  till  v3m  =  l  second;  this  line 
will  meet  the  ordinate  tt  vv  and  bs  i>4  will  be  the  small 
portion  of  velocity  =  v,  impressed  by  the  force,  during 
the  small  portion  of  time  t.  Now  if,  at  the  instant  cor- 
responding to  the  end  of  the  time  0  %,  the  force  become 
constant,  it  will  subsequently  impress  upon  the  body  equal 
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increments  of  velocity  during  the  equal  intervals  of  time  t, 
and  the  curve  v3v4v5  will  become  the  straight  line  vsit, 
tangent  to  the  curve  at  the  point  vs.  Drawing  through 
m  a  line  parallel  to  t4v4,  the  portion  mn  will  represent 
the  velocity  Y,  impressed  in  one  second,  and  the  two 
similar  triangles,  va  \  vt  and  v3  m  n,  will  give 

v&  W     '■      \v4     '•  '■      v't m     '•     m  n  i 


Vi    =    —;  wtorttyit. 

as  before  found. 

Thus,  when  we  know  the  law  which   connects   the 
velocity  with  the  time,  or  the  curve  which  represents  this 
law,  we  may,    at  any  instant,   by   drawing  a  tangent  to 
the  curve,  determine  the  velocity   Vh  and  consequently  found  by  in 
compute  the  value  of  the  intensity  of  the  force  from  the  t!Q,e™1  lme 
equation, 

W  the  mou.™ 

F  =   MY,    =    —  ."K;  ZZZZ 


or,  which  is  the  same  thing,  the  value  of  the  equal  and 
contrary  resistance,  opposed  by  the  inertia  of  the  body,  at 
each  instant  during  the  action  of  the  force. 

§  85 .—Reciprocally,  if  we  know  the  value  of  the  in- 
tensity of  the  force  F  at  each  instant,  we  deduce  from  it  v 
the  corresponding  value  of  .  ™ 


Vi  = 
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or  of  the  inclination  of  the  tangent  van,  or  that  of  the 
element  of  the  curve  of  velocities  to  the  asis  OB  of  times. 
The  tangent  of  this  inclination  is  given  by 

Si  =    Fx 


and  if  the  initial  velocity  Gv0  be  given,  nothing  is  easier 
ciirva  constructed  ^an  to  C0TL.sl.Tn  ct:  the  curve,  of  which  the  ordinates  shall  be 
tangent.  the  successive  velocities  acquired  under  the  action  of  the 

force;  since,  "by  means  of  the  inclinations  of  the  tangents 
or  elements  of  the  curve  corresponding  to  each  absciss  of 
time,  those  elements  may  be  drawn  one  after  the  other, 
thus  forming  a  polygon,  which  will  differ  less  and  less 
from  the  curve,  in  proportion  as  the  number  of  values  of 
the  force  between  given  limits  is  greater. 


|  86. — By  the  aid  of  what  precedes,  we  may  readily 
in  compute  the  quantity  of  work  which  must  be  expended 
against  a  body,  whoae  weight  is  W,  by  a  force  F,  equal 
and  contrary  to  the  force 
of  inertia,  to  impress  upon 
it  a  certain    velocity   V,  '>£■     ■ 

or,  more  generally,  to 
augment  or  diminish  its 
velocity  by  a  given  quan- 
tity. 

The  quantity  of  work 
expended  during  any 
small  interval  of  time  t, 
has,  for  its  measure,  the 
product  of  the  intensity 
of  the  force  F,  into  the 

elementary  portion  of  the  path  described  by  the  body 
during  this  time.  This  small  path  is  given  by  the  area 
of  the  small  rectangle  vs  /3  tt  7>4,  whose  base  is  the  element 
hh  =  h  and  whose  altitude  is  tsv&~  V,  §  67  and  §68; 
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that  is  to  say,  by  the  product  Vt.    Hence  the  elementary 

quantity  of  work  is 

F  Vt, 

for  each  instant  of  time,  or  for  each  small  increment  h^ 
of  velocity  V.    But  from  Eq.  (28)  we  have 


replacing  F  by  this  value,  in  the  preceding  expression, 

we  have,,  for  tho  el  cm  entity  quantity  of  work, 


M  Vv; 


and  it  is  the  sum  of  all  these  partus,!  quantities  of  work 
which  composes  ihe  total  quantity  of  work;  this  sum  may 


From  the  point  0,  as  an  origin,  lay  off  the  c 
0wu  Vhw*i  w2vjSi  &c.,  to   represent  the   different  incre- 
ments    of     velocity 
during  the    different 

successive  elementary  *  39" 

portions  of  time  t, 
which  have  elapsed 
since  the  beginning  of 

motion  —  increments  ,     ,.-■  tbe  wh()]e  wk 

that  will  not  be  equal 
in  the  case  of  a  vari- 
able force ;  then  will 
Ov^,  Ow^  0w3,  kc, 
represent  the  veloci- 
ties of  the  body  at  the 
corresponding  instants :  1 
the  ordinates  w^v^  wai?s 
have 

WlVl  =   0wu      w^  ■- 


y 

iff 

i    i    1 


t  off  these  same  lengths  upon 
wsv3,   &c,   so    that  we   shall 


hvs  =0^3,  &c.; 
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■:!-.  'Ml 

/ 

/ 

yC%, 

y\ 

the  series  of  points  vu  v2t  vs,  &c.,  will  lie  on  a  right  line, 
inclined  to  the  axis  0  B,  in  an  angle  of  45°.  Consider 
now  the  velocity  v3w!s  =  V, 

for  instance,  oi'whicli  the  in- 
crement wiwi  or  vzbi  =  vibi. 
is  called  v.  The  product 
Vv,  will  here  be  represent- 
ed by  the  small  rectangle 
v:iio:!w4b},  or  by  the  trape- 
zoid v3wawivtl  to  which  it 
becomes  sensibly  equal  when 
Uk;  increment  of  velocity  or 
that  of  the  time  is  very 
small.     The  sum  sought,  of 

all  the  partial  products  Vv,  has  J.br  its  measure  the  sum  of 
all  the  corresponding  elementary  trapezoids,  or  the  area 
comprised  within  the  right  line  0  v1}  the  axis  0  ia„  and  the 
ordinate  w7v7,  which  latter  represent  the  velocity  acquired 
from  the  beginning  to  the  end  of  the  time  for  which  we 
wish  to  estimate  the  work  done  by  the  force. 

i  §  87.- — For  example,  if  the  body  sets  out  from  rest,  and 

J  we  desire  to  rind  the  sum  of  the  products  of  Vv,  correspond- 
ing to  the  acquired  velocity  wiv4  —  V,  this  sum  being  rep- 
resented by  the  area  of  the  triangle  Ow4v4,  we  shall  have 


10« 


X    ■(.'-V'.i 


H-W  =  i  y  ; 


hence  the  quantity  of  work  corresponding  to  the  velocity 
V,  and  consumed  by  the  inertia  of  the  body  whose  mass 
is  M,  will  be  measured  by  l-M  Vs,  or  by  half  the  living 
force  communicated  from  the  beginning  of  tlie  motion,  §76. 
This  principle  obtains,  therefore,  for  any  kind  of  motion, 
or  for  a  motive  force  different  from  the  force  of  gravity. 

For  another  velocity,  w7v1  =  V",  the  consumption  of 
work  will  be  in  like  manner  measured  by  5  M  V"  ,  and 
consequently  for  the  interval  between  the  positions  in 
which  the  body  had  the  velocities  [''and  V",  the  quantity 
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of  work  consumed  will  be  measured  by  the  difference,  or 

ijfF"3  —  \MV\ 
jorresponding  to  the  trapezoid  v^w^v-v^     But  if  F'  and  «*< 
ilf  F"a  are  the  living  forws  at  the  beginning  and  end  of  "^|J, 
the  interval  of  time  during  which  wc  arc  considering  the  M'-<-"--> 
work  of  the  motive  force;  the  expression  above  is,  there-  i,,.,,ilL11 
fore,  one  half  the  mcrarmm  t  of  living  force,-  or  half  the  living  end' 
force  communicated  in  this  interval ;  so  that  the  principle 
applies  to  any  two  instants  of  the  body's  motion,  and  thus 
the  quantity  of  work  expended  has,    in  every   case;  for   its 
'f  of  the  living  force  communicated  in 


%  88. — Fina'ly,  it  must  be  remarked,  that  the  preceding 
supposes  the  velocity  of  the  body  to  increase  incessantly; 
if  it  were  otherwise,  the  force  would  be  opposed  to  the 
motion,  and  would  be  a  retarding  force.  But  the  reasoning 
remaining  the  same,  would  be  applicable  to  this  case,  and 
we  should  find  that  the  quantity  of  work  or  action  wm 
developed  by  the  resistance  F,  (eqisal.  and  contrary  to  the  ^ 
force  of  inertia  now  become  a  power,)  during  the  time 
■y,  to  reduce  the  velocity  from  V  to  V",  would 


or  half  the  living  force  destroyed  ox  lost.  equal  to  hair  me 

Thus,  the  diminution  of  the  living  force  of  a  body  Uv|^^,| 
between  any  two  given  ijislauts,  supposes  that  a  quantity  tueuegiuninsand 
of  work  or  of  action  equal  to  the  half  of  this  diminution, 
has  been  developed  by  the  inertia  of  this  body  against 
obstacle.-;  or  resistances,  as  its  awjmmkdi>s,<,  supposes,  on 
the  pan  of  a  power,  a  consumption  of  work  equal  to  the 
half  of  this  augmentation.  *  inwHa  «ra™  to 

§  89.— We  now  clearly  perceive  bow  the  inertia  of  ^j','^^™' 
a  body,  serves  to  transform  work  into  living  force,  and  into  notion; 
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living  force  into  work;  or,  to  use  tho  expressions  em- 
ployed, §  76,  on  the  occasion  of  the  vertical  motion  of 
heavy  bodies,  we  see  that  inertia  will  store  up  the  work 
of  moters  by  converting  it  into  living  force,  and  give 
this  work  out  again  when  the  living  force  comes  to  be 
destroyed  against  resistances. 

in  tho         The  mechanic  arts  offer  a  multitude  of  instances  in 

81  '  which  these  successive  trans  formations  take  place,  in 
operating  by  means  of  machinery,  implements,  &c,  &c. 
The  water  contained  in  the  ruservoirs  of  grist-mills,  for 
example,  represents  a  certain  quantity  of  disposable 
action,  or  work,  which  is  changed  into  living  force  when 
the  sluice  gates  are  opened;  in  its  turn,  this  living  force 
acquired  by  the  water,  in  virtue  of  its  weight  and  descent 

rftho  from  the  reservoir,  is  changed  into  a  certain  quantity  of 
work ;  this  is  communicated  to  the  wheels  of  the  mill, 
and  these  latter  transmit  it  to  the  millstones  which  pul- 
verize the  corn.  The  air  confined  in  the  reservoir  of  an 
air-gun,   represents  the   value   of  the   mechanical  work 

n;  expended  by  a  certain  meter  in  compressing  it;  on  open- 
ing the  valve,  the  air  acts  upon  the  ball,  impels  it  forward, 
and  converts  a  certain  quantity  of  work  into  living  force. 
If  this  hall  be  thrown  aga.i.ust  a  spring,  or  an  elastic  body, 
the  latter  will  be  compressed  in  opposing  a  greater  or  less 
resistance  to  the  inertia  of  the  former,  and  will  finally 
have  destroyed  all  its 
motion  at  the  instant 
the  quantity  of  work, 
developed      by     the 

lotthe.  spring,  becomes  equal. 

""  to  half  the  living 
force  of  the  ball ;  the 
spring  being  retained 
by  any  means  in  its 
compressed  state,  the 

living  force  will  be  stored  up  as  a  quantity  of  disposable 
work    so  that  when   the   restraint  is  removed  from  the 
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spring,  the  ball  will  be  thrown  back  with  a  velocity  sueli, 
that  the  living  .force  will  be  double  the  quanti  ty  of  action  or 
of  work,  restored  by  the  spring  in  unbending  or  expanding. 

§  90.— If,  then,   the  spring  be  perfectly  elastic,  the  Perfectly  elastic 
velocity  communicated  to  the  ball,  will  be  precisely  cqnal  J^u^T™  *11 
to  that  impressed  upon   it  by  the  air-gun  in  a  contrary  lost  dm-ing  en 
direction.      Thug,  in   the   example  before   us,  the  qnan-  l"lpo° 
tity  of  work  has  been   alternately  changed   into  living 
force,  and  living  force  into  quaniUij  if  work,  without  any 
thing  having  been  lost  or  gained.     But  if  the  spring  be 
not  perfectly  elastic,  a  portion  of  the  living  force  im- 
pressed upon  the  ball  will  be  employed  in  destroying  the 
molecular  force  of  the  spring,  that  is  to  say,  in  producing 
a  permanent  change  in  the  arrangement  of  its  particles. 

§  91.— Hence,  in  the  collision  of  bodies,  not  perfectly 
elastic,  there  will  always  be  a  loss  of  quantity  of  work, 
and  this,  from  what  has  already  been  said,  must  be  equal 
to  half  the  living  force  destroyed.     Few,  if  any,  solid  LMag  tune  u 
bodies  are  perfectly  elastic,  and  as  the  vast  majority  are,  ^Xn^rbudiK 
to   a  considerable  degree,   deficient  in   this  quality,   the  ™t  perfectly 
quantity  of  work    uselessly  consumed  by  the  molecular 
forces  will,  in  general,  bear  an  appreciable  ratio  to  that 
developed  by  inertia  during  the  compression ;  and  it  there- 
fore follows,  that  if  this  last  force,  or  the  velocity  which 
occasions  the  collision,  be  considerable,  there  will  take 
place,  in  a  very  short  time,  a  great  loss  in  the  quantity  of 
action ;    and  this  is  why  it  is  important,   as  before  re- 
marked, to  avoid  all  shocks  in  the  motion  of  machinery. 

|  92. — We  also  see,  from  what  precedes,  that  it  is  asThowo* 
impossible  for  the  force  of  a  spring  to  develop,  in  un-  BBm  eJ^ 
bending,   a  living  force  greater  than  that  consumed  in  that  consumed  in 
bending  it,  as  for  the  force   of  gravity,   §  65,   to   give  ^e"B 
to  a  body  while  falling,  a  living  force  exceeding  that 
destroyed  in  it,  through  the  same  height,  while  rising; 
indeed,  the  whole  of  the  velocity  will  not,  in  general, 
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be  restored,  and  as  the  corresponding  living  force  lost 
in  the  shock,  has  really  been  employed  to  overcome  a 
certain  resistance,  and  therefore  to  produce  a  certain 
quantity  of  work,  it  is  true,  as  before  stated,  that  inertia 
does  actually  perform  an  amount  of  work  equivalent  to 
that  which  has  been  employed  in  putting  it  into  action ; 
only  it  happens,  that,  in  certain  cases,  a  portion  of  this 
work  is  diverted  from  the  object  we  desire  to  accom- 
plish, and  is  not,  on  that  account,  regarded  as  forming 
a  part  of  tl.ic  useful  effect,  as  was  explained  in  §  50 
with  regard  to  the  ordinary  force  of  pressure. 

lace  §  93.- — We  have  shown,  by  examples,  how  the  quantity 
of  work  or  of  action  may  be  transformed  alternately  into 
living  force,  and  living  force  into  quantity  of  action,  by 
means  of  springs  and  machines  which  store  up  and  give 
them  out  successively.  These  transformations  take  place, 
in  general,  whenever  the  motion  of  a  body  solicited  by  a 
motive  force  varies,  by  insensible  degrees,  so  as  sometimes 
to  be  accelerated  and  sometimes  retarded.  This  occurs, 
for  example,  in  the  periodical,  motion  spoken  of  in  §  25, 
and,  in  general,  in  all  cases  of  forward  and  backward 
movement,  usually  called  alternating,  and  in  which  the 
velocity  becomes  nothing  from  time  to  time.  The  motion 
of  the  pendulum  and  that  of  the  plumb-bob  are  evident 
examples  of  this  last  kind.     When  the  velocity  of  a  body 

,rlu  augments,  it  is  a  sign  that  some  portion  of  the  motor's 
work  acts  in  the  direction  of  the  body's  motion,  and  in- 
creases its  living  force  by  a  quantity  double  this  portion 
of  work ;  the  other  portion  being  absorbed  by  resistances ; 
if,  on  the  contrary,  the  velocity  of  the  body  diminish, 

*8  notwithstanding  the  power  may  he  exerted  in  the  direc- 
tion of  the  motion,  a  certain  portion  of  the  living  force 
acquired  will  be  expended  against  the  resistances,  and  will 
augment  the  work  of  the  moter  by  a  quantity  equal  to 
half  the  living  force  thus  expended,  and  so  on,  according 
to  the  number  of  alternations. 
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§  94.' — From  -which  we  see,  that  when  the  velocity  or 
living  force  of  a  body  oscillates  between  certain  limits,  it  is 
a  proof  that  inertia  has  alternately  absorbed  and  given  out 
portions  of  the  moter's  work.      The  work  absorbed  by  within  me 
inertia  will  be  the  same  for  all  equal  velocities,  and  for  the  !"^™la  J"*1*8 
interval  between  the  instants  of  equal  velocities  there  will  velocities,  tuo 
be  nothing  lost  or  gained,  and  the  power  must  1 
sidered  as  having  been  entirely  employed  to  i 
resistances  other  than  inertia.     But,  if  in  any  interval  of 
time,   the  velocity,   after    having  undergone    alternations, 
does  not  attain  to  what  it  was  before,  the  half  of  the 
difference  of   the    living  forces  which  correspond  to  the 
beginning  and  end  of  this  interval,  measures  the  quantity 
of  work  which  has  really  been  consumed  or  given  out  by 
the  inertia  of  the  body.     Consequently,  if  the  body  were 
to  set  out  from  rest,  the  quantity  of  work  consumed  by  its 
inertia  up  to  any  instant^  would  be  measured  by  half  the  wort«i» 
living  force  possessed  by  the  body  at  this  instant;  if  the  ^™"°"' 
velocity  had  increased  incessantly,,  the  inertia  of  the  body  haifthei 
would   have   opposed  the  motive  force  without  interims-  J^^ 
sion;    if  the    velocity  had,   during  any  part  of  the  time, 
diminished,  the  inertia  would   have  aided  the  force. 


§  95.— All  of  which 
may  be  made  manifest 
by  means  of  the  second 
figure  employed  in  §  86, 
in  observing  that  when 
the  velocity  of  the  body 
diminishes,  after  hav- 
ing augmented  during  a 
certain  time,  so  will  the 


Wj    «?,     «£     »j      %    «fi     ^■ 


of  the  right  line    0«7, 

which  represent'  this  velocity;  the  extreme  ordinates  w7% 
after  receding  from  the  point  0,  while  the  velocity  is 
ig,  will,  on  the  contrary,  approach  this  point  while 
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the  velocity  is  diminishing,  to  keep  the  triangular  area 
Ow,w„  constant,  iy  proportion  ill  to  tin;  quantity  of  work 
absorbed  by  the  inertia,  or  to  its  equal,  one  half  the  living 
si.mpiaofa  force.  A  carriage  travelling  at  a  variable!  rate,  sometimes 
B"1^drawn  faster,  sometimes  slower,  offers  an  example  of  this:  at 
first,  the  horses  exert  a  certain  quantity  of  action  to  move 
the  carriage  with  a  trot;  then,  when  the  velocity  is  dimin- 
ished, by  an  increase  of  resistance,  or  by  feebler  action  on 
the  part  of  the  horses,  the  inertia  of  lire  caixiage  develops 
against  the  resistances  to  its  motion,  a  portion  of  the  work 
it  had  at  first  absorbed,  equal  to  half  the  diminution  of  its 
living  force:  and  this  alternation  will  continue  till  the 
carriage  is  brought  to  rest,  at  which  instant,  the  work 
restored  by  the  inertia  will  he  exactly  equal  to  the  quan- 
tity of  work-  consumed,  so  that  nothing  will  be  lost.  In 
what  is  here  said,  h  is  understood,  however,  that  no  dimi- 
nution of  velocity  results  from  opposition  or  holding  back 
of  the  horses,  for  in  that  case,  the  moter  would  be  con- 
verted into  resistance. 

lie  same  §  96. — The   same    reflections   are    applicable  to   the 

owei'bTaa w*m  "^S^*  of  a  carriage  in  ascending  and  descending  a  hill. 
■a  in  iuertm.  The  quantity  of  work  employed  in  overcoming  the  weight 
while  ascending  will  be  restored  during  the  descent,  pro- 
vided the  latter  be  not  so  steep  as  to  cause  the  horses  to 
hold  hack,  by  which  a  quantity  of  work  would  be  con- 
sumed uselessly.  And  this  consideration  shows  us  one 
of  the  many  advantages  which  results  from  giving  gentle 
slopes  to  roads. 

.vfcenaforoeiB  §  97. — -When  a  moter  is  employed  to  raise  a  burden 
■wdghUnorur  through  a  vertical  height,  it  takes  the  body  from  a  state 
■stains  nothing  of  0f  rest,  and  hence  a  quantity  of  work  must  be  expended 
'to  overcome  its  inertia.  Arrived  at  the  d.esired  height, 
the  effort  of  the  moter  is  relaxed  to  restore  the  body  to 
a  state  of  rest,  and  during  thi«  diminished  action,  a  por- 
tion of  the  living  force  acquired  is  employed  to  destroy 
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in  part  the  effect  of  the  "body's  weight,  and  the  inertia 
will  finally  retain  nothing  of  what  it  had  absorbed. 
The  same  thing  may  be  said  of  the  operation  of  an  the  on  is  trae 
artificer  in  filing,  sawing,  &e.,  since  at  the  end  of  each  a|i  ol.afloei.v  timli 
oscillation  of  the  tool,  the  velocity  becomes  nothing 
through  insensible  variations.  This  could  not  he  the  case 
if  the  motion  were  suddenly  to  change,  or  if  concussions 
should  take  place  between  bodies  not  perfectly  elastic;  a 
portion  of  the  living  force  would,  in  that  case,  be  de- 
stroyed, or,  which  is  the  same  thing,  diverted  from  its 
intended  purpose  hi  producing  a,  permanent  change  in 
the  arrangement  of  the  par  tides  of  the  colliding  bodies. 

§  98. — Finally,  in  order  to  give  a  fuller  idea  of  the  part  Examples  of  the 
performed  by  inertia  in  the  various   operations  of  the  ^Jeni*'-™'" 
mechanic  arts,  and  to  demonstrate  how  it  may  serve  to 
explain  an  almost  infinite  variety  of  effects,  we  shall  add 
a  few  special  examples  to  those  already  mentioned. 

To  take  from  a  plane-stock  its  chisel,   the  carpenter  iiiacnisei  of  a 
strikes  the  plane  a  blow  on  the  back;   a  velocity  is  thus  v'"'°' 
suddenly  impressed  upon  the  stock  which  the  chisel  and 
its  wedge  only  partake  of  in  part,  because  of  their  inertia 
and  imperfect  connection  with  the  body  of  the  plane,  and 
are,  therefore,  left  behind. 

A  bung  is  taken  from  a  cask  by  striking,  on  either  side  the  bung  of  a 
of  it,  the  stave  in  which  it  is  inserted ;   the  resistance  caa  ' 
which  the  inertia  of  the  bung  opposes  to  the  sudden  mo- 
tion communicated  to  the  skive,  causes  the  separation. 

We  often  see  a  handle  adjusted  to  a  tool,  as  an  axe  or  handles  of  tools; 
hammer,  by  striking  it  on  the  end  in  the  direction  of  its 
length;  the  inertia  of  the  handle  and  that  of  the  tool  tend 
to  resist  the  sudden  motion  impressed  by  the  blow,  but 
the  former  yielding  more  than  the  latter,  by  reason  of  the 
slight  connection,  the  handle  becomes  inserted. 

As  an  illustration  of  the  agency  of  inertia,  in  trans- 
forming quantity  of  action  into  living  force,  take  the  com-  the  common 
mon  sling,  from  which  a  stone  may  be  thrown  with  much  a  "8' 
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?  velocity  than  from  the  naked  hand.  Here,  living 
force  is  accumulated  in  the  stone,  by  whirling  it  through 
many  accelerated  turns  about  the  hand  before  it  is  dis- 
m  charged.  The  common  tap  tarns  and  runs  along  the 
ground,  in  virtue  of  the  living  force  acquired  during  an 
accelerated  unwinding  of  the  string  from  the  coils  of 
which  it  ia  thrown. 

§  99. — "We  would  recommend  to  the  reader,  to  con- 
sider attentively  these  examples,  as  well  as  all  others  of 
like    nature  which   his  observation   and    memory   may 

iciiinos  furnish.  They  wi'J  aid  his  conceptions  of  the  manner  in 
which  the  inertia  of  bodies,  like  their  weight  and  molecu- 
lar spring,  sometimes  acts  as  a  mere  passive  resistance, 

ureal  and  sometimes  as  a  real  motive  force,   according  to  the 


It  is,  however,  proper  to  remark,  that  the  last  example 
is  mainly  concerned  with  the  inertia  of  a  body  having  a 
motion  of  rotation,  while,  thus  far,  we  have  only  spoken 
of  the  living  force  of  a  body  possessing  a  motion  of  transla- 
tion, in  which  all  the  particles  have  the  same  velocity; 
bnt  we  shall  soon  see,  that  the  principles  which  connect 
the  living  force  with  the  quantity  of  action,  are  universal 
and  applicable  to  all  kinds  of  motion. 


OF    FORCES,    WHOSE    DIRECTIONS    MEET    IN   A 
POINT. 

§  100.— Thus  far  we  have  only  considered  the  effect  of 
a  single  force,  directly  opposed  to  an  equal  force,  viz. : 

to  molecular  spring  or  elasticity,  to  weight,  or  to  inertia.  It 
often  happens  that  several  forces  are  applied  to  a  body, 
in   different   directions,    to   overcome   certain   resistances 
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through  its  intervention.     "When  a  body  is  thus  subjected 
to  the  action  of  several  ibices,  (powers,  or  m-sinta-nces,)  we  rorceain 
say  these  forces  are   in  equilibrio,  when   one   of   them  *X.'n'"»° 
destroys  or  prevents  the  effect  which  the  others  would  prer™te  ti 
produce,  if  the  first  did  not  exist.     The  body  itself  is  in  olhe„.j 
equilibrio,  if  tlio  different  forces  applied  to  it,  leave  it  at 
rest.     This  last  kind  of  equilibrium  can  never  be  abso-  no  aominfe 
lute,  because  all.  bodies  connected  with  tim  earth  partake  311™™ 
of  its  continual  motion  through  space,  and  there  is,  in  fact, 
no  rest  for  them.     A  body  may,  however,  have  relative 
rest,  as  when  it  retains  the  same  place  in  reference  to 
surrounding  objects,  such  as,  mountains,  houses,  &c.,  which 
we  are  in  the  habit  of  regarding  as  fixed.     Thus,  the  idea  statical  am 
of  equilibrium  is  not  alone  related  to  rest,  and  by  no  *'™^j*' 
means  excludes  motion.     I'rom  this  results  the  distinction 
of  statical  and  dynamical  equilibrium  ;  the  former  relating 
to  the  repose  of  the  body,  and  the  latter  to  the  mutual 
destruction  of  the  forces  which  solicit  it.     Thus,  a  body 
maybe  in  motion  while  the  forces  acting  upon  it  are  in 
equilibrio,  or  it  may  be  at  rest  under  the  same  eircum- 


§  101.— It  has  already  been  stated,  §  43,  that  when  Ranitant  of 
several  forces  act  along  the  same  right  line  and  in  the  aei"s,alf01™ai 
same  direction,  their  effect  will  he  equivalent  to  that  of 
a  single  force  equal  to  their  sum,  and  which  will  therefore 
be  their  resultant.     If  these  forces  act  in  opposite  direc-  when  acting 
tions,  and  along  the  same  straight  line,  their  resultant  will  ^^j^^T* 
be  equal  to  the  excess  of  the  sum  of  those  which  act  in  in  different 
one  direction,  over  the  sum  of  those  which  act  in  the   "**' l™  ' 
opposite  direction,  and  it  will  act  in  the  direction  of  the 
greater  of  these  sums.     This  is  the  case  in  which  several 
forces  are  exerted  in  the  direction  of  the  same  cord.     The 
tension  of  the  cord  will  be  the  same  throughout,  and  it  is 
not  possible  to  draw  its  two  ends  with  different  efforts. 
The  tension  of  a  cord  is  the  effort  by  which  any  two  of  tension  of  a  cor 
e  portions  are  urged  to  separate  from  each  oilier, 


)y  Google 


NATURAL    PHILOSOPHY. 

and  this  being  tlie  same  throughout,  the  excess  of  the 
sum  of  the  forces  which  act  in  one  direction  over  that  of 
those  which  act  in  the  opposite  direction,  will  he  wholly 
employed  in  overcoming  the  cord's  inertia  and  giving  it 
motion. 


Fig.  !S2. 
^— — -^B 


§  102. — When  a  hody,  or  material  point,  moves  from 
A  to  B,  so  as  to  describe  the  recti! ine;;.l-  path  A  B,  each 
of  the  positions  A  and  B  may  be  projected  upon  the  right 
lines  0  M  and 

f  02V,  situated 
in  the  same 
plane  with  the 
line  A  B,  by 
drawing  paral- 
lels to  these 
lines  consider- 
ed as  axes,  the 
place  A  giving 
the  two  co-or- 
dinates A  A'  and  A  A",  and  the  position  B  the  two 
co-ordinates  BB'  a.m\  BB".  The  positions  A'  and  A",  on 
the  axes,  are  simultaneous  with  the  position  A;  and 
those  of  B',  B",  with  the  position  B.  The  paths  A'B1 
and  A"  B",  on  the  directions  0  M  and  0N~.  are,  therefore, 
described  by  the  projections  in  the  same  time  as  the  path 
A  B  by  the  moving  point.  The  first  are  called  component 
or  relative  paths  in  such,  and  such  directions.  Prolong  the 
co-ordinates  of  the  points  A  and  B.  till  the  parallelogram 
AEBF  is  formed,  and  this  principle  will  appear,  viz.: 
the  rectilineal  path  described  by  a  point,  may  always  he  re- 
solved into   two  relative   or   component    -pat/is,    in    any    two 

r  directions,  and  these  componaU  paths  will  on  this  sides  of  a 
pMraUdof/rarri.,  comtractcd  vpon  the.  path  described  by  the 
'point  as  a  diwjomd,  and.  paro.lki  to  the  assumed  directions. 
Reciprocally,  when  we  have  the  relative  paths  in  any  two 
directions,  the  true  path,  called  the  resultant,  will  be  that 
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diagonal  of  the  parallelogram  constructed  upon  the  rela-  composition 
five  paths  which  passes  through  thole  point  of  meeting.  ,rs     "" 


§103.— It  has  heen  shown,  that  the  Telocity  of  n  hotly  ramiieiogra 
in  motion,  is  represented  by  the  length  of  path  described  Telo<!ltl9S> 
uniformly  in    any  very  small   portion  of   time,   assumed 
as  the  unit  of  time,  and  that  it  is  only  in  the  case  of 
uniform  motion,   that  the  interval  of  time   during  which 
the   velocity  is  estimated,  may   he  taken   as  great   as  we 
please.     The  path  AB,  in  the  hist  figure,  being  described 
by  the   body  in   the  same   time   that  its  relative   paths  n™  and  rei 
A1  B>  and  A"  B"  are    described   by   its   projections   on™™"68' 
the  directions  OMsaA.  ON,  the  first  may  be  regarded  as 
the  point's  true  velocity,  and  the  two  last  as  its  relative 
velocities.     IIer.ee  the  true  velocity  of  a  lody,  is  the  dkv.jonal  trae  ™itmii; 
of  a  paraUcbr/ram  amslruc'/id-  upon  its  two  relative  velocities,  ["J^*™, 
estimated  in  any  f/iven  directions  whatever.  and  tn«  rev 


§  104. — If  the  motion  be  curvilinear,  the  rectilineal  di-  e 
agonal  A  B  can  no  longer  represent,  in   general,  the  path  *' 
Nor,  if  the  motion  he  varied,  can.  its  length 
:  the  vcloeity,  when  the  time  of  description  is  con- 
siderable.   In  such  oases,  conceive  a  given  interval  of  time 
divided    into   a   great 


IV.  > 


number  of  small  and 
equal  portions,  and 
determine  the  relative 
paths  described  during 
each,  by  the  projec- 
tions of  the  moving 
point  on  the  axes. 
Each  pair  of  these 
relative  paths  will  de- 
termine a  parallelo- 
gram,   of  which    the 

diagonal  will  be  the  corresponding  elementary  path  de- 
scribed by  the  point  itself.     Any  one  of  these  diagonals, 
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as  A  B,  will  sensibly  coincide  with  an  element  of  the 
curve,  and  its  prolongation  A  T  will  be  tangent  to  the 
curvilinear  path.  This  tangent  will  determine  the  direc- 
tion of  the  body's  motion  at  the  instant,  and  may  be 
drawn,  by  laying  off  from  the  projections  A'  and  A"  of 
the  body's  place,  the  distances  A'  2"  and  A"  T",  equal 
respectively  to  double,  triple,  quadruple,  or  any  number 
of  times  the  body's  relative  velocities  at  the  time,  and 
drawing  T  TsxA  T"  T,  respectively,  parallel  to  the  direc- 
tions 0  T"  and  0  T'. 

%  105. — "When  the  law  of  a  body's  motion  in  two  direc- 
tions is  known,  it  is  always  possible  by  the  preceding 
method  to  draw  a  tangent  to  the  path  described.     Take, 

,  for  example,  the  ellipse : 
this  curve  is  generated 
by  fixing  at  two  points 
F  and  F',  called  the 
foci,  the  ends  of  a 
thread  FA  F',  equal  in 
length  to  a  given  line 
MM',  called  tho  trans- 
verse axis,  and  moving 
the  point  of  a  pencil  A 
to  all  positions  in  which 
it  will  keep  the  thread 

stretched.  Since,  in  the  motion  of  the  describing  point, 
the  sum  of  the  lengths  FA  and  A  F'  is  always  the  same, 
the  portion  FA  will  increase  just  as  much  as  the  portion 
A  F'  will  diminish,  and  therefore  the  point  A  tends  to 
describe  equal  relative  paths,  or  will  have  equal  relative 

i  velocities,  in  the  two  directions  A  B  and  A  F'.  Hence, 
taking  upon  FA  produced,  and  upon  AF',  the  equal 
portions  A  B  and  A  B',  and  completing  the  parallelogram 
A  B  CB\  the  diagonal  A  0,  passing  through  the  position 
of  the  point,  will  be  a  tangent  line  to  the  path  described. 
This  method,  which  is  due  to  Eoberval,  is  very  useful  in 
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all  cases  where  we  know  the  law  by  which  the  curve  is 


§  106. — We  have  seen  that  any  single  motion  may  be 
resolved  into   two  others,  and.  the  reverse.     This  arises 
from  the  simple  fact,  that  a  body  may,  in  reality,  be  ani- 
mated by  two  or  more  simultaneous  velocities.     To  illus-  u 
trate,  let  it  be  supposed  that  while  a  boat  is  crossing  a  °? 
river,  a  man.  walks  from  one  side  of  the  boat  to  the  other,  * 
and   that,   starting   from 


the  point  A,  for  exam- 
ple, he  arrives  at  B  at 
the  moment  the  boat 
reaches  a  position  such 
that  the  point  A  shall 
be  at  A',  and.  the  point 
B  at  B'.  It  is  plain, 
that  the  man,  though 
only  conscious  of  hav- 
ing   walked    across    the 

boat  from  A  to  B,  will,  in  fact,  have  been  carried  from 
A  to  B'  in  reference  to  the  surface  of  the  river.  He 
will  have  moved,  at  the  same  time,  with  the  velocity 
which  he  impressed  upon  himself,  and  that  impressed 
upon  him  by  the  boat.  This  being  understood,  it  is 
easy  to  see  that  the  result  would  be  the  same,  if  the  boat  e-. 
first  move  from  A  to  A',  and  afterward  the  man  walk^, 
across  it  from  A'  to  B';  or  if  the  boat  were  stationary, 
while  the  man  is  crossing  it  from  A  to  B,  and  then 
were  to  move  from  B  to  B'.  But  this  is  not  all ;  the 
earth  turns  about  its  axis,  while  the  boat  floats  along 
the  surface  of  the  water,  and  the  man  walks  across  the 
deck  of  the  boat ;  add  now  the  motion  of  the  earth  about 
the  sun  through  space,  a  ad  'we  shall  find  the  man  ani- 
mated by  four  simultaneous  velocities,  of  which  it  is  easy 
to  see  that  we  shall  find  the  resultant,  in  compounding, 
by  the  rule  given  in  §  103,  first,  any  two,  then  the  rcsul- 
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taut  of  these  two  with  the  third,  and  the  resultant  of  the 
three  with  the  fourth.  In  fact,  when  a  "body  has  several 
simultaneous  motions,  the  effect  is 
the  same  as  if  the  body  had  re- 
ceived, one  after  the  other,  all  the 
motions  which  it  possesses  at  the 
same  time.  Hence,  this  rule, 
viz. :  The  resultant  of  several  simul- 
taneous velocities  is  found   by  con- 

ilygan,    of   which   the 

'  and  parallel  to  the 
id  by  join~ 
ing,  with  a  right,  line,  the  point  of 
departure  with  the  extremity  of  the 
last  side.  This  right  law  will  re/iir^erd  Ik':-  -re-'.idayd  required. 
Thus,  let  the  point  0  have  the-  simultaneous  velocities 
0  V,  0  F,  0  V,  0  V";  from  the  extremity  V  of  0  V, 
draw  Vm  parallel,  and  equal  to  OV';  from  m  draw  mm' 
parallel,  and  equal  to  0  V" ;  from  in'  draw  m!  m"  parallel, 
and  equal  to  0  V",  and  join  0  with  m";  the  line  0  m"  will 
be  the  resultant  velocity. 


,/ f 

?\xy 

V 

A 

"\ 

/\ 

^» 

§  107. — The  action  of  a  force  upon  a  body,  whether  at 
rest  or  in  motion,  is  always  Hie  same,  and  impresses  upon 
it  the  same  degree  of  velocity.  L;;-t  a  body  fall,  for  exam- 
ple, under  the  action  of  its  own  weight,  gravity  will 
impress  upon  it  the  same  velocity  in  a  given  portion  of 
time,  whether  it  set  out  from  rest  or  is  projected  down- 
ward by  the  action  of 
some    other     force,      For  &%■  8T. 

example,  when  a  bomb- 
shell is  thrown  into  the 
air,  it  describes  a  curve, 
under  the  joint  action  of 
the  living  force-  with  which 
it  leaves  the  mortal',  and 
the  incessant  action  of  its 
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weight,  and  its  velocity  at  any  instant  is  the   resultant 
MR,  of  the  velocity  M  Q,  which  it  has  received  at  the 
instant  immediately  jj.rcccdi.ng  that  we  are  considering, 
and  the  small  velocity  MP,  which  its  weight  can  impress 
upon  it  during  the  very  short  interval  of  time  "between 
these  two  instants.     Thus,  when  two  forces  are  applied  to  ti 
the  same  body,  they  impress  upon,  it,  at  each  instant,  and  ™ 
simultaneously,  the  same  degree  of  velocity  which  each  u 
would  impress  if  acting  alone.     This  degree  of  velocity,  " 
we  have  said,  §  81,  is,  from  the  general  law  of  nature, 
proportional  to  the  intensities  of  the  forces. 


§  108. — Accordingly,  let  a  material  point  A  be  acted  v 
Upon  by  the  two  forces  Pand  (^.represented  in  intensity  and 
direction  by  the  lines  A  IS  and  A  C  respectively.     These 
forces  will  impress  .simultaneously,  and  in  their  respective 
directions,  the  same  degrees  of  velocity  Am  and  An,  as 
though  each  acted  separately. 
The    resultant   velocity   will, 
|  107,  be  represented  by  the 
diagonal  A  r  of  the  parallelo- 
gram Am,  r  n.      Conceive   a 
force  X,  to  act  upon  the  point 
along  this  diagonal,  but  in  the 
opposite  direction,  or  from  r 
to  A,  and  with  such  intensity 
as  to   destroy   this  velocity ; 
no  motion  can  take  place,  so 
that   the  force  X,   destroying 
the    effect    of  the    forces    P 
and    Q,   will   maintain    these 
forces  in  eqnOibrio.    Take,  up- 
on the  diagonal,  the  distance 

A  D  =  X,  and  conceive  it  to  represent  a  force  that  acts 
upon  the  point  A,  from  A  towards  D ;  it  will  produce 
the  same  effect  as  the  forces  P  and  Q,  and  will,  therefore, 
be  their  resultant.     Now,  the  forces  P  and  Q,  and  their 
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resultant  A  D,  equal  in  intensity  to  X,  are  proportional 
to   the  velocities  Am,  An,   and  A  r,  which    they  can 

simultaneously  produce,  and,  therefore,  A  D  must  be  the 
diagonal  of  the  parallelogram  const.ri.ic ted  upon  the  lines 
A  B  and  A  0  as  sides.  Whence  results  this  important 
principle,  known  under  the  denomination  of  parallelogram 
of  forces,  viz.:  the  resultant  of  any  t'.ro  forces  applied  to  Hie 
same  point,  in  represented,  in  magnitude  and.  direction,  by 
the  diagonal  of  a  parallelogram,  eonsh-v.Hed   upon  the    lines 

lf  which  represent,  in  intensity  and  direction,  Oie  tioo  forces.  It- 
must  not  be  forgotten  that  a  force  is,  in  geometrical  inves- 
tigations of  mechanics,  always  represented  by  a  portion 
of  its  line  of  direction,  containing  .as  many  linear  units  as 
there  are  pounds  in  the  intensify  of  the  force.  It  is  plain, 
therefore,  that  forces  may  he  combined  by  the  same  rules 

;a  as  velocities;   and  this  is  coiiQn.ri.ed  by  experiment.    If,  for 
example,  we  attach  to  a  cord  A  OB,  fixed  at  its  two  ends, 
a  weight  B.  =  fifteen  pounds,  it  is  easy,  by  a  balance- 
spring,  to  measure  the 
efforts  exerted  in  the 
directions     0  A     and 
C  B.     Laying  off  up- 
on the  vertical  through 
0,  and  from  the  point 
0,     a     distance      0  D 
equal    to    15     inches, 

6  and  completing  the 
parallelogram  by  draw- 
ing D  a  and  I)  b  paral- 
lel respectively  to  OB 
and  0  A,  we  shall  find 
the  number  of  inches 
in  Oa  and  Ob  to  be 

the  same  as  the  number  of  pounds  indicated  by  the  1 
ances  A  and  B. 


1%  ;-: 


g  109. — By  the  same  principle  that  two  forces,  applied 
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to  the  same  point,  may,  without  change  of  effect,  be  re-  i 
placed  by  a  single  one,  may  a  single  force  be  replaced  "by  ! 
two  others,  acting  in  given  directions.     Let  a  given  force, 
applied    to    the    point    0,    be 
rqjrewiiimi  in  direction  ar-.d  in- 
tensity by  the  line  0  r ;  its  corn-  **  **■ 
ponents.    in    any  two    assumed 
directions,  as  0  A  and  0  B,  are 
thus  found.    Through  the  point 
r,  the  extremity  of  0  r,  draw 
rm  and  r  n   parallel,    respec- 
tively, to  0  B  and  0  A ;   the 
portions  Om  and  On  will  repre- 
sent the  components  required. 

Make  Om  =  P;  On  =  Q;  Or  =  R;  the  angle  Mgc 
A  OB  =  <p  =  mB=  180°  -rnO.  Then,  in  the  tri-^ 
angle  Om,  because  Om  —  rn  =  P,  we  shall  have  two 


11* 


Pa+  Q*  +  2PQ  cos  t 


R   =  VP*  +  Q*  +  2PQ   cos  9 


(si); 


and  because  the  angle  Orn  is  equal,  to  the  angle  r  Om, 
and  sin  r  n  0  =  sin  A  0  B,  we  also  have,  from  the  same 

triangle, 

R    :     Q    ;  :    sin  ip    :    sin  r  0  m, 
li   :    P   ;  :    sin  p    :    sin  r  0  n ; 


sin  r  Om 
sin  rOn 


(82). 


I  110. — We  have  heretofore  supposed  the 
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:  immediately  opposed  to  the  force  destined  to  overcome 
it.  Let  us  now  consider  the  case  in  which  the  resistance 
is  exerted  in  any  line  of  direction  other  than  that  of  the 
force,  and  in  which  the  point  of  application  of  the  force 
can  only  move  [Jong  the  line  of  direction  of  the  r 

Let^  for  example, 
A  R  represent  a  force 
applied  to  the  point  A, 
which  can  only  move 
in  the  direction  A  B. 
Decompose  this  force, 
which  denote  by  M, 
into  two  components 
P  and  Q  —  the  first  per- 
pendicular to  A  B,  and 
the  other  in.  the  direc- 
tion of  that  line,  and, 
consequently,  immedi- 
ately opposed  to  the  rt.:wiHtan.cc  that  may  be  overcome. 
Since  the  point  A  cannot  yield  in  a  direction  perpendicular 
to  A  B,  the  component  I*  can  only  tend  to  press  it,  without 
producing  any  work.  The  component  Q,  is  immediately 
opposed  to  the  resistance,  and,  if  A  a  be  the  small  path 
described  by  the  point  of  application  A,  the  product 
Q  X  A  a,  will  measure  the  elementary  quantity  of  work 
necessary  to  overcome  the  elementary  quantity  of  resist- 
ance over  the  same  path ;  such  will  be  the  measure  of 
tiiis  dioctive  quantity  of  work  of  the  force  It. 

Draw  from  the  point  a,  a  r  perpendicular  to  A  R; 
A  r  will  obviously  be  the  length  of  path,  described  by 
A  in  the  direction  of  the  force  R,  and  wc  shall  have, 
from  the  triangles  A  a  r  and  A  Q  R,  which  are  similar, 
having  a  common  angle  A,  and  each  a  right  angle, 

Aa    :     At    :  :    R    :     Q; 


X    Q 


(33); 


)y  Google 


M  [■:('  II  ASICS    OF   SOLIDS. 


which   shows   that   the  quantity  of  work  of  a  force,   not 
immediately  opposed  to  a  resistance,   is  equal  lo  the  product 

of  the  force  into  the  hngih  of  path  described  by  its  point  of 
i  of  the  force. 


Fig.  45. 


§  111.— When  a  heavy  body 
is  compelled  to  move  upon  the 
curve  AJi  Gy  the  elementary 
quantity  of  work  expended  "by 
its  weight  W,  in  causing  it  to 
describe  the  elementary  path 
B  0,  is,  from  what  has  just 
been  shown,  equal  to  the  prod- 
uct W  X  V  c',  estimated  upon 
the  vertical  line  A  D'.  It  is 
also  the  measure  of  the  quan- 
tity of  work  expended  in  the 
direction  of  the  curve.  Add- 
ing together  all  the  elementary 
quantities  of  work  by  which 
the  body  is  made  to  describe 

the  whole  curve,  it  is  plain  that  the  sum,  or  the  whole 
quantity  of  work  expended  by  the  weight,  must  be  equal 
to  the  weight  multiplied  into  the  sum  of  the  elementary 
paths  V  c',  which  make  up  the  whole  height  AD'  =  H ; 
or  to   W  X  H.     This  is  also  the  measure  of  the  quan- 
tity of  work  performed  by  the  component  of  the  weight, 
which   acts  in  the   direction  of  the  motion,    along  the  ma  i 
curve.     But,  from  §  88,  the  double  of  this  last  quantity  °"£ 
is  equal  to  the  living  force  of  the  body ;  that  is  to  say,  <u™ 
to  the  product 


W 


X    V2; 


in  which  V  denotes  the  velocity  of  the  body  in  the  direc- 
tion of  the  curve,  at  the  instant  the  work  terminates; 
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2gH; 


that  is  to  say,  the  velocity  acquired  by  a  body  in  moving 
down  a  curve,  under  the  action  of  its  own  weight,  is  the 
same  as  though  the  body  had  fallen  vertically  through 
the  same  height.  And  we  see,  from  this  investigation, 
that  the  quantity  of  work  which  a  moter  must  expend, 
in  elevating  a  weight  along  any  inclined  surface,  is 
always  measured  by  the  product  of  the  weight  of  the 
body,  into  the  vertical  height  to  which  it  is  raised. 


§  112. — It  has  just  been  shown,  §  110,  that  the  ele- 
'  mentary  quantity  of  work  of  a  force,  of  which  the  point 
of  application  is  moved  in  a  direction  different  from  that 
of  the  force,  is  measured  either  by  the  product  of  this 
force  into  the  length  of  the  path  described,  estimated  in 
the  direction  of  the  force,  or  by  the  product  of  the  real 
path  into  that   one  of  the  two   rectangular   components 
of  the  force,  which  acts  in  the  direction  of  the  motion; 
and    it    must    here    be   re- 
marked, that  this  component  PiS-  iS- 
is    nothing    more    nor   less 
than  the  projection  of  the 
force   on    the    direction   of 
the   motion.      Accordingly, 
let  us  consider  two  forces, 
P  and    Q,   applied    to    the 
point  j1,  B  their  resultant, 
and  a  A  the  small  path  de- 
scribed by  the  point  of  ap- 
plication.    Let  fall  from  the 
l   points  Q,  P,  and  It,  the  perpendiculars  Q  Q',  R  P\  and 
w  P  P\   upon  A  a  produced ;    the  projection  of  the  force 
P  will  be  A  P\  that  of  Q,  A  Q',  and  that  of  the  resul- 
tant M,  A  B>. 
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Now, 


AS  =  AP'  —  R'P; 


but  A  Q  and  E  P,  being  equal  and  parallel,  their  projec- 
tions A  Q'  and  E'  P'  upon  the  same  line,  are  equal,  and 


hence 


AE' 


IP'  —  A  Q,' 


and  multiplying  both  members  by  the  path  A  a,  we  have  workofn 

equal  to 

AE'    X   A  a   =  AP'    x    A  a  —  A  Q'    x    A  a;      tZ?T 

coinpoiiei 

the  first  member  ia  the  elementary  quantity  of  work  of 
the  resultant  E,  the  first  term  of  the  second  member 
is  the  elementary  quantity  of  work  of  the  component  P, 
and  the  last  term,  the  elementary  quantity  of  work  of 
the  component  Q.  And  it  must  bo  remarked  that  the 
component  A  P'  acts  in  the  direction  of  the  motion,  while 
the  component  A  Q'  acts  in  the  opposite  direction ;  so 
that  the  effective  quantity  of  work  of  these  components, 
which  is  the  same  as  that  of  the  components  P  and  Q, 
%  110,  is  equal  to  the  difference  of  the  quantities  of  work 
taken  separately. 

Had  the  motion  taken 
place  so  as  to  cause  the 
projections  of  the  points 
Q  and  P  to  fall  on  the 
same  side  of  the  point  A, 
a  little  consideration  will 
show  that  the  last  equa- 
tion would  become 

AE'  x  Aa  =  AP*  X  Aa  +  AQ'  X  Aa, 

a 
and  that  the  effective  quantity  of  action  of  the  compo- " 
nents  A  P'  and  A  Q',  would  be  the  sum  of  the  quantities  a. 
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taken  separately,  and  the  equation  may  be  written,  gen- 
erally, 

AR'  X  Aa  =  AP'  x  Aa  ±  AQ'   X  Aa . .  (34). 

«workof  Hence,  the  dm  Military  qvmti.tty  of  'work  of  the  resultant 

'■iiaebtX       °f  ijV:<l  fi>TCe8i  applied  to  a  point!  is  equal  to   the  algebraic 

luoftheworS   sum  of  ilic  t/uautttwt:  of  work  of  the  two  components. 

mponenta.  When  the  projection  of  a  force  falls  on  the  same  side 

of  the  point  of  application  as  the  path  described,  and  we 

give  the  corresponding  elementary  quantity  of  work  the 

positive  sign,  then  when  it  falls  on  the  opposite  side,  the 

work  must  have  the  negative  sign. 

edpolnt.'  "  §  113.— The  small  space  A  a,  may  be  described  in 

different  ways.     If  we  suppose,  for  example,  that  the 
point  of  application  A  is  on  an  axle  A  0,  which  turns 
horizontally  about  some  point  0,  taken  arbitrarily  in  the 
plane  of  its  motion,  as  in  the  case  of  a  bark  or  mortar 
mill,  the  path  A  a  becomes  the 
small  arc  of  a  circle,  which  we 
may  regard  as  a  small  right  line 
perpendicular    to  A  0.     From 
the  point  a,  let  fall  the  perpen- 
diculars ah,  ad,  and  a c,  upon 
the    directions    of     the    forces 
P,  Q,   and    their    resultant  P ; 
then  will  the  elementary  quan- 
tities   of    work    due    to    these 
forces  be  respectively  P  X  Ao, 
Q  X  Ad,  and  &  X  Ac;  and  from  §  112. 

R  X  Ac  =  P  X  Ab  ±Q  x  Ad. 

Prom  the  point  0,  about  which  the  motion  takes 
place,  let  fall  the  perpendiculars  Op,  Og,  and  Or,  upon 
the  directions  of  the  forces  P,  Q,  and  R,  respectively  j 
the  triangles  A  0 p  and  A  ah  are  similar,  since  each  has 
a  right  angle,  and  the  angle  A  Op,  of  the  first,  is  equal 


Fig.  ■',!,. 
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to  the  angle  a  A  b  of  the  second,  the  sides  A  0  and  Op 
being,  respectively,  perpendicular  to  the  sides  A  a  and 
A  b  •  hence, 

Ab:  Aa   ::    Op   :    AO; 

whence, 

Aa 


Ab  =   Op  X 


A  0  ' 


and,  in  like  manner,  from  the  similar  triangles  Ada  and 
0  A  q,  we  have 

a  j         /-i         Aa 

and  from  the  similar  triangles  A  e a  and  A  Or, 
Aa 


Ac  =   Orx 


AO' 


these  values,  substituted  in  the  above  equation,  give, 
after  omitting  the  common  factors,  and  making  Or  =  r, 
Oq  —  q,  and  Op  =  p, 

Rr   =   ?X?±   Q  X  q.      .      .     (35). 

The  effective  quantity  of  work  which  a  force  is  capable  Moment 
of  performing,  while  its  point  of  application  is  constrained 
to  describe  an  elementary  path  A  a,  about  a  fixed  centre 
0,  is  called  the  moment  of  the  force ;   the  fixed  point  0 
is  called  the  centre  of  moments;  and  the  perpendiculars  the  cemr 
p,  q,   and  r,  the  lever  arms  of  the  forces  P,    Q,   and  A1,  "'."''^'^ 


The  elementary  quantities  of  work  performed  by  the 
forces  P,  Q,  and  R,  during  the  description  of  the  path 
J.  a,  are  measured  by  the  products  Pp,  Q  q,  and  M  r, 

multiplied  each  by  the  constant  ratio     ■■■-■;  and  if  this 
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constant  ratio  be  omittc.i,  these  products  may  be  taken 
as  the  relative  measures  of  tlie  elementary  quantities  of 
work.  Hence,  the  relative  measure  of  a  moment,  is  the 
product  of  i/w  vnlcwsU-ij  of  the  force-  into  -ils  lever  arm;  and 
from  Eq.  (36)  we  see  that  the  moment  of  the  resultant 
of  two  forces,  applied  to  a  point,  k  equal  to  the  algebraic  sum 
of  the  moments  of  the  components. 


§  114.— -In  what  precedes,  the  two  forces,  P  and  Q, 
have  been  supposed  to  bo  applied  to  the-  same  point ;  if  they 

i  be  applied  to  different  points 
0  and  5,  it  is  evident  that  we 
may  suppose  two  rigid  bars,  ^"K-  **• 

GA  and  B  A,  to  be  firmly 
attached  to  the  body,  and  to 
coincide  in  direction  with  the 
given  forces.  These  bars,  if 
the  forces  act  in  the  same 
plane,  will  meet  at  the  point 
A,  and  the  latter  thus  becom-  * 

ing  invariably  connected  with 
the  body,  may  be  taken  as  the     , 

common  point  of  application,  without  changing'  the  effect 
of  the  forces.  The  resultant  A  Ii  will  be  obtained  by 
means  of  the  diagonal  of  the  parallelogram  A  PR  Q,  and 
the  point  D,  where  it  meets  the  surface,  may  be  taken 
as  its  point  of  application.  If,  now,  the  body  be  con- 
strained to  move  around  any  point,  as  0,  the  common 
point  of  application  A,  will  describe  the  small  arc  of  a 
circle,  which  may  be  regarded  as  a  small  right  line,  to 
be  projected  on  the  directions  of  the  forces,  as  in  the  last 
article ;  and  the  same  reasoning  will  show  us,  that  in  this 

i  case  also,  the  moment  of  the  resultant  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  components. 


§  115. — The  relations  which  have  just  been  e 
between  the  quantities  of  work,  and  between  the  mo- 
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ments  of  forces  and  of  tlieir  resultant,  will  always  obtain  These  relation 
wherever  the  point  0  be   taken,  since  its  selection  was  X^veTthe 
entirely  arbitrary;  but  these  relations  were   obtained  byceutreor 
considering  the  motion   of    the   point,    common   to   the  luten. 
directions  of  the  forces,  this  point  being  assumed  as  their 
common  point  of  application.     To  show  that  they  are 
equally  true  in  regard  to  the  motion  of  the  true  points  of 
application  B,  0,  and  0,  see  the  last  figure,  wc  have  only 
to  remark  that  the  measure  of  the  moment  depends  alone 
upon  the  intensity  of  the  force,  and  the  length  of  the 
perpendicular   drawn  from  the  centre  of  moments  to  its 
line  of  direction,  and  is  wholly   independent  of  the  posi- 
tion  of  the   point  of  application.     The   moment  of  the  or  wherever  ti 

force  P,  for  example,  will  be  the.  same  whether  it  be  sno-  I""I'li"1 

'  r    i  i     application. 

posed  applied  at  A,  or  at  the  point  B,  where  its  direction 

meets  the  surface-  of  the  body.     The  theorem  of  moments 

will  be  true,  therefore,  when  the  forces  P  and  Q  are  not 

applied  to  the  same  point. 


§  116.— If  it  be  shown  that  the  quantity  of  work  of  Ext& 
a  force  is  the  same,  whatever  point  be  taken  on  its  line  '"''"" 
of  direction  as  the   point  of  application,  it  is    obvious 
that  the   theorem   of   the   quantity   of    work,   estimated 
by  the   motion  of  the   common   point   of  union   of   two 
forces   and   their  resultant,   will  be   equally  true  of  all 
cases  in  which  the  quantities  of  work  of  these  forces  are 
computed  in  reference  to  the  motion  of  their  i 
points  of  application.     Three  cases  may  ; 
as  the  body  has  a  motion  of  rotation,  of  translation,  or  ^  ^  Poinl  of 

J  '  >  iip;.lii:;il..j>i  uti 

Of  both  Combined.  line  of  direction ; 

First  case.  The 
body  and  the  di- 
rection A  P,  of 
the  force  P,  being 
supposed  to  have 
a  motion  of  rota- 
tion about  the  point  0,  any  two  points,  as  A  and  B  of  the 
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line  A  P,  will  de- 
scribe arcs  which 
are  proportional  to 
their  distance,  OA 
and  OB,  from  0; 
and  we  shall  Lave 


Aa 

AO 


lib 


but  the  quantity  of  work  of  the  force  P,  estimated  by  the 
motion  of  its  point  of  application  supposed  at  A,  will 
have,  §  113,  for  its  measure, 


estimated  by  the  motion  of  its  point  of  application, 
B,  will  be  measured  by 


PxOpxm. 

Hence,  the  quantities  of  work  axe  equal,  being  measured 
by  the  product  of  the  intensity  P,  the  length  of  the  per- 
pendicular Op,  and  the  equal  factors  yrT)    ani^   7Tr' 

Second  case.  If  the 
body  only  have  a 
motion  of  translation, 
any  two  points  of  ap- 
plication, as  A  and  -^ 
B,  will  describe  the 
equal    and    parallel 

paths  A  a  and  B  i,  which  will  be  projected  upon  the 
direction  A  P,  in  the  equal  paths  A  a'  and  Bb' ;  and  the 
quantities  of  work  in  the  two  cases  being  P  X  Aa'  and 
P  x  Bb1,  are  equal  to  each  other. 

Tiiird  case.     Suppose  the  line  of  direction  A  P  of  the 
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force  P,  to  take  the  position  A1B1,  in  virtue  of  the  com-  Third—' 
bined  motion  of  rotation  and  translation,  and  the  points  ™^|^ 
A  and  B  to  be  transferred  to  the  positions  a  and  b.  Thi3  rotation 
motion  of  the  points  A  and  B  may  be  regarded  as  resolved  ™™  '"' 
into  a  motion  of  rotation  around  the  point  0,  the  centre 
of  a  circle,  tangent 

to  the  two  positions  Fig.  49, 

of  the  line  of  direc- 
tion, supposed  in- 
definitely near  each 
other,  and  of  trans- 
lation along  the  see- 
on;  I  position  of  this 
line.  By  the  first, 
flic  points  A  and  B 
are  carried  in  the 
arcs  of  circles  to  Al 
and  Bh  and  by  the 

second,  from  tkese  latter  positions  to  a  and  b,  thus  making 
A  a  and  Bb  the  actual  paths  described.  Projecting  these 
latter  paths  on  the  primitive  direction  of  the  force  by  the 
perpendiculars  a  a'  and  b  b',  we  shall  have  for  the  quan- 
tities of  work,  considered  in  reference  to  the  motion  of  the 
points  A  and  B,  P X  Aa'  and  P  X  Bh',  respectively. 

But  by  projecting  the  points  Aj  and  Bt  on  the  primitive 
direction,  by  the  perpendiculars  A,  A-,1  and  Bl  Bi,  we  have 


:  A,' a' 
■■  B,'h' 


■  AM, 
B{  B; 


multiplying  each  equation  by  P, 

PX  Aa'  =  Px  Aja'  -  PX  AJ  A, 

PxBV   =  Px  Bjb>   -  PXB{  B. 

How  P  X  A{  a',  and  P  X  B/  b\   are  the  quantities  of 
work,  on  the-  supposition  of  a  simple  motion  of  translation 


)y  Google 


NATURAL     PHILOSOi'liV. 


alone,  in  the  direc- 
tion A  B,  and  these 
have    been   ahc-wr^ 

in  llic  .second  cav::,  to 
bo  equ;:,] ;  whence, 

Ai'a'  =  Bi'V. 

no  matter  where    The  products 
;:p()lLi:ii1Liiiihe  p  y,   _£_'  £. 

Bnesof  ,  ^^ 


PXSi'B, 

measure  the  quantities  of  work  due  to  the  motion  of  A 
and  B,  on  the  supposition  of  a  simple  motion  of  rotation 
about  0,  which  have  been  shown  to  be  equal,  in  thvjirst 
case;  whence, 


Aj  A  - 


ami  consequently, 


PX  Aa 


,'B; 


.  PxBb'. 


Thus,  the  relation  given  in  §  112,  between  the  quantity 
''  of  work  of  the  resultant  of  two  forces,  and  the  total  quan- 
tities of  work  of  the  components,  subsists  in  all  cases, 
whatever  be  the  points  of  application,  and  whatever  be 
the  nature  of  the  motion. 


j  117.- 


Rr    ■ 


Pp    ± 


in  which  r,  p,  and  qt  denote  the  lengths  of  the  lever  arm 
of  the  resultant  R  and  of  the  two  components  P  and  Q, 
we  see  that  the  moment  R  r,  of  the  resultant,  can  only 
'  reduce  to  zero  when  the  moments  of  the  components  P 
and  Q  are  equal  and  have  contrary  signs.     But  the  prod- 
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uct  Er,  becomes  nothing,  cither  when  i?  =  0,  or  r  =  0.  there 
In  the  first  case,  the  resultant  is  nothing,  and  there  will  ** 
be  an  equilibrium  independently  of  all  other  considera- 
tions. In  the  second  case,  the  perpendicular  r,  which 
measures  the  distance  of  the  line  of  direction  of  the 
resultant  from  the  centre  of  moments,  being  nothing, 
indicates  that  the  resultant  passes  through  the  fixed  point. 
Again,  the  equality  of  the  moments  of  the  components, 
necessarily  implies  an  equality  in  the  quantity  of  work 
performed  by  each,  and  these  quantities,  having  different 
signs,  destroy  each  other ;  hence,  there  will  be  an  equi- 
librium about  a  fixed  point,  when  the  resu]tai:t  of  the  forces 
which  act  upon  the  body,  passes  through  this  fixed  point, 


OP    FORCES   WHOSE    DIRECTIONS   ABE   PARALLEL, 


\« 


|  U8.— It  has  been  shown  of  two  forces  whose  direc-  Them 
tions  intersect :  1st,  that  the  line  ^d( 

of  direction  of  the  resultant,  will  *%■  60-  ™ 

intersect  those  of  the  compo- 
nents in  the  same  point ;  2d, 
that  the  moment  of  the  resul- 
tant is  equal  to  the  sum  or  dif- 
ference of  the  moments  of  the 
components,    according   as   the  aL&Bzhasz  -a 

components  tend  to  turn  the 
body  upon  which  they  act,  in  f?>  .    > 

the  same  orin  opposite  directions 
about  the  centre  of  moments. 
Now,  these  properties,  being 
entirely  independent  of  the  po-  ¥ 

sition  of  the  point  of  meeting 
0,  and  of  its  distance  from  the 
body  or  centre  of  moments,  will  not  cease  to  be  true  when 


U 
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the  point  0  is  so  far  removed  as  to  make  the  directions 
of  the  forces  sensibly  parallel :  whence  we  must  conclude, 
that  the  line  of  direction  of  the  rcsnltant  of  two  parallel 
forces  is  in  the  plane  of  the  forces,  is  parallel  to  the  direc- 
tion of  the  forces,  and  that  the  moment  of  the  resultant, 
taken  in  reference  to  any  point  in  the  plane  of  the  forces, 
is  equal  to  the  sum  or  difference  of  the  moments  of  the 
components,  according  as  they  tend  to  turn  the  system  in 
the  same  or  opposite  directions  about  the  centre  of  mo- 
menta. 

Fig.  51. 


Resuming  Eq.  (31),  and  re- 
volving the  directions  of  the 
forces  P  and  Q  about  their 
points  of  application  A  and  B 
till  they  become  parallel,  and 
the  forces  act  in  the  same  direc- 
tion, the  angle  <p  will  become 
aero,  and  we  shall  have 


VP*  +Q*  +  2PQ=zP- 


Again,  revolving  the  directions 
as  before,  till  they  "become  par- 
allel and  the  forces  act  in  op- 
posite directions,  the  angle  <p 
will  equal  180°,  and  Eq.  (31) 
reduces  to 
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B  =    VP*  +  §a  -  2  P  <?  =  P  -  «;  ;Z«om7 

whence  we  conclude,  that  the  intensity  of  the  resultant  of  dirae"<"lai 
two  parallel  components,  is  equal  to  /Ai;  swm  w  difference  of  mie; 
(Tie  intensities  of  the  components  wx'OrOjhuj  as  these  latter  act 
in  the  same  or  in  opposite  directions. 

Now,  resuming  Eqs.  (32),  and  changing  the  notation  to 
suit  the  first  figure  in  §  118,  we  have 


in  which,  if  we  make  <p  =  0,  or  180°,  we  obtain 

sin  SO  A    =    0, 

sin  S  OB    =    0; 

that  is  to  say,  the  angle  which  the  direction  of  the  result-  the  direction 
ant  of  two  paTiiUol  forces  makes  with  the  directions  of  the  lwoparlllleI 
components,  is  nothing ;  in  other  words,  the,  direction  of  the  eomponcnis, 
resultant  of  tlia  parallel  forces  ?j?  parallel  to  that  of  the  com-  tlie  componc 
portents,  which  is  a  confirmation  of  what  we  said  above. 


|  119.— Passing  thus  to  the 
limits  of  the  case  in  which  the 
directions  of  two  forces  P  and 
Q,  applied  at  the  points  A  and 
B  of  any  body,  meet  in  a 
point ;  assume  any  point  as  K, 
in  the  plane  of  the  forces,  and 
let  fall  the  perpendiculars  Ja, 
Kb.  Denote  by  B,  the  in- 
tensity of  the  resultant,  sup- 
posed to  act  along  the  line  Re, 


c 


) 


..Google 


NATUKAL    PHILOSOIMl  V. 


then,  from  the  principle  of '  moments,  will 

B  x  Kc  =  P  X  Ka  ±  Qx  Kb; 


the  upper  or  lower  sign 
being  taken,  according  as 
the  forces  tend  to  turn  the 
body  in  the  same  or  op- 
posite directions  about  the 
point  K. 

Replacing     R    by     its 
value  P  ±   Q,  the  above 


b        c 


(P±  Q)Kc  =  PxKa  ±   §  X  X&; 

which,  by  an  obvious  reduction,  becomes 

P{Kc-  Ka)  =  Q(^Kb=p  Kc); 


but 


jfc  -  Xo  =  on;    ±  X&  n=  Kc  =  ±  5c; 


PX(u  =  ±6X^ 


Hie  distance  of  that  is  to  say,  the  line  of  direction  of  the  resultant,  divides 
ft'mremtafflt,™'  ^ie  perpendicular  distance  between  the  lines  of  direction 
proportional  to  of  the  components,  into  parts  which  are  reciprocally  pro- 
oomponent.        portional  to  the  forces. 
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§  120.— Let  the  parallel 
forces  P  and  Q,  "be  applied 
to  the  points  A  and  B.  Join 
A  and  B  by  a  straight  line, 
and  draw  Bo,'  parallel  to  ha, 
then  will 


i  Cc'  is  parallel  to  A  a',  the  triangles  Bc'G  and 
Ba'A,  give  the  proportion, 


that  is  to  say.  the  line  of  di- 
rection of 'ih/:  rcmUan!  of  any 
two  para/./d  components,  di- 
vides the  line  join-in//  tlieir 
points  of  application  into 
part*  -wluch  ore  rcei piro"oJbi 
proportional  to  t./i.e.  intensities 
of  the  components. 

The    above    proportion 
gives  by  composition, 


P±Q     :     P 
P±Q     :     Q 


BC±AC    :    BO, 
BO±AO    :    AC; 
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or,  replacing  P  ±  Q  by  B,  and  B  0  ±  A  0  by  the  whole 
line  BA, 


AB    :    BO, 
AB    :    AC; 


that  is  to  say,  the  resultant  of  two  pandlel  components  is  to 
a  either  component,  as  the  Umjih.  of  the  stravfi  line  joining  the 
points  of  application  of  the  com-jmemLx,  -is  k,  the  portion  of  this 
line  between  the  point  in,  which-  it,  is  cut  by  tits  direction  of  fAe 
resultant,  and  the  point,  of  application  of  the  other  compo- 
nent. 


§  121. — When  two  forces  are  parallel,  their  moments 
3  ,a  may  not  only  be  taken  in  reference  to  a  point,  but  also  in 
reference  to  a  right  line,  supposed  fixed.  Thus,  ; 
the  forces  P,  Q,  and 
their  resultant  B,  to 
act  along  the  parallel 
lines  A  P,  B  Q,  and 
C  B,  respectively. 
Assume  any  line,  as 
ML,  at  pleasure; 
conceive  a  plane 
drawn  through  this 
line  and  perpendicu- 
lar to  the  plane  of 
the  forces,  and  let 
KL'  be  the  intersec- 
tion of  these  planes.  From  the  point  K,  draw  KL"  per- 
pendicular to  the  direction  of  the  forces ;  then,  regarding 
imd  iTas  the  centre  of  moment*,  will 

R  x  KG'  =  Px  KA'  +  Qx  KB': 
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_      KA' 


But  from  the   similar  triangles,   KA'A,    KB' B,    and 
KG'  G,  we  have 

KA'  _    KA_ 
KG1    "KG' 

KB'  _    KB 
KG'   ~    KG'' 

which,  substituted  in  the  above  equation,  gives,  on  clear- 


BxKG=PxKA  +  QxKB...  (36). 

Dividing  "both  members  by  B  X  K0) 

P      KA      Q      J£B_ 
1   ~    B  X  KC  +  B  X  KG' 

Prom  the  points  A,  B,  and  G,  draw  the  lines  A  a,  Bb, 
and  Ce,  perpendicular  to  the  line  KB.  Also,  resolve  fo 
each  of  the  forces  P,  Q,  and  B,  supposed  applied  at  A,  B,  & 
G,  respectively,  into  two  components,  one  parallel,  and  the 
other  perpendicular,  to  the  line  KL ;  and  let  A  P",  B  Q", 
and  GB"  be  the  former,  and  A  P\  BQ',  and  GB',  the 
latter  of  these  components. 

In  the  similar  triangles  P  A  P',  BOB,',  and  QBQ', 
we  have,  denoting  the  components  AP',  GB',  and  BQ', 
by  P',  B',  and  Q',  respectively, 

P     _    P' 

B     ~    B" 

JL  -  SL. 

B  B'} 
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and  from  the  similar  triangles  0«,  KOc,  and  ICBb, 
Aa 


K  A 

X  V 


KB 
KC   : 


Bb 


which  values,  substituted  in  the  foregoing  e 
after  clearing  the  fractions, 


If  X  Cc  =  P'  X  Aa  +  Q'  X  Bb  . 


(37). 


The  effective  quan- 
tity of  work  per- 
formed by  each  of 
the  forces  P,  Q,  and 

R,  may  be  replaced 
by  the  algebraic  sum 
of  the  quantities  of 
work  performed  by 
its  components ;  but 
the  effective  quanti- 
ties of  work  of  the 

components  which  arc  parallel  to  the  line  KL,  will  be  zero, 
since  the  points  of  application  are  constrained  to  move  in 
planes  at  right  angles  lo  this  fixed  line,  and  hence  the  terms 
in  Eq.  (37)  will,  for  reasons  explained  in  §  113,  be  the 
measures  of  the  re/utiue  quauLi.Li.es  of  work  of  the  forces  P, 
Q,  and  _ffi,  being  the  products  of  the  remaining  components 
into  the  perpendicular  distances  of  their  respective  lines 
of  direction  from  points  on  the  line  KL. 

The.  ■moment  of  a  force  in  reference  fa  a  line.,  is  the  etfec- 
ce  tive  quantity  of  work  which  the  force  is  capable  of  per- 
forming while  Lis  point  of  application  is  constrained  to 
describe  an  elementary  path  abont  this  line,  considered  as 
fixed ;  and  its  relative  measure  is,  the  product  of  the  com- 
ponent al  right  angles  to  the  line,  (the  other  neing  parallel 
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to  it,)  into  the  shortest  distance  from  the  fixed  line  to  that 
of  the  direction  of  the  force. 

The  fixed  line  is  called  the  axis  of  moments.  the  ax™  a 

§  122.— Dividing  Eq.  (36)  by  K  Ct  we  find 

and  substituting  the  values  of 

KA        ,    KB 
TV  and  KC' 

as   given   on  the  opposite  page,   we  find,   after  clearing 
the  fraction, 

R  x    Gc  =  P  x  Aa  +   Q  X  Bb; 

from  which  we  see,  that  the  product  of  the  resultant  of  two  Relation  or 
parallel  forces  into  the  perpendicular  disl.fi.ncc  of  its  point  <°™3loti" 
of  application  from  any  given,  straight  lire,  is  equal  to  the  points  of 
sum  of  the  products  of  the  forces  into  the  perpendicular  ^j^"'™ 
distmees  of  their  respective  points  ■:>(  application  from  the 
same  line.     It  is  easy  to  sec  that  the  same  is  equally  true 
of  any  plane,  since  we  have  hut  to  project  the  line  joining 
the  points  of  application  of  the  forces  upon  the  assumed 
plane,  and  take  this  m-ojeetion  as  the  axis  of  moments. 

§  123. — Now  let  us  suppose  any  number  of  parallel 
forces — for  instance,  five.     Find  the  resultant  of  any  two  scniituii  oi 
of  them;  compound  this  resultant  with  the  third  force,  *""")!![?' 
and  the  resultant  of  the  first  three  with  the  fourth,  and 
so  on.     The  final  resultant  thus  obtained,  will  be  equal 
in  intensity  to   the   sum  of  the   intensities   of  the  forces 
which  act  in  one   direction,    diminished  by  the  sum  of 
the  intensities  of  those  which  act  in  the  opposite  direction. 
Its  action  will  be  in  the  direction  of  the  greater  sum. 
And  the  moment  of  the  resultant  will  be  equal  to  the  rule  for  ami 
algebraic  sum  of  the  moments  of  the  components. 

Men  pulling  upon  parallel  rope.?,  horses  drawing  upon 
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.  attached  to  whipple-trees,  are  examples  of 


§  124 — Suppose  a  body  to  be  drawn  in  one  direction 
by  any  number  of  parallel  forces  P,  Q,  Ji,  &c,  and  in  tlie 
opposite  direction,  by  the  parallel  forces  P',   Q1,  H',  &c. 
If  the  points  of  the  body  move  in 
parallel  linos?,  it  is  plain  that  the 
paths  d  (scribed  by  the  points  of  ™     ' 

application  will  be  equal  to  each  *     j.     M 

other,  and  thus  the  quantity  of  '      '         j 

work  of  any  force,  will  be  given  I 

by  the  product  of  its  intensity 
into  the  small  path  common  to  all 
the  forces.  The  total  work  will 
be  equal  to  the  sum  of  the  quan- 
tities of  work  performed  by  the 
forces  P,  Q,  B,  &c,  diminished 
by  the  sum  performed  by  the 
equal  to  iiie  forces  P>,  Q,  R,  &c. ;  that  is  to  say,  it  will  be  equivalent 
to  the  product  of  the  common  path,  multiplied  into  the 
algebraic  sum  of  all  the  forces,  or  into  the  resultant.  Eut 
this  latter  product  is  the  quantity  of  work  performed  by 
the  resultant.  Hence,  the  quantity  of  work  performed  by 
the  resultant  of  any  number  of  parallel  forces,  is  equal  to 
the  algebraic  sum  of  the  quantities  of  work'  performed  by 
the  c 


algebraic 

V.K    I'.VfK  Of  till 


§  125. — We  have  seen,  §  122,  that  the  product  of  the 
intensity  of  the  resultant  of  several  parallel  forces  into  the 
perpendicular  distance  of  its  point  of  application  from  any 
plane,  is  equal  to  the  sum  of  the  products  arising  from 
multiplying  the  intensity  of  each  force  into  the  perpen- 
dicular distance  of  its  point  of  application  from  the  same 
plane.  Denote  this  latter  sum  by  K,  the  intensity  of  the 
resultant  by  Li,  and  the  perpendicular  distance  of  its  point 
of  application  from  a  given  plane  by  r,  then  will 
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and  if  the  given  plane  be  parallel  to  the  direction  of  the 
forces,  r  will  be  the  distance  "between  it  and  a  second  plane 
containing  the  line  of  direction  of  the  resultant.  If  we 
know  the  value  of  K,  in  reference  to  another  plane,  also 
parallel  to  the  direction  of  the  forces,  the  corresponding 
value  of  r,  will  save:  the  position  of  a  second  plane,  whose 
intersection  with  the  first  will  give  the  line  of  direction  of 
the  resultant.  Thus,  the  principle  explained  in  §  122, 
may  he  employed  to  determine  the  line  along  which  the 
resultant  of  several  parallel  forces  acts. 

§  126. — To  illustrate  the  principle  of  parallel  forces,  illustration '»- 
let  ns  take   the  example   of  the  common  steelyard,   an  ^h'',^^ 
instrument  employed  to  ascertain  the  weight  of  different the  stceiyanf. 
substances.      It  con- 
sists  of  a  bar  MN, 
which    turns    freely 
about  an  axis  0  sus- 
pended from  a  fixed 
point;  the  substance 
Q  to  be  weighed,  is 
placed    at    one    end 
A,  while  a  constant 

weight  P  is  placed  at  a  suitable  point  B,  towards  the  other 
end.  In  order  that  there  may  be  an  equilibrium,  it  is 
t  the  resultant  of  the  forces  P  and  Q  shall 
s  through  the  fixed  point  C;  in  other  words, 

Q  X  A  0  =  P  X    OB, 


r*-!L 
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or,  if  Pbe  taken  equal  to  one  pound,  then  will 

BO  =  Q  x  A  a 

If  Q  be  taken  suc- 
cessively equal  to  1, 
2,  8,  4,  &c.  pounds, 
then  will  the  corre- 
sponding values  of 
B  G,  become  A  G, 
2  AG,  -6  AC,  4  AG, 

&c.  Thus,  if  a  scale  of  equal  parts  be  constructed  on  the 
longer  arm,  having  its  zero  at  the  point  0,  and  the  con- 
stant distance  between  the  consecutive  divisions  equal  to 
A  0;  the  number  of  the  division  estimated  from  G,  on 
which  the  weight  P  is  placed  to  hold  Q  in  equilibrio,  will 
indicate  the  weight  of  the  latter. 

The  construction  of  the  steelyard  depends,  as  we  see, 
upon  very  simple  principles;  it  gives  rise,  however,  to 
considerations,  which  will  be  referred  to  when  we  come  to 
treat  of  the  lever. 


CENTRE     OF     GRAVITY     OP     BODIES 


§  127.— Whatever  b< 
forces,  P  and  Q,  make 
with  the  line  A  B,  join- 
ing their  points  of  ap- 
plication, the  intensity 
of  the  resultant  R,  and 
the  position  of  its  point 
of  application  G,  will 
always  be  the  same, 
however  the  direction 
of  the  forces  may  re- 
volve about  their  points 


the   angle   which  two  parallel 
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of  application,  provided  the  three?,  continue  parallel  to 
other,  and  preserve  unchanged  the- ratio  of  their 
for  the  intensity  of  the  resultant  is  given  by 

R  =  P  ±   Q, 

and  the  point  C,  by 

P  X  AC=   Q  x  BC; 

which  are  wholly  independent  of  the  angle  which  the 
common  direction  of  the  forces  makes  with  the  line.  A.  B. 
So,  likewise,  if  there  be  three  .forces  P,  Q,  and  S,  we  may 
join  the  point  of  application  T),  of  the  third  force  8,  with 
that  of  the  resultant  R,  and  show,  in  like  manner,  that  the  there  is  one  point 
position  of  0,  the  point  of  application  of  the  resultant  T  tt™^uitLitwiU 
of  R  and  S,  (that  is,  of  P,  Q,  and  S.)  is  entirely  independ-  always  pnss; 
ent  of  the  inclination  of  the  forces  to  the  line  OD.     And 
as  the  same  reasoning  may  be  extended  to  any  number  of 
parallel  forces,  we  conclude,,  that  in  every  system  of  paral- 
lel forces,  there  is  one  point  through  which  the  resultant 
will  always  pass. 

This  point  is  called  the  atntra  of  pi.trallel  forces,  the  cent™  or 

|  128. — 'Every  body  is  composed  oT  an.  indefinite  num- 
ber of  elementary  heavy  particles,  which  are  the  points  of 
application  of  as  many  vertical  or  parallel  forces.  Their 
resultant  is  a  force  equal  to  their  sum,  and  i.s  called  the 
weight  of  the  body.  The  point  of  application  of  the  weight  Weigntofaftody; 
is  obtained  by  combining  the  parallel  threes  in  the  manner 
before  explained ;  this  point  will  be  the  centre  of  the  sys- 
tem, and,  because  the  forces  are  those  which  result  from 
the  action  of  gravity,  it  is  called  the  centre  of  gravity,  centra  of  gravity. 
The  centre  of  gravity  of  any  body  may  be  defined,  the 
point  through  which  the  line  of  direr./iou  of  the  -weight  always 


%  129.~The  centre  of  gravity  of  a  body  being  the 
centre  of  all  the  vertical  forces  which  solicit  its  heavy 
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Fig.  SO, 


particles,    this    point  must    remain  invariable,    while  the 
forces,  without  ceasing  to  be  parallel,  revolve  about  the 

'  points  of  application.  Instead  of  causing  the  forces  to 
rotate,  let  the  "body  revolve.  In  this  motion,  the  forces 
will  preserve  their  vertical  direction,  and  the  line  of 
direction  of  the  weight  Lihvays  passing  through  the  centre 
of  gravity,  there  will  result  two  very  simple  methods  of 
finding  the  position  of  this  point  as  long  as  the  figure 
of  the  body  remains  unchanged. 

A  body  being  suspended  by  means  of  a  thread  A  C, 
from  the  point  A,  will  take  such  a  position,  that  the  effort 
exerted  along  the  thread  to  sup- 
port it,  will  be  in  equilibrio 
with  the  weight,  and  thus,  when 
the  body  comes  to  rest,  the  di- 
rection of  the  thread  will  pass 
through  the  centre  of  gravity  (?. 
If  we  change  the  point  C,  to 
which  the  thread  is  attached,  to 
C,  the  body  will  assume  a  new 
position,  and  when  it  comes  to 
rest  again,  we  shall  have  a  sec-  HHHH^ 

ond    line    C  <?,    also    passing  ^&W 

through  the  centre  of  gravity, 
and  whose  intersection  with,  the 
first,  will  determine  the  position  of  that  point. 

By  the  same  reasoning  it  follows,  that  a  body  will  be 
supported  upon  a  point,  whenever  the  vertical  through 
the  centre  of  gravity  passes  through 
this  point ;  and  all  positions  of  the 
body  which  satisfy  this  condition, 
give  as  many  lines  intersecting  at 

-  the  centre  of  gravity.  The  upper 
and  lower  points,  in  which  any  two 
of  these  lines  pierce  the  surface,  be- 
ing known,  and  connected  by  recti- 
lineal openings,  these  openings  will 
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give,   by  their  intersection,    the  centre  of  gravity  of  trie- 
body.     To  find  these  upper  and  lower  points,   suspend  tr 
the  body,  by  a  thread  or  rope,  and  when  it  comes  to  ^ 
rest,  suspend  a  plummet  on  each  side,  and  in  such  posi-  e 
tions  that  the  plane  of  their  threads  shall   contain  the 
suspension  line  of  the  body;  then,  with  a  pencil,   trace 
upon  the  "body   the   intersection  of  this  plane  with  its 
surface.     Next,  suspend  the  body  from  some  other  point, 
and  repeat  the  same  operation ;  the  intersections  of  the 
two  traces  will  give  two  of  the  points  required;  and  the 
same  for  others. 


of  very  heavy  bodies,  of  those  which  are  fixed,  or  of  Buob/oom   „' 

as  do  not  yet  exist,  and  of  which  the  construction  is  only 

in   project.     In   general,  when  the  form   of  a  body  is 

denned   geometrically,  or  "by  a  drawing,  the   centre  of 

gravity  is  determined  in  this  wise.     Conceive  the  body  to 

be  divided  into  small  portions  by  a  series  of  planes ;  take 

the  product  of  the  weight  of  each  portion  into  its  distance 

from  some  assumed  piano  of  reference,  and  take  the  sum 

of  these  products ;   this  sum  is,  according  to  what  we 

have  seen  of  the  principles  of  parallel    forces,  equal   to 

the  product  of  the  entire  weight  of  the  body  into  the  distance  of  ci 

distance  of  its  centre  of  gravity  from  the  same  plane.  0^yilyfta 

Hence,  the  dh.'mv.-c  of  the  centre  of  <jra.vi.ly  from  any  plane,  is 

equal  to  the  sum  of  the  products  obtained  hy  multiplying  the 

weight  of  each  clement  of  the  body  into  i!-i  distance  from  this 

■plane,  divided  by  the  v:ho/e  weight  of  the  oody. 

Find  the  distance,  given  by  this  ride,  from  any  three  fie™  three 
arbitrary  planes,  and  the  position  of  the  centre  of  gravity  !J™™e. 
becomes  known.     This  method,  which  becomes  long  and 
tedious  in  many  instance*,  may  be  ahriitged  according  to 
circumstances,  particular])-  when  the  object  is  to  find  the  process  may 
centre  of  gravity  of  iiomogevi.eoios  bodies.     A  body  is  waidcnaeof 
to  be  homogeneous,  when  any  two  of  its  parts  have  the  iiomoKeneou 
same  weight  under  equal  volumes. 
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§  131, — Experience  snows  us  that  a  bar  ,4  Is1,  of  wood. 
■  metal,    or  any  oilier  material,    which  is  perfectly  homo- 
geneous,   will 


equilibrio  in  a  horizontal 

position,  if  suspended  by 

its  middle  point  G;   and 

hence  the  centre  of  gravity 

of  this  bar  is  situated  at 

the  middle  of  its  length. 

The  bar  is  also  found  to 

remain  in  equilibrio  when 

placed  in  a  vertical  posi- 
tion, if  suspended  by  the 

central  point  of  its  end ; 

and  hence   the  centre  of 

gravity  is  situated  at  the 

central  point  of  its  thick- 
ness.    If  the  bar  support 

at  its  ends  equal  spheres, 

it  will  still  remain  in  equilibrio  when  suspended  by  its 

middle  point,  if  placed  in  a  horizontal  position. 

The  centre  of  gravity  of  a  sphere  is  at  its  centre  of 

figure,  for  when  suspended  by  any  one  of  its  points,  the 

direction  of  tho  suspending  thread  always  jjasses  through 
■   thai  point.     And  it  is  a  general  principle,  that  the  centres 

of  gravity  of  all  regular  and   homogeneous  bodies  are  at 

their  centres  of  figure.     And,   hence,   a  right  prism  or 
'   cylinder  has  its  centre  of  gravity  at  the  middle  of  its 

length,  breadth,  and  thickness ;  a  circle  at  its  centre ;  and 

a  right  line  at  its  middle  point. 

By  the  centre  of  gravity  of  a  surface,  is  understood 

that  of  a  body  of  extreme  thinness,  such  as  paper,  tin-foil, 

gold-leaf,  &c. ;  and  by  the  centre  of  gravity  of  a  line,  is 

meant  that  of  a  body  whose  breadth  and  thickness  are 

very  small  as  compared  with  its  length. 


§  132. — A.  body  is  said  to  be  symmetrical  in  reference 
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to  a  plane,  when  the  1  alter  cuts  into  two  equal  parts  every 
perpendicular  which  is  drawn  to  it.  and  which  is  termina- 
ted by  the  opposite  extremes  of  the  body.     This  plane  plane  of 
is  called  the  plane  of  symmetry. 

A  body  is  symmetrical  in  reference  to  a  line,  when  it  symmetrical  in 
has  two  planes  of  symmetry  passing  through  the  line.  ^''j)^,  „,* 
This  line  is  called  a  line,  of  symmetry.  symmetry; 

A  surface  is  symmetrical  in  reference  to  a  line,  when  surface 
the  latter  cuts  into  two  equal  parts,  all  the  perpendiculars  °J^,™^™  * 
to  it  which  are  ternunated  on  opposite  sides  by  the  con-  una  ; 
tour  of  the  surface. 

In  all  cases,   the  centre  of  yro.vity  of  'honioyenevas  syrimwl-  centre  of  gunny 
rical  bodies,  is  situated  in  their  planes,  or  lints  of  symmetry.  J^ls™f"' 
Consider,  for  example,  a  symmetry; 

curve  having  A  B  for  its 
line  of  symmetry,  and  of 
which  we  have  found  the 
centres  of  gravity  G  and 
f?,  of  the  two  halves 
A  MB  and  A  M  B. 
These  two  halves  being 
turned  about  the  line  of 
symmetry  till  one  is  ap- 
plied to  the  other,  their 

centres  of  gravity  will  coincide ;  that  is  to  say,  the  centres  illustration 
of  gravity   G  and  G,  were,  before  the  motion,  situated  °™^t*ilB 
upon  a  right  line    G  G,   perpendicular  to  the  line  A  B.  <siwve; 
Hence,  if  the  curves  be  supposed  concentrated  at  their 
respective  centres  of  gravity.  G  G  becomes  a  right  line, 
terminated  by  two  material  points  whose  common  centre 
of  gravity  is  at  the  middle  point  0,  on  the  line  of  symme- 
try.    A  similar  reasoning  may  be  applied  to  all  bodies  of 
symmetrical  dimensions. 

The  centre  of  gravity  of  a  surface  which  has  two  axes  centre  of  g? 
of  symmetry,  is  at  the  intersection  of  these  axes.  Thelmocicao 
transverse  and  conjugate  axes  of  the  ellipse,  for  ex-  symmetry; 
ample,  being  axes  of  symmetry,  cut  each  other  at  the 
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centre  of  gravity  of  the  elliptical 
surface.  For  the  same  reason,  the 
centre  of  gravity  of  a  rectangle  is 
at  the  intersection  of  the  Tight 
lines  joining  the  middle  points  of 
its  opposite  sides. 

When   a  volume  has  a  right 
line  of  symmetry,  its  centre  of  gravity  is  on  this  line.     A 
i  right  cylinder,  with  an  elliptical  base,  has  two  planes  of 
symmetry,  determined  by  the 
longer  and  shorter  axes  of 
the  ellipse,  its  centre  of  grav- 
ity is,  therefore,  on  the  line 
(t  G;  joining  the  centres  of 
gravity  of  the  bases,  and  at 
its  middle  point  0. 

Other  bodies  are  divided  symmetrically,  in  an  infinity 
of  ways.  Such,  for  example,  is  the  sphere  of  which  all 
the  planes  of  symmetry  pass  through  the  centre,  of  figure; 
it  is  for  this  reason  that  this  point  is  also  its  centre  of 
gravity. 

y  %  133. — If  the  regular  homogeneous  body  contain 
within  its  boundary  another  homogeneous  body  of  dif- 
ferent density,  the  centre  of  gravity  of  the  whole  mass  is 
found,  by  first  regarding  it  as  of'  uniform  density,  and  the 
same  as  that  of  the  larger  body ;  the  centre  of  gravity  0, 
obtained  on  this  hypothesis,  gives 
rise  to  a  first  approximation.  We 
then  conceive  the  weight  w,  of  the  Kg.  e6' 

body  supposed  homogeneous,  to  be 
concentrated  at  the  centre  of  grav- 
ity 0,  and  subtracting  this  weight 
w  from  the  total  weight  W,  we  ob- 
tain a  difference  W —  w,  neglected 
in  finding  the  point  0.  Let  0'  be 
the  centre  of  gravity  of  the  volume  corresponding  to  this 
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difference ;  join  0  with  0'  by  a  right  line,  and  divide  this 
line  at  the  point  K,  so  that 

w  x    OK  ^  (17-  w)  KO'; 

the  point  K  will  be  the  common  centre  of  gravity. 

§  134.— Whenever  a  body  may  be  divided  into  parallel  m™  the  iny» 
layers,  and  the  centres  of  gravity  of  these  are  situated  on  t^*^,^™ 
a  right  line,  the  centre  of  gravity  of  the  whole  body  is  also  gravity  oq  a.  A\ 
upon  this  line.     For  compounding  the  weights  of  any  two  m  ' 
of  these  layers,  supposed  concentrated  at  their  respective 
centres  of  gravity,  and  the  resultant  of  these  with  the 
weight  of  a  third,  &e.,  it  is  easy  to  see,  from  the  principle  of 
parallel  forces,  that  the  point  into  which  the  whole  weight 
must  be  concentrated  will  be  on  the  line  in  question. 

g  135- — If,  for   example,  the  parallelogram  A  B  G  D,  centre  of  gr&vi 
supposed  to  possess  a  ™liiei«™m- 

small  thickness,  be  di- 
vided by  planes  par-  Kg.  87. 
allel  to  CD,  into  an 
indefinite-  number  of 


centre  of  gravity   of 

each  one  will  be  at 

its  middle  point,  and 

therefore  on  the  line 

FJS,  joining  the  middle  [joints  of  the  opposite  sides  CD 

and  AB;  the  centre  of  gravity  of  the  jiarallelograni  will, 

§  134,  also  be  on  this  line.     In  like  manner,  it  may  be 

shown  to  be  on  the  line  IN,  joining  the  middle  points  of 

the  opposite  sides  G B  and  DA;  it  must,  therefore,  be  at 

their  intersection  0. 

A  similar  reasoning  will  show  that  the  centre  of  gravity 
of  a  parallel opipedon  and  cube,  will  be  at  the  common  of  b 
intersection  of  three  right  lines  joining  the  centres  of  ^ 
gravity  of  their  opposite  faces. 
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1 136. — The  triangle  A  B  0,  being  divided  into  very 
thin  layers,  parallel  to  the  aide  A  C,  it  follows,  from  what 
has  just  been  said,  that 
nvity  the  centre  of  gravity  of 
''       each  layer,  and,  there-  Fi&  68- 

fore,  of  the  whole  tri-  ^„. 

angle,  will  be  situated 
upon  the  right  line  BB, 
drawn  from  the  vertes 
B  to  the  middle  of  the 
side  A  C.  For  the 
same  reason,  the  centre 
of  gravity  of  the  trian- 
gle will  also  be  on  the 
line  A  F,  drawn  from 

the  angle  A  to  the  middle  of  the  opposite  side  OB;  and 
hence  it  must  be  at  the  intersection  (?. 

Join  F  D.  Since  the  aides  A  0  and  B  C,  are  divided 
proportionally  at  the  points  B  and  F,  the  line  D  F  is 
parallel  to  A  B;  hence  the  triangles  A  G  B  and  B  G  F 
are  similar,  and  give  the  proportion 

AG    :     GF    ::     AB    :     FB; 

but,  because  the  points  F  and  B  are  at  the  middle  of  the 
lines  B  G  and  A  G,  it  follows  that  F  B  is  half  of  A  B, 
and,  therefore,  from  the  above  proportion,  F  0  is  half 
A  0;  or  F  G  is  one  third  of  the  whole  line  A  F.    Hence, 

tod;    the  centre  of  gravity  of  a  triangle,  is  on  a  line  drawn  from 
one  of  the  ara/hv  lo  ih.r.  -mid-ilk  point  of  the  oppo.n/.e  ai/h,  and 
at  a  distance  from  this  side  equal  to  one  third  of  the  line, 
ntro  This  point  is  also  the  common  centre  of  gravity  of 

ij-iia  *'irec  cqi[;>'  bails,  whose  centres  of  gravity  arc  situated  at 
the  angles  of  the  triangle,  for  the  centre  of  gravity  of  the 
balls  A  and  0  is  at  the  middle  point  .0,  and  this  point 
being  joined  with  B,  the  centre  of  gravity  of  the  three 
balls  will  divide  the  line  B  B  at  the  point  <?,  so  that  B  G 
shall  be  double  G  D. 
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FIk.  fitt. 


§  137. — To  find  the  centre  of  gravity  of  any  polygon,  i 
as  A  B  ODEF,  draw  from  any  one  of  the  angles,  as  A, ' 
the  diagonals  AC,  AD,  AH, 
&c,  and  thus  divide  the  polygon 
into  triangles.  Rnd  the  centres 
of  gravity  g,  g\  g",  g"\  &o.  of 
each  of  these  triangles  hy  the 
rule  above ;  join  the  points  g  and 
g'  by  the  right  line  gg',  and  de- 
note the  areas  of  the  triangles 
ABO  and  A  CD  by  a  and  a', 
respectively  ;  then  will  the  centre 

of  gravity  of  the  area  A  B  CD  A,  be  found  by  the  pro- 
portion 

a  +  a'    :     a    :  :    g  g'    :    g'  G. 

In  like  manner,  joining  (?  and  g"  by  a  right  line,  and 
denoting  the  area  of  the  triangle  A  D  E  by  a",  will  the 
centre  of  gravity  of  the  area  A  B  0  D  M  A  be  found  from 
the  proportion, 

a  +  a'  +  a"    :     a"    ::     Gg"    :     G  <?' ; 

and  so  on  to  the  last  triangle ;  the  quantities  g'  G,  G  <?', 
&C,  being  the  only  unknown  quantities  become  known 
from  the' proportions. 


j  138.— A  series  of  planes 
to  the  base  DBG, 
of  the  triangular  pyramid 
A  BCD,  will  give  rise  to  a 
series  of  strata  or  layers  per- 
fectly similar  to  the  base,  and 
all  their  centres  of  gravity 
will  be  situated  upon  a  right 
line  joining  the  centre  of 
gravity  of  the  base  and  the 
vertex,  because  they  are  all 
similarly  situated  to  the  base. 


Fig.  To. 
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Fig.  TO. 


As  either  of  the  solid  angles  may  be  taken  as  a  vertex 

and  the  opposite  face  as  a  base,  and  as  the  dividing  planes 

may  be  passed  parallel  to  each 

of  the   bases,  it  follows  that 

the  centre   of  gravity  of  the 

pyramid   must  be  upon    the 

four  lines  drawn  from  the  solid 

angles  to  the  centre  of  gravity 

of  the  opposite  faces,  and  must, 

therefore,  "be  at  their  common 

point  of  intersection. 

Let  Gf  and  G"  be  the  cen- 
tres of  gravity  of  the  triangu- 
lar faces  A  BD  and  B  CD; 
join  these  points  with  the 
opposite  vertices  by  the  right 
lines  A  0"  and  C  G',  their 
point  of  intersection  6?,  will 
of  the  pyramid.  Join  £?'  and  G" 
A  E  and  M  0  are  divided  proportionally  at  the  points 
&'  and  67",  the  line  &'  G"  is  parallel  to  A  0,  the  triangles 
G  G'  G"  and  G  A  Care  similar,  and  give  the  proportion, 


the  centre  of  gravity 
;  then  because  the  lines 


h-  (}  • 


GG" 


AG 


A  G; 


but  £?'  (?"  is  one  third  of  A  0,  and  hence  (f  0"  is  one 
third  of  A  G,  or  one  fourth  of  A  G".  The  centre  of 
where  situated,  gm/rd/i  of  a  triangular  pyramid  is,  ihcr'/bre,  on  a  line,  join- 
ing one  of  the  angles  vjiQi  the  centre  if  gravity  of  the  opposite 
face,  and  at  a  d.istam-.e  from-  iliis  face,  cqv.'il,  to  one  fourth  of 
tlie  line. 
The  common  The  same  result  may  be  obtained  for  the  common 

onbnreqnBi       centre  01"  gravity  of  four  equal  balls,  whose  centres  of 
boJiB.  gravity  are  situated  at  the  four  vertices  of  the  pyramid. 

1 139.— -The  foregoing  reasoning;  is  equally  applicable 
to  a  pyramid,  of  which  the  base  is  any  polygon.     For  the 
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centre  of  gravity  is  on  a  line  drawn  from  the  vertex  S  to  c=mre  of  gravity 
the  centre  of  gravity  of  the  base,  because  it  contains  the  ofmy^!ejmii 

centres  of  gravity  of  all  sections  parallel  to  the  base  ;  and 

if  we  conceive  the  pyramid  divided 

into   triangular  pyramids  by  planes  pj_  jj1- 

through  this  line,  and  throngh  the 

angles  A,  B,  C,  B,  &c.  of  the  base,  the 

centres  of  gravity  of  these  elementary 

pyramids,  and  therefore  of  the  whole 

pyramid,  will  be  situated  in  a.  plane 

parallel  to  the  base,  and  at  one  fourth 

the  distance  from  the   base  to  the 

vertex;  it  must,  there! oro.  be  at  the 

intersection  of  this  line  and  plane. 

Hence,   to  find  the  centra  of  gravity  of 

any  pyramid,  join  the  vertex  with  the  centre  of  gravity  of  the  whor. 

base,  and  lay  off'  a  d.i-ian/x  from  the  base  on  this  line  equal  to 

one  fourth  of  its  length. 

This  rule  is  also  applicable  to  a  cone,  which  may  be  c™ii 
regarded  as  a  pyramid  of  an  indefinite  number  of  sides.       °rac 


§  140.— Since  every  polyhedron  may  be  divided  into  Ofanj 
triangular  pyramids  whose  weights  may  be  supposed  to*"*1  ™ 
act  at  their  respective  centres  of  gravity,  and  since,  from 
the  principles  of  parallel  forces,  the  sum  of  the  products 
which  result  from  multiplying  the-  weight  of  each  partial 
pyramid  into  the  distance  of  its  centre  of  gravity 
from  any  plane,  is:  equal  to  the  product  of  the  entire 
weight  of  the  polyhedron  into  the  distance  of  its  centre 
of  gravity  from  the  same  plane,  the  distance  of  the 
centre  of  gravity  from  three  planes  may  be  found,  and 
thus  its  position  determined. 


1 141. — When  a  body  is  terminated  by  curved  surfaces,  era  body  of  an 
by  planesr  or  by  curve  lin.es,  it  may  be  divided  into  small  01™' 
elementary  parte,  similar  to  the  figures  which  have  been, 
already  considered — as  right    lines,    triangles,    parallelo- 
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grams,  pyramids,  parallelo- 
pipedons,  polyhedrons,  &c. ; 
the  sum  of  the  products 
which  result  from  multi- 
p'ymg  the  weight  of  each 
into  tin;  distance  of  its  ccn- 
tvc  of  gravity  from  some  as- 
sumed plane,  or  right  line, 
must  be  found,  and  this 
sum  divided  by  the  entire 
i  weight  of  the  body ;  the  result  will  be  the  distance  of  the 
centre  of  gravity  from  tin;  plane  or  line.  Let  it  be  required, 
for  example,  to  determine  tl:u;  centra  of  gravity  of  any  plane 
area  OabFdc;  draw  in  its  plane  any  right  line  J.  if,  and 
divide  the  given  area  into  a  series  of  very  thin  layers, 
perpendicular  to  this  rigl.it  line.  The  layer  aedb,  may  be 
regarded  as  a  small  rectangle,  and,  supposing  its  density 
uniform,  its  centre  of  gravity  is  at  its  middle  point  0; 
denoting  the  density  by  I),  and  the  force  of  gravity  by  g, 
one  of  the  partial  products  will  be 


D  x  g  X 


ac  +  db 


Xi0  =Dg  X  ■ 


;  +  db  % 


The  other  partial  products  being  found  in  the  same  way. 
and  their  sum  divided  by  the  product  of  Dg  into  the 
entire  area  CcdFbaO,  determined  by  the  method  of  §  46, 
will  give  the  distance  of  the  centre  of  gravity  of  this  area 
from  the  line  A  B.  Performing  the  same  operation  in 
reference  to  another  line  A  E,  the  centre  of  gravity  is 
completely  determined,  being  the  intersection  of  two  right 
lines,  parallel  respectively  to  A  B  and  A  E,  and  distant 
from  them,  equal  to  the  results  obtained  by  the  above 


It  is  to  be  remarked,  that  when  the  force  of  gravity  <j 

is  constant,  and  the  density  D  is  uniform  throughout  the 

;  body,  these  quantities  strike  out,  and  leave  the  distance 
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of  the  centre  of  gravity  from  tlie  line,  or  plane,  equal  to  uiopariiai 
the  sum  of  the  products  arising  from  multiplying  the  ele-  J^^r  ae 
mentary  vohtm-es    into    the    distances    of   their   respective  luJmiws. 
centres  from  the  line  or  plane,   divided    by  the   entire 

vokime. 


|  142.- — The  eon  si  deration  of  the  centre  of  gravity  in 
very  useful  in  computing  certain  volumes  and  surfaces, 
which  are  found  with  considerable  diliieully  by  the  ordi- 
nary process.     The  screw,  the  curbs  of  stair-ways,  t 
of  revolution    generated    by 
the  rotation  of  a  plane  curve 
C '  D  E  about   an   axis  A  it, 
situated  in  its  plane,  are  ex- 
amples.    Suppose,  in  the  case 
of  a  volume,  the  generating 
area  G  BE  to  be  divided  into 
small  rectangles,  of  which  the 
sides  are  parallel  and  perpen- 
dicular to  the  axis  A  B.   Each        s 
rectangle  will  generate  around 
the  axis  an  elementary  ring, 

and  the  sum  of  all  these  rings  will  give  the  volume  of  the 
solid  of  revolution.  Let  r  denote  the  distance  of  the  centre 
of-  gravity  of  one  of  these  small  rectangles  from  the  axis  ; 
we  know  that  the  volume  of  the  ring,  of  which  the  profile 
is  the  rectangle,  is  measured  by  the  product  of  the  area  a 
of  the  rectangle,  multiplied  by  the  mean  circumference  of 
the  ring,  2  *  r ;  for  the  annular'  base  of  such  a  ring  being 
developed,  will  form  a  trapezoid,  the  half  sum  of  whoso 
parallel  sides  is  equal  to  2  #  r,  and  hence  we  shall  have  for 
the  value  of  the  ring  the  expression  2#ra  The  volumes 
generated  by  the  other  rectangles,  whose  areas  are  a',  a",  a'", 
&c.,  will  be  2  t  r'  a,'  2  «  r"  a",  2  *  r'"  a'",  &c.  And  de- 
noting by  Fthe  total  volume  generated,  we  shall  have 


:  2«(ar 
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but  the  quantity  within  the  "brackets,  is  the  sum  of  the 

products  which  result  from  multiplying  the  elementary 

volumes    of    the     generating 

area  G ED,  by  the  distances 

of  their  respective  centres  of 

gravity   from    the    line  AS, 

which  we  know  to  be  equal 

to  the  product  of  the  whole 

area  (JED,  into  the  distance 

of  its  centre  of  gravity  from 

the  same  axis.     Denoting  the 

area  OED  by  A,  the  distance 

of  its  centre  of  gravity  from 

A  B  by  B,  we,  therefore,  have 


:   2*BA 


If,  instead  of  an  area,  we  had  considered  a  plane  c 
0  E,  the  quantities  a,  a',  a",  &c, 
would  represent  the  lengths  of  ele- 
mentary portions  of  this  curve,  A  F!S-  *4 
would  represent  its  entire  length,        A  t- 
B  would   be   the   distance  of  its 
centre  of  gravity  (?,  from  the  line 
A  5,  and  V  would  be  the  value  of 
the  surface  generated  by  the  entire 
curve   about  A  B.     Whence  we 
derive  this  rule,  viz. :  The  volume 
generated  by  the  motion  of  any  plane, 
or  surface  generated  by  the  motion  of 

any  line,  is  equal  to  &ie  generatrix,  muUiplusd  by  the  path 
described  by  its  centre  of  gravity  .;  the  direction  of  the  motion 
being  perpendicular  to  tin;  generatrix. 

This  rule  supposes  the  body  to  possess  a  con  si  ant  pro- 
file, of  which  the  plane  jg  perpendicular  to  the  path  of  the 
centre  of  gravity. 
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i  1st.  Let  it  be  required  to 
find  the  volume  generated  by  the  ro- 
tation of  the  right-angled  triangle 
ABO,  about  the  side  A  B,  The  cen- 
tre of  gravity  6?,  being  found  by  the 
rule  already  explained,  draw  G  B 
perpendicular  to  A  B.  Then,  in  the 
triangles  EG  B  and  EBC,  we  have 


Oil 

who  i  ice 


CD 


CM 


Gl<] 


Z«GD  =  $«OB, 

which  is  the  length  of  the  path  described  by  the  centre  of 
gravity.     The  area  of  the  triangle  is 

\AB  X    OB; 

whence  the  volume  V  becomes 

V=  l*OB*  X  AB, 

which  is  the  usual  measure  of  the  volume  of  a  cone. 


Let  it  be  required  to 
find  the  surfa.ee  generated  by  the  rota- 
tion of  the  line  CD,  about  A  B.  The 
centre  of  gravity  of  OB  is  at  its  middle 
point  (?;  and  GB',  OA,  and  BB  being 
r  to  AB,  we  have 


GD'  ^  \{A0  +  BB); 
and  for  the  path  described  by  (?, 
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2*AC  +  2vBZ> 


CD; 


Fig.  11. 


which  is  the  usual  measure  for  the  convex  surface  of  a 
conk;  frustum. 

Kin-/ >i.ple  3d.  Let  it  Ik;  required 
to  find  the  volume  of  the  curb  of 
a- stairway,  or  a  helical  form. 

First,  compute  the  area  of  a 
section  abed,  perpendicular  to  a 
mean  helix  gg,  or  that  described 
by  the  centre  of  gravity;  then 
multiply  this  section  by  the  length 
of  the  mean  helix. 

The  excavation  taken  from  a 
ditch,  of  which  the  profile  is  con- 
stant, may  be  estimated  in  the 
si"i mo  way. 

In  examples  1st  and  2d,  the 
centre  of  gravity  is  supposed  to 
have  described  an  entire  circumfe- 
rence; but  had  it  moved  through  only  an  eighth,  tenth,  or 
any  other  fractional  portion  of  a  circumference,  the  volume 
generated  would  still,  as  in  example  3d,  have  been  given 
by  the  area  of  the  generatrix  into  the  extent  of  the  path 
described. 


MOTION    OP   TRANSLATION    OF   A   BODY    OS 
SYSTEM    OF    BODIES. 

|  143. — A  body,  or  system  of  bodies,  is.  said  to  have  a 
simple  motion  of  translation,  when  all  its.  elements  describe, 
simultaneously,  equal  and  parallel  paths. 
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Denote  by  v  the  velocity  which  any  motive  force  com- 
municates to  all  parts  of  the  system  during  any  small 
interval  of  time  t.  The  force  of  inertia  f,  of  an  element 
whose  weight  is  pt  will  be  given  by  the  equation 


/ 


and  the  force  of  inertia  /',  of  an  element  whose  weight 

is  p',   by 


/' 


and  so  of  all  the  others,  provided  the  degree  of  velocity 
impressed  upon  all  the  elements  is  the  same  during  the 
time  t.  Moreover,  as  each  force  of  inertia  is  exerted  in 
the  direction  of  the  path  along  which  the  elements  respec- 
tively move,  and  as  these  are  supposed  parallel,  the  forces 
of  inertia  are  parallel,  and  give  a  resultant  equal  in  inten- 
sity to  their  algebraic  sum.  Denoting  the  intensity  of  this 
resultant  by  Ft  we  have 

j,=/+/. +/»+ fa. = ±  (*+*'+*;+j''"+te-), 

and  replacing  the  sum  of  the  partial  weights  by  the  entire 

P 

weight  P,  and ■  by  the  entire  man-,  'If  of  the  system,  we 

shall  finally  have 

F  =  M  -  -j (39).      °; 

It  remains  to  find  the  invariable  point  of  application  of 
F.  This  point  is  called  the  centre  of  inertia.  The  inten-  & 
sities  of  the  forces  f,  /',  /",  &c,  are  proportional  to  the 
weights  p,  f\  p",  &c.,  to  which  they  are  respectively 
applied,  and  thus  the  point  of  application  of  F,  will  coin- 
cide with  that  of  the  resultant  of  the  forces  p,  p',  p",  &c. ; 
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that  is  to  say,  with  that  of  the  entire:  weight  P,  which  is 
the  centre  of  gravity  of  the  system.  Hence,  the  total 
force  of  inertia  of  a  body,  or  system  of  bodies,  having  a  simple 
motion  of  translation-,  is  mea-sari-d  by  die  '/miss  of  the  system, 
multiplied  into  die  ratio  w/i.ich  the.  small  degree  of  velocity 
I  bears  to  the  time  during  which  the  velocity  is 
And  the  toted  force  ef  inertia  has  its  point  of  appli- 
cation at  the  centre  of  gravity. 

This   coincidence  of  the   centre   of  inertia  with  the 
centre   of  gravity,   results   from   the   assumption   that  the 
sot         force  of  craviiy  is  tin:  same  in  its  action  upon  ll.ie  different 
"the        Par*s  of  the  system.     Had  it  been  otherwise,  that  is  to  say, 
^gravity    li'jf[  the  force-  of  gravity  varied  in  intensity  from  one  ele- 
ment to  another,  the  centre  of  inertia,  being  always  at  the 
centre  of  mass,  would  he  different  from   the   centre  of 
gravity. 

The  intensity  of  the  force  of  gravity  being  regarded  as 
ui™       the  same  within  the  limits  of  a  body  on  the  earth's  s 
a  on  the    tMe  centre  of  inertia  and  of  gravity  may  be  i 

coinciding,  and  hence  these  terms  will  be   used  indis- 
criminately. 

§  144. — Let  V represent,  the  velocity  of  a  body  having 
a  motion  of  translation,  supposed  uniform  at  any  instant; 
■  of         the  quantity  of  motion  of  any  one  of  its  elements  whose 
1  a         weight  is  p,  is  measured  by 

9 
and  of  an  element  whose  weight  is  p', 


and  so  for  the  other  elements;  and  as  these  motions  are 
parallel,  their  sum  will  give  the  quantity  of  motion  of  the 
entire  body.     Designating  this  quantity  by  Q,  we  shall 
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:    MV   .     .    (40).     Umwhum, 

Thus  the  total  quantity  of  motion,  in  any  body  having  a 
motion  of  translation,  is  measured  by  the  mass  of  the 
body  into  its  velocity, 

§  145.— When  a  certain  degree  of  velocity  v,  is  ira-  Motion  or* 
pressed  upon  all  the  elements  of  a  body  during  a  very  a"^,,™ 
short  interval  of  time  t,  we  have  seen  that  the  total  force  motive  fore 
of  inertia  is  given  by,  Eq.  (39),  Beoentre< 

gravity  ; 

F  =  M  x  y; 

We  have  seen,  also,  that  this  force:  of  inertia,  is  exerted  in 
the  direction  of  the  body's  motion,  and  through  the  centre 
of  gravity,  if,  therefore,  wc  suppose  that  at  the  instant  in 
which  the  body  has  acquired  the  velocity  v,  a  force  equal 
to  F  is  applied  in  a  direction  contrary  to  the  motion,  and 
at  the  centre  of  gravity,  it  will 
destroy  the  motion.  This  being 
supposed,    if  we  apply    at   the  lg'      ' 

centre  of  gravity  of  the  body,  a 
motive  force  X,  it  will  eommu-  • 

nioate  to  it  a  simple  motion  of  ■■  ■  .".  '"    ;: 

translation.     For  this    force   X  Vj.      ■■"/ 

will  be  equal,  and  directly  op- 
posed to  the  force  of  inertia  F, 

which  it  develops.  This  latter  force  F  will  be  resolved 
into  as  many  partial  forces  of  inertia  f,  /',  /",  &c.;  as 
there  are  elementary  portions  of  the  body,  and  the  inten- 
sities of  these  partial  forces  will  be  proportional  to  the 
respective  weights  of  these  elements.  Denoting  the  masses 
of  the  elements  by  m,  m\  m",  &e.,  we  shall  have, 
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The  degree  of  velocity  whiol  each  of  these  forces  im- 
presses upon  the  part  on  which  it  acts,  will,  §  82,  be 
measured  by 

m  m  m 

or,  replacing/  /',  /",  &c,,  by  their  values  as  given  above, 
simply  by  the  expression 

F.  t 

M     ' 

and  as  this  measure  is  the  aame  as  that  before  deduced, 
Bq.  (39),  for  the  degree  of  velocity  impressed  on  the  centre 
of  gravity  by  the  force  F,  or  its  equal  X,  we  see  that, 

ll0  to  impress  a  simple  ■motion  of  hnudaiion  upon  any  body,  it  is 
necessary  filial  On:  line  of  direction  of  lite  motive  force,  or  the 
res oillo.nl  of  the  motive  forces,  ujiten  then  are  several-,  ■must-  pass 
through  the  cent?*.:  of  gravity  :  i.uid,  reciprocally,  if  the  line  of 
direction  of  the  force,  or  that  of  ths  remllu.nl,  in  the  case  of 
several  forces,  pass  through  the  venire  >f  gravity,  the  body  will 
have  a  simple  motion  of  translation. 

§  146. — If  the  force  X,  were 
applied  along  the  light  line  A  B,  Eg- 19. 

uiiie  not  passing  through  the  centre  /SsSSi 

htiw  °^  sraT^y  @>  **  's  easy  to  8CC  /"':     1 1 

aviiy;  that  the  motion  cannot  be  one  I  3 

of  simple  translation.     For,  if  "       _~"^l|ltip' 

this  1  alter  motion  obtained,  the 
partial  forces  of  inertia  would 
have  a  resultant  of  which  the 

line  of  direction  would,  from  what  we  have  seen,  pass 
through  the  centre  of  gravity  G;  and  if  this  resultant 
were  replaced  by  an  equal  force  F,  applied  along  the  same 
line  and  directly  opposed  to  the  motion,  the  latter  would 
be  destroyed,  and  an  equilibrium  would  result.  But  it  is 
impossible  that  two  forces  X  and  F,  applied  to  the  ex- 
tremities of  a  physical  line  or  bar  A  67,  can  produce  an 
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equilibrium,  unless  they  act  in  the  direction  of  the  bar.  wiui 
Hence,  when  a  body  receives  the  action  of  a  force,  of  which  o™! 
the  direction  docs  not  pasa  through  the  centre  of  gravity,  eamc- 
its  motion  will  not  be  that  of  simple  translation,  hut  will 
be  compounded  of  a  motion  of  translation  and  of  rotation ; 
that  is  to  say,  some  one  of  its  elements  will  move,  for  the 
instant,  in  a  right  line,  while  the  others  will  rotate  about 
it  as  a  centre. 

To  find  this  element  C,  conceive  a  plane  to  be  drawn 
through  it,  parallel  to  the  direction  of  its  motion,  and  per- 
pendicular to  the  planes  in  which,  the  other  elements,  for 
the    instant,    rotate, 
and  let  AB  be  its 
trace  upon  that  one 
of  these  planes  which 
contains  the  point  0, 
and     its     rectilineal 
path.     Let  ith  be  the 
projection    of    some 
one  element  m!  upon 
this  latter  plane,  and 

take  0  Cl  to  represent  the  velocity  v  of  translation,  and 
in-jWij  the  velocity  of  rotation  acquired  by  the  element  m',  in 
the  small  time  t.  Make  m^m^  equal  and  parallel  to  C(\\ 
then  would  m1  m2  represent  the  velocity  acquired  by  m', 
had  the  body  moved  with  a  simple  motion  of  translation ; 
but  by  virtue  of  the  motion  of  rotation,  the  actual  velocity 
acquired  by  m',  in  the  direction  of  C's  motion,  is  ■ml  m%. 
diminished  or  increased  by  the  projection  of  ?%  m3  upon 
the  line  0  C\  according  to  the  direction  of  the  rotation. 

Project  the  points  mh  m2,  and  m3,  upon  A  B,  by  the 
perpendiculars  m^  \,  m2  fea  ms  ka;  then  will  the  actual 
velocity  v',  acquired  by  m',  lie  m,  %  -  %  o,  or 

but 
m$o  =s  mgTfta   X   cos  m^rn^o  =  Tn^rn^  X    cos  C\m.^k.i; 
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denoting  C rr\  =  Cx  rm%  =  (\ m%  by  r,  'm^\  =  mi\\iy  yn 
and  the  velocity  of  rotation  acquired  by  a  point  at  the 
unit's  distance  from  C  by  Vh  then  will 


cos  C[  ma  7cs  —  ■ 
■  which  substituted  above,  give 


F,y, 


(U). 


Moreover,  m^b  is  the 
velocity  of  the  ele- 
ment m'  perpendicu- 
lar to  the  direction 
of  C's  motion ;  and 
calling  this  velocity 
v",  and  the  distance 
Ct^s,  xlt  we  shall 
have 

v"  =   Vjx, (42). 

Denoting,  as  before,  the  weight  of  the  element  m'  by  p', 
and  its  force  of  inertia  in  the  direction  COi  by/',  we 
have 


/'  =  ■ 


£, 


and  similar  expressions  for  the  inertia  of  the  other  ele- 
ments. Taking  the  sum  of  these,  and  representing  the 
inertia  of  the  entire  mass  by  F,  we  have,  from  the  princi- 
ple of  parallel  forces, 

F=  i*.(£  +  £  +  £%&„.) 
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or,  denoting  the  entire  mass  of  the  body  by  M,  and  the 
masses  of  the  several  elements  by  m',  m",  m'",  &c,  this 
reduces  to 


■  (»'y,  +  * 


n'"ylu  +&c.). 


Now  the  first  term  of  the  second  member,  which  alone 
involves  the  motion  of  the  point  0,  is  wholly  independent 
of  the  figure  of  the  body  and  of  the  distribution  of  its 


It  will,  therefore,  remain  the  same  whatev< 
take  place  in  its  figure  and  size,  provided  its  quantity  of 
matter  remain  the  same.  The  place  of  0,  as  determined 
from  any  supposition  consistent  with  this  last  condition, 
will,  therefore,  be  its  position  generally. 

This  being  understood,  conceive  the  whole  body  to 
contract  gradually  in  all  directions  till  it  is  concentrated 
in  a  single  point ;  this  point  must,  from  necessity,  be  the 
centre  of  gravity  which  alone  remains:  undisturbed  during 
contraction,  as  it  will  during  an1  expansion,  being  the 
centre  of  mass.  The  point  0,  and  the  centre  of  gravity, 
not  being  disturbed  by  this  change  of  volume,  must 
coincide,  and  hence  must  always  remain  one  and  the 
same  point. 

But  when  the  plane  in  reference  to  which  the  products 
m'  y„  m"  y,t,  &c.,  are  taken,  passes  through  the  centre  of 
gravity,  we  have 

m'  y,  +  in"y„  +  m'"ym  +  &e-  =  0; 
and  the  above  equation  reduces  to 

F=  M-  y;  i 

ol 

which  is  identical  with  Eq.  (39).  of 
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We  conclude,  therefore,  1st,  thai,  when  a  body  is  acted 
upon  hy  one  or  more  forces,  its  centre  of  gravity  will  move 
as  though  t/ie  forces  were  applied  directly  to  it,  provided  their 
directions  remain  unchanged;  2d,  tliat  when  the  line  of  di- 
rection of  the  force,  or  that  of  the.  resultant  of  several  forces, 
does  not  pass  thro«,j/h  tli".  o-utre  of  gravity,  the  hod//  will,  in 
addition,  ratal'!  about  this  centra. 

The  law  which  regulates  the  motion  of  the  centre  of 
gravity  results  from  the  above  equation,  for  if  X  represent 
the  resultant  of  all  the  forces,  and  F  the  total  force  of 
inertia,  we  have  from  the  equality  of  action  aud  reaction, 
JT=F,  which  value  of  F,  substituted  above  gives,  after 
reduction. 


X.  t 
M 


C-kJ)'; 


in  which  v  is  the  velocity  impressed  in  the  very  short 
interval  t,  from  which  we  may  pass  to  the  velocity  ac- 
quired at  the  expiration  of  any  time,  and  thence  to  the 
space  described. 


§  147.— What  has  been  before  explained,  applies  also 
to  the  total  liviiuj  jbrce  possessed  by  a  body  having  a  sim- 
ple motion  of  translation.  For  v  being  the  common 
velocity  of  any  one  element,  —  X  i?,  will  be  the  living 
force  of  that  whose  weight  is  p ;  ^—  X  v2  the  living  force 

of  that  whose  weight  is  p\  &c. ;   so  that  the  sum  of  all 
these  living  forces,  or  (he  total  living  force,  denoted  by  L, 

•11     t.  9  P    +  P'    +   P"    +    &C.  . 

will  be  if  X ±— — ■;    and  representing  the 

entire  mass  of  the  system  by  If,  as  before, 

1  L  =  Mv\ 

If  the  body  have  a  motion  of  rotation  as  well  as  of 
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translation,  then  will  the  living  force  of  m\  in  the  direc-  irihsbodyiu 
tion  of  the  motion  of  translation  be,  Eq.  (41),  rotation- 

riv*  =  m'(v-  TlV:'  =  ^v>-2v.V,m'y:+  7,Vy,'j 

and  in  the  direction  po'rnoi'i.L.lieuI,'!!'  to  ilk;  motion  of  trans- 
lation, Eq.  (42), 

and  similar  expressions  for  the  elements  whose  masses  are 
m",  m"',  &c.  Taking  the  sura  of  these,  denoting  the 
living  force,  as  before,  by  L,  and  reducing  by  the  equa- 
tions 

m'  yt  +  in"  yu  +  &c.  =  0, 

y,a  +  x*  =  rf, 

y*  +   *„•   =   r,*, 

&o.      &c.    =  &c, 

m'  +  m"  +  m'"  +  &c.  =  M; 
we  find 

L  =  Mrf  4-  V?(m'r*  4-  m"  rtf  4-  &c); 
or,  making 

m! r?  4-  m" rj  +  te.  =  3.n r* 

the  lMng  foi 
equal  to  thol 

L    =    Jf*"  +    K1,lMIJ    ,      .       .       (43).        totmrfrttoi 
increased  by 

§  148. — The  considerations  which  have  now  been 
developed,  show  that  in  the  motion  of  translation  of  a 
body  or  system  of  bodies,  the  confutations  may  be  great- 
ly simplified,  since  we  are  permitted  to  disregard  the 
shapo   of   bodies,   to   suppose   them   concentrated  about 
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their  centres  of  gravity,  and  to  i 
as  upon  the  total  masses. 


i  upon  these  points 


heorcm        §  149. — We  have  seen  that  in  all  questions  affecting 

ieThta-  tue  circumstances  of  simple  motion  of  translation,  we  may 
regard  the  ma??  as  concentrate  (I  about  it?  centre  of  grav- 
ity. But  wh.cn  the  different  parts  of  a  body  receive 
motions  which  differ  from  each  other,  this  concentration 
is  generally  inadmissible,  since  the-  partial  forces  of  inertia 
not  being  parallel,  their  resultant  will  no  longer  be  equal 
to  their  sum.  If,  however,  we  desire,  in  any  case  of  the 
coexistence  of  various  motions,  to  estimate  the  work  per- 
formed by  the  weights  of  the  parts  of  a  body,  during  a 
given  time,  the  action  exerted  by  these  latter  forces  being 
parallel,  and  their  resultant  or  the  total  weight  always  pass- 
ing through  the  centre  of  gravity,  we  may  still  reason  upon 
the  motion  of  this  point  as  though  the  mass  were  concen- 
trated at  it,  and  disregard  the  motion  of  rotation  of  the 
other  parts  of  the  body  about  it.  In  this  case,  the  quantity 
of  work  expended  in  every 
instance,  will  be  obtained 
by  taking  the    product   of 

jio        the  weight   into  the  path 

Home    described  by  the  centre  of 

nre  of  gravity,  estimated  in  a  ver- 
tical direction.  If,foresam- 
plc,  the  centre  of  gravity  of 
any  body,  as  a  bomb-shell, 
pass  from  the  position  G  to 

G ',  describing  the  curve  G  G ',  we  obtain  the  work  done 
by  the  weight  during  the  interval  of  time  occupied  in 
passing  'from  one  of  these  positions  to  the  other,  by  mul- 
tiplying the  weight  of  the  shell  into  G' B,  the  projection 
of  the  path  G  G '  on  the  vertical  through  G '. 

This  theorem,  in  regard  to  the  work  performed  by  the 
weight,  is  by  no  means  restricted  to  the  motion  of  a  single 
body,  but  extends  to  a  collection  of  pieces,  such  as  wheels, 
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bars,  levers,  &c,  connected  with  each  other  after  the  mail-  Appiieet 
ner  of  ordinary  machinery.  If  the  quantity  of  work  m°j^er 
performed  by  each  piece  be  computed,  and  the  a'gebraic 
sum  be  taken,  it  will  be  found  to  be  equal  to  the  quantity 
of  work  performed  by  the  weight  of  the  whole  system, 
acting  at  its  centre  of  gravity,  computed  by  the  same  rule. 
In  general,  let  p,  p',  p",  &c.,  be  the  weights  of  the 
several  pieces  connected  together ;  h,  h\  h",  &c.,  the  verti- 
cal distances  passed  over  by  their  respective  centres  of 
gravity,  in  passing  from  one  position  to  another,  by  virtue 
of  their  connection ;  _P,  the  sum  of  all  the  weights  or  the 
weight  of  the  entire  system;  and  z,  the  vertical  space 
described  by  the  common  centre  of  gravity  :   then  will 

Ps  =  ph+p' V  +  p" h"  +  &c.  .    ,    .    (44).  ™~ 

To  demonstrate  this,   let  m,  m',  to",.  &c.,  be   several 
bodies  so  connected  as  to  be  acted  upon  by  each  other's 
Let  P  de- 


0 


Q 


note  the  weight  of 
the  entire  system ; 
p,  p',  p",  &c,  the 
weights  of  the  sever- 
al bodies  m,  m',  m", 
&c. ;   Z,  the  distance 

of  the  common  cen-         A L 

tre  of  gravity  from  a 

horizontal  plane  A  B; 

and  H,  H',  H",  &c.,  the  distances  of  the  centres  of  gravity 

of  the  bodies  m,  m',  m",  &c.,.frorn  the  same  plane..    Then, 

from  the  principle  of  the  centre  of  gravity,  will 

PZ  =  pH  +  p'JI'  +p"H"+  &c;  * 

and  for  a  second  position  of  the  system, 

PZ,  =  pH,  +  p'S;  +  p"H,"  +  &c; 
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and  subtracting  the  first  from  the  second, 

P(Z-%)=p(II-H)+p'(H';~E')+p"(ffl"-K")+SiG. 

And  supposing  the  horizontal  plane  of  reference  to  be 
below  both  positions  of  the  entire  system,  Zt  —  Z  is  the 
vertici.il  distance  a,  through  which  lae  common  centre  of 
gravity  has  ascended  or  descended,  according  as  %,  is 
greater  or  less  than  Z.;  H~H,  3/  -  3',  3/'  -  3"  &c., 
are  the  corresponding  distances  h,  h',  h",  through  which 
the  centres  of  gravity  of  the-  bodies  m,  m',  to",  &c,  have 
ascended  or  descended.  Moreover,  the  products  P  (Z—Z\ 
P  (3l  —  3)i  p'  (3/  —  3'),  &c.,  are  the  quantities  of  work 
due  to  the  entire  weight  and  to  the  partial  weights. 
Whence  this  rule,  viz.:  The  total  quantity  of  work  due  to  the 
action  of  the  entire  vinuh!.  of  any  system,  is  equal  to  the  sum 
of  the  quantities  of  work  of  tf.e  wenfhls  wh-i'Ji  ascend,  dimin- 
ished by  the  sum  of  the  quant/Ua;  of  ivork  of  the  vm'jlds  which 


EQTTILIBRITTM    OP   A   SYSTEM    OF    HEAVY    BODIES. 

of  §  150. — If  the  system  of  heavy  bodies  be  so  connected, 

''      and  in  such  condition  that  the  common  cent.i-e  of  gravity 

continue  on  the  same  horizontal  line,  while  the  bodies  are 

made  to  take  diilevent  positions,  then  will  Z,  —  Z=  3  =  0, 

and  Eq.  (44)  becomes, 

ph  +  p'k'  +  p"  h"  +  ha.  =  0    .    .    (45) ; 

.iiica  hence,  the  partial  quantities  of  work  of  th.c  several  bodies 
'"Y    destroy  each  other,  and,  therefore,  there  must  be  an  equi- 
librium  in  the  system,   and   the  least  extraneous   effort 
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will  impart  motion.     Such  is  the  condition  of  equilib- 
rium, of  a   system  of  bodies  acted  upon   only  by  their 
own  weights.     This  equilibrium  present?  itself  under  dif- 
ferent states  according  to  the  positions  of  the  system.     If  the  slightest 
the  position  be  such  that  in  a  slight  derangement  the  ^motion™' 
common  centre  of  gravity  descend,  it  will  tend  to  descend 
more  and  more,  and  a  certain  quantity  of  work  will  be 
requisite  to  restore  it  to  its  primitive  position.     Such  an 
equilibrium    is    said    to    be  umlabh.    because   the    system  unsiabio 
tends  of  itself,  on. slight  derangement,  to  depart  from  it.  e«umbr1"11' > 
On  the  contrary,  if  on  slightly  displacing  the  system,  the 
common  centre  of  gravity   ascend,   this   displacement  will 
require  the    expenditure  of  a  certain    quantity   of  work 
which  the  weight  of  the  system  tends  to  restore;   the 
equilibrium  is  then  said  to  be  stable,  because  the  system  is  s»»bie 
urged  by  its  own  weight  to  return  to  its  primitive  state  eq'L1 
when   abandoned  or  left  to  itself.     Finally,  if  during   a 
slight  derangement,  the  centre  of  gravity  neither  ascend 
nor  descend,  the  quantity  of  work  expended  by  the  sys- 
tem is  always  nothing,  the  system  will  have  no  tendency 
of  itself  to  return  to,  or  depart  from  its  first  position,  and  equilibrium  o 
the  equilibrium  ia  said  to  he  i 


%  151.— Take  a  rod  sus- 
pended at  one  end  so  as  to 
turn  freely  about  a  hori- 
zontal axis  A,  and  support- 
ing at  the  other  a  body 
which  is  symmetrical  in 
reference  to  a  line  drawn 
from  the  axis  A  to  the  com- 
mon centre  of  gravity  (?. 
It  is  obvious  thi.it  there  will 
be  an  equilibrium  when  the 
rod  is  vertical.  It  is  more- 
over stable;  for  in  deflect- 
ing the  system,  the  centre  of  gravity  will  ascend  while 
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Fig.  84, 


the  arc  67  6?',  about  J.  as  a  centre,  and  a 
amount  of  work  will  be  expended  which  the 
weight  will  restore  as  soon  as  the  deflecting  cause  is  re- 
moved. Indeed,  the  system  will,  when  abandoned,  per- 
form a  series  of  oscillations,  whose  amplitude  about  the 
vertical  J.  G,  will  diminish  (iui-sl.iiraally  till  it  comes  to  rest. 

Wow  suppose  tlu;  system  inverted;  if  the  rod  be  per- 
fectly vertical,  the  line  of  direc- 
tion of  the  weight  will  pass 
through  the  point  of  support  A, 
and  there  is  no  reason  why  the 
system  should  move  one  way 
rather  than  another.  It  will  there- 
fore be  in  equilibrio,  but  the  equi- 
librium will  be  unstable;  for, 
however  slight  the  derangement, 
the  centre  of  gravity  G  will  de- 
scend along  the  circular  path 
(?(?',  described  about  A  as  a  cen- 
tre, and  a  certain  amount  of  work 
will  be  requisite  to  bring  it  back  t 

When  a  cone  ABO,  resting 
inclined  to  the  position  A'  B '  0,  its  centre  of  gravity  67 
will  ascend  and  describe  an  arc 
G  G ',  and  if,  in  this  inclined  po- 
sition, it  be  abandoned  by  the 
disturbing  force,  it  will  return. 
When  the  cone  is  placed  up- 
on, its  vertex,  with  its  centre  of 
gravity  directly  above  that  point, 
it  will  also  be  in  equilibrio  as  it 
was  when  resting  on  its  base,  hut 
the  slightest  motion  will  cause  the 
centre  of  gravity  to  descend.  The 
first  position  is  one  of  stable,  the 
second  of  unstable  equilibrium. 

An  elliptical  cylinder  placed  upon  a  horizontal  plane 


)  its  prim-live  position. 
upon  its  base  B  0,  is 


I"l'.   S5. 
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is  in   stable   or   unstable   equilibrium,   according   as  the 
susaller  or  longer  axis  of  its  elliptical  base, 
is  perpendicular  to  the  plane. 

A  spherical  ball  upon  a  horizontal 
plane,  is  an  example  of  equilibrium  of 
indifference.  The  centre  of  gravity  re- 
maining at  the  same  level  however  the 
ball  may  be  displaced,  provided  it  pre- 
serve its  contact  with  the  plane,  the  quan- 
tity of  work  necessary  to  displace  it  will 
always  be  inappreciable,  and  the  ball  will, 
in  consequence,  have  no  tendency  either 
to  recede  from  or  return  to  its  primitive 
position.  A  perfectly  circular  cylinder 
on  a  horizontal  plane  is  an  example  of 
the  same  kind. 

Some  varieties   of  draw-bridges  are  but  collections  of  b>-, 
pieces  in  a  state  of  equilibrium  of  imlili'erence.     And  to  °r<1 
insure  this  state-,  it  is  only  necessary  that  the  common 
centre  of  gravity  of  the  bridge  j>.-ad  appendages,  shall  pre- 
serve the  same  level  during  the  motion,   in  which    case, 
lite  system  will  be  in  equilibria  in  all  possible-  positions. 

Wagons  and  carriages  should,  in  strictness,  require  no 
work  to  move  them  on  a  horizontal  plane,  except  to  over- 
come their  inertia,  and  should,  therefore,  be  so  constructed 
as  to  preserve  their  centres  of  gravity  always  on  the  same 


Kg.  89. 
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itimim  ;if 


If,  during  the  motion  of  a 
wheel,  it  is  seen  sometimes  to 
quicken  and  sometimes  to  slack- 
en its  motion,  it  is  because  the 
centre  of  gravity  G  is  out  of 
the  axis  of  motion  A,  and,  there- 
fore, alternately  rises  and  falls 
during  the  rotation.  A  wheel 
whose  centre  of  gravity  is  out 
of  the  axis   of   motion    passes 
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in  the  course  of  a  single  revolution  through  the  conditions 
of  stable  and  unstable  equilibrium,  the  former  occurring 
when  the  centre  of  gravity  G  crosses  the  vertical  line  B  0, 
through  the  axis  A,  at  the  lowest  point  0,  and  the  latter 
when  it  crosses  the  same  line  at  the  highest  point  0',  of  its 
path. 

The  common  balance  consists  of  a  horizontal  arm 
A  B,  mounted  upon  a  knife-edge  D,  resting  upon  the  sur- 
face of  a  circular  opening  made  hi  the  end  of  a  vertical 
frame  C,  which  is  supported  by  a  hook  attached  to  a 
fixed  point  E.  The  ends  of  the  balance  carry  basins  of 
equal    weights,   one   of 


Fig-  S 


which  receives  a  sub- 
stance to  be  weighed, 
and  the  other  the  stand- 
ard weights  previously 
determined.  The  bal- 
ance may  be  stable, 
unstable,  or  indifferent, 
it™  of  us  according  as  it  tends 
it  gravity;  to  retarn  to  a  horizon- 
tal position  when  de- 
flected from  it,  to  over- 
turn, or  to  retain  any 
position,  in  which  it 
may  be  placed.  Refer- 
ring the  entire  system 

to  any  horizontal  plane  A'  B',  and  taking  the  sum  of  the 
products  which  result  from  multiplying  the  weight  of  each 
piece  by  the  distance  of  its  centre  of  gravity  from  this 
plane,  and  dividing  this  sum  by  the  weight  of  the  entire 
balance ;  the  quotient  will  give  the  distance  of  the  com- 
.tabie;  mon  centre  of  gravity  of  the  moveable  part  of  the  appa- 
ie ;  ratus  from  the  plane  A'  B  '.     If  this  distance  be  leas  than 

-ent;  F.D,  the  distance  of  the  knife-edge  above   the  plane  of 

reference,  the  balance  will  be  stable ;  if  greater,  the  bal- 
ance will  be  unstable;  and  if  equal  to  this  distance,  the 
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balance  will  "be  indifferent.     AH  of  which  supposes  the  centre  or  gravity 
common  centre  of  sreavUv  to  (all  somewhere  oil  the  vertical  ™lhn""lcn\ 

o  J  through  the  pemt 

line  FD,  passing  through  the  knife-edge.  °< support. 


EQUILIBRIUM     OF      SEVERAL       FORCES,       VIRTUAL 
VELOCITIES,   AHD   MOTION   OF  A   SOLID  BODY. 


§  152.— -To  .find  the  Renditions  of  equilibrium  of  several 
forces,  P,  Qt  _/>',  3,  &c,  applied  to  different  points  of  a  solid  e. 
body,  take  in  the  interior  of  the  body  three  points  a,  b,  c, 
and  regard  these  points  as  the  vertices  of  an  invariable 
triangle  a  be;  resolve  each  force  into  three  components 
whose  directions  shall  pass  through  the  given  point  of 
application  and  the  vertices  a,  b,  and  c.  In  this  way  we 
shall  be  able  to  replace  the  given  forces  by  three  groups 
of  components,  the  directions  of  each  group  having  a  com- 
mon point  at  a,  b,  or  c.  Each  of  these  groups,  having  a 
common  point,  may  be 
replaced    by   a    single  ^  92 

resultant,  and  thus,  the 
equilibrium  of  the  giv- 
en forces  is  reduced 
to  that  of  three  forces. 
Call  the  resultant  of 
the  group  having  the 
common  point  a,  X; 
that  of  the  group  hav- 
ing the  common  point 
h,  Y;  and  that  of  the 
group  having  the  com-  K 

mon  point  a,  Z,     These  three  forces  being  in  equilibrio,  n 
the  equilibrium  will  not  be  affected  by  supposing  the  three  ' 
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lines  ab,  be,  and  ca,  to  become  fixed  in  succession.     The 
line  a  b  being  fixed,  the  forces  Xand  Y,  whose  directions 
intersect  it,  will  be  destroyed  by  its  resistance,  and  if  the 
third    force  Z,  does  not 
ium     act  in  the  plane  abc,  it  Fig.  93. 

'1''*t,Ll.  will  cause  the  system 
);  to  turn  about  ab;  the 
same  may  be  shown  of 
the  forces  X  and  Y. 
The  forces,  X,  Y,  Z, 
must,  therefore,  act  in 
the  same  plane;  and 
in  order  that  they  may 
be  in  equilibria,  the  re- 
nt sultant  of  either  two 
of  them  must  be  equal 

and  directly  opposed  to  the  third;  that  is  to  say,  the 
resultant  of  the  three  must  be  zero.  If  the  resultant  be 
aero,  the  quantity  of  work  is  aero.  The  quantity  of  work 
of  X,  Y,  or  Z,  is  equal  to  the  algebraic  sum  of  the  quan- 
tities of  work  of  the  group  of  which  it  is  the  resultant,  and 
thus  the  sum  of  the  quantities  of  work  of  X,  Y,  and  Z, 
may  be  replaced  by  that  of  the  quantities  of  work  of  the 
forces  grouped  about  a,  b,  and  c.  But  these  last,  taken 
three  by  three,  give;  the  qam:',  lilies  of  work  of  the  proposed 
forces  P,  Q,  R,  S,  &c. ;  so  that  the  sum  of  the  quantities 
of  work  of  the  forces  X,  Y,  and  Z,  is  the  same  as  the 
algebraic  sum  of  the  quantities  of  work  of  the  forces  P,  Q. 
win  be  B,  S,  &C.  Whence  we  conclude,  tJu.d  several  forties,  acting 
'"  upon  tJi.e,  different,  puiii.ls  of  a  free  body,  will  be  in  equilibrio, 
iumof  when  the  alyebraic  sum,  of  the  quart  !iti:s  of  work  of  the  force;} 

.lies  of  ,  . 

m_       w  equal  to  zero. 

Now  suppose  the  body  to 
be  slightly  deranged  from  its 
state  of  rest,  and  let  A  A'  be 
the  path  described  by  the 
point    of  application  A,    of 


fc^f 
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the  force  P,  in  an  indefinitely  short  time  t.  Draw 
A'n  perpendicular  to  A  P;  An  will  be  the  space  de- 
scribed by  the  point  of  application  in  the  direction  of  the 
force,  and  the  quantity  of  work  performed  by  P  during 
the  derangement  will  be  Px  An,  or  Pp,  denoting  A n 
by  p. 

The  path  A  A'  is  called  the  vimwl  vrihc'li/of  the  force  _P;  Virtual  veto 
An=p,  the  projection  of  the  virtual  velocity;  and  the  pfr°^™J 
product  Pp,  the  virtual  moment  of  the  force  P.  and  virtual 

Denoting  by  q,  r,  s,  &c,  the  projections  of  the  virtual"1011"  ' 
velocities  of  the   forces   Q,  R,  S,   &o.,    the   quantities   of 
wort,  or  the   virtual   moments   of  these  forces,   will   be, 
respectively,    Q  q,  R  r,  S  s,   &e ;  and  if  the  system  be  in 
equilibrio,  we  have,  from  the  rule  just,  demonstrated, 

Pp  +  Qq  +  Br  +  Ss  +  &c.  =  0  .    .  (46). 

This  equation  is  but  the:  mathematical  expression  of  the  principia  of 
principle,  known  under  the  name — virtual  velocities,  which  Ti"'lBl  Te,c 
consists  in  this,  viz. :  when  several  forces  are  in  equilibrio, 
the  algebraic,  sum  of  their  virtual  m'ymt'.v.Ls  w  t-.tju.al  to  zero. 

|  153. — Any    mechanical    device    that    receives    the 
action  of  a  force  or  power  at  one  point,  and  transmits  a  machine 
it  to  another,  is  called  a  -machine. 

-,  machine,  composed  of  wheels  whose  axes 
1  by  supports,  and  which  communicate  motion 
to  each  other,  either  by 
teeth,  chains,  or  straps, 
on  their  circumferen- 
ces. Suppose  a  force 
or  power  to  be  applied 
so  as  to  turn  the  first 
wheel ;  this  wheel  will 
experience  a  resistance 
from  the  second ;  this 
resistance,  in  its  turn, 
s,  for  the  second 
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;  it  lo  relate  also;    the-  second 
from  the  third  wheel,  which 


Fig.  94. 


wheel,  a  power  which  c 
will  experience  i 
resistance  becomes  a 
power  to  give  it  mo- 
tion, and  so  on  to  the 
end.  But  each  wheel 
experiences  a  reaction 
at  the  points  of  sup- 
port which  keep  it  in 
position,  and  it  is  this 
reaction  that  becomes 
the  means  of  transmit- 
ting the  power  to  the 
following  wheel ;  for 
if   these   points    were 

unsupported,  the  wheels  would  cease  to  act  upon  each 
other  and  the  power  first  applied  could  not  be  trans- 
miued. 
rf  Now,  replace  the  supports,  by  the  efforts  of  reaction 
which  they  exert :  each  piece  or  wheel  will  become  a  free 
body  subjected  to  the  action  of  the  preceding  piece,  the 
resistance  of  the  following,  and  the  force  of  reaction  by 
which  we  have  replaced  its  point,  of  support;  and  if  the 
piece  be  in  equilibrio,  the  algebraic  sum  of  the  virtual 
moments  of  this  action,  resistance,  and  reaction,  must  be 
equal  to  zero, 

Represent  the  power  applied  to  give  motion  to  the 
first  wheel  A  by  W„  the  resistance  of  the  second  wheel 
B  by  Bz,  and  the  reaction  at  the  point  of  support  of  the 
first  wheel,  by  Q;  the  projection  of  the  virtual  velocity 
of  W[  by  w,,  that  of  i4  by  rm  and  that  of  Q  by  q;  then 
will 


"  W1w1  +   dd  +  i^r,  =  0; 

denoting  the  resistance  of  the  third  wheel  D  by  i?3l  the 
reaction  at  the  centre  of  the  second  wheel  by  G2;  and  the 
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projections  of  their 
tivelv. 


irtual  velocities  by  rt  and  cs,  respec- 


£,*  +  C^  +  Bti 


■■  0: 


and.  thus  we  may  continue  throughout  the  entire  com- 
bination till  we  finally  arrive  at  the  last  wheel,  to  which 
is  opposed,  as  a  "final  resistance,  the  work  to  be  done.  De- 
noting this  resistance  by  Wm  the  resistance  of  the  last 
wheel  to  the  action  of  the  preceding  by  H„  the  reaction 
of  the  support  of  tli<:  last  wheel  by  C,.  ;  and  the  projections 
of  the  corresponding  virtual  veloeiti.es  by  wCj  r^,  and  ce, 
respectively,  we  shall  finally  have, 


/.',  , 


+  cu  +  Wcz 


■■  0. 


But  from  the  nature  of  the  connection,  the  points  of  sup- 
port must  not  move;  their  virtual  velocities,  and  there- 
fore the  projections,  must  be  aero.  JTen.ce,  C^  ct  =  0, 
C2  cs  =  0,  .  .  .  Gcce  =  0,  and  the  preceding  equations 
become 

Wt  wt  +  B,  r2    =  ( 


B 


+  ikn  =  o, 
=o, 

B,  r,     +  W.  we  =  0, 


.     .     (47). 


Si i.bt dieting  the  scccul  from  tl.ie  first,  and  adding  the 
third,  subtracting  from  this  result  the  fourth  and  adding 
the  fifth,  and  so  on  to  the  last,  we  finally  obtain 


Wjvh  +   W,i 


(48); 
22 


which  shows  us  that  the  quantity  of  work  of  the  i 
resistance  is  equal  to  the  quantity  of  work  of  the  power, 
or  that  no  work  is  lost.     In    other    words,  the  quantity  n. 
of  work  of  the  forces  which  tend  to  turn  the  system  in 
one  direction  is  exactly  equal  to  the  quantity  of  work  of 
those  which   tend  to  turn  it  in  the  opposite   direction. 
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An  examination  of  Eqs.  (47),  will  show  that  the  same 
remark  is  applicable  to  each  piece  of  the  combina- 
tion taken  separately,  and  thus  starting  from  the  piece 
which  first  receives  the  action  of  the  force,  and  pro- 
ceeding to  that  which  dots  the  work,  and  which,  on  this 
account,  is  called  the  tool,  we  see  that  the  quantity  of 
work  of  the  power  is  equal  to  that  of  the  tool.  In  a 
word,  where  forces  work  upon  bodies  through  the  medium 
of  machinery,  we  must  distinguish  the  powers  from  re- 
sistances, and  we  shall  always  find  the  work  of  the  first 
to  be  equal  to  that  of  the  second. 

If  the  bodies  press  against  each  other  in  a  way  to 
produce  a  change  of  figure  a:id  friction,  new  resistances 
arise  which  must  be  taken  into  account,  and  the  work 
'  of  these  must  be  subtracted  from  that  of  the  forces  to 
obtain  the  work  of  the  tool,  and  hence  such  resistances 
are,  in  general,  a  hinderance  to   the  final  work  to  be 


If  the  equilibrium  is  to  be  maintained  while  the 
machine  is  at  rest,  then  must  the  quantity  of  work  be 
estimated  by  the  aid  of  a  supposed  displacement,  as  in  that 
ease,  the  influence  of  inertia  will  be  avoided. 

If  the  equilibrium  is  to  exist  during  a  uniform  motion 
of  the  machine,  the  quantity  of  work,  must  be  computed 
'  from  the  actual  motion  of  the  points  of  application,  for 
then  the  inertia  will  again  he  excluded. 

But  if  the  equilibrium  is  to  take  place  during  an 
.  acceleration  or  retardation  of  the  motion,  the  inertia  of 
the  pieces  will  no  longer  be  zero,  and  must  be  compre- 
hended among  the  powers  and  resistances.  The  con- 
ditions of  the  motion  must,  however,  always  he  the  same; 
that  is  to  say,  the  work  of  the  powers  must  be  equal  to 
that  of  the  resistances,  augmented  by  the  work  of  inertia 
when  the  motion  is  accelerated,  and  dim i  rushed  by  the 
same  work  when  the  motion  is  retarded.  ■ 

§  154.— "Whenever  the  forces  applied  to  a  body  aeeel- 
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erate  or  retard  its  motion,  the   inertia  of  the   body  is 
developed;   and  by  virtue  of  the  principle  that  action  is 
equal  and  contrary  to  reaction,  this  inertia  mnat  be  in.»i 
equilibrio  with  the  forces;  that  is,  the  quantity  of  work  ^' 
of  inertia  will  be  equal  to  the  sum  of  the  simultaneous  °t 
quantities  of  work  of  the  forces  which  urge  the  body  in 
one  direction,   diminished    by  the  quantity  of  work  of 
those  which  urge  it  in  the  opposite  direction.     But  we 
have  seen,  §  85,  that  when  the  body  takes,  at  different 
instants  of  time,  two  velocities  which  differ  from  each 
other,  the  work  of  inertia  is  measured  by  half  the  differ- 
ence of  the  living  forces  possessed  by  the  body  at  these 
instants,  or  by  half  (he  living  force  gained  or  lost  in  the 
interval,  according  as  the  motion  has  been  accelerated  or 
retarded.     Hence,  the  total  work  of  several  forces  acting  upon  a 
a  body,    during  any  time,   is  always  equal    to  half  of  the  ei 
living  force  gained   or    hst   try    the    body   during    the   same  n- 


Kg.  t 


Suppose,  lor  example,  a  urojoclilo  whose  weight  is  P,  to 
leave  the  point  A  with  an  initial  velocity  V.     If  its  weight 
did  not  act,  the  body  would  pursue  its  primitive  recti- 
lineal path  AT.  n 
But  by  virtue  of 
the  weight,  which 
would   act  alone 
in     vacuo,      the 
projectile  is  con- 
tinually deflected 
from    this    path, 
and  will,  in  conse- 
quence, describe  a 
curve  line  A  BD; 
and    we     know, 

§  112,  that  when  a  body  describes  any  curve  under  the 
action  of  its  weight  alone,  the  work  is  equal  to  the 
weight  of  the  body  into  the  difference  of  level  of  its  two 
positions.     Thus,  in  the  case  before  us,  while  the  projectile 
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;  from  A  to  B,  the  work  expended  by  its  weight 
will  be  P  x  B  C,  or  P  X  II,  by  making  B  0=  H. 

Denoting  by  V, 
*;lie  velocity  of  the 
nt.  projectile   at   B,   its  Fig.  93. 

living  force   at  this 
point  w  ill  be 

9 

and  at  A,  it  was 


and  its  loss  of  living  force,  in  passing  from  A  to  B, 

—  (7'-  v\ 

9 

the  half  of  which  is  tiic  qurcHiiy  of  work  of  the  extraneous 
forces,  (in  this  case  the  body's  weight,)  in  the  same  time, 
and  hence 


\~(Y'-  V1')  =  PH, 


V   -  V  =  23B 


(48). 


Thus  the  difference  of  the  squares  of  the  velocities  in  any 
two  positions  of  the  nrojcctilo,  movin«  in  vacuo,  is  equal 
to  the  difference  of  level  of  the  two  positions,  multiplied 
by  twice  the  force  of  gravity.  When  the  projectile 
s  at  D,  then  will 


:  0;     and     V  ~  V'2  =  0; 
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that  is  to  say,   the   velocity  will   be  equal  to   what  it  velocity  same 
was  at  A. 

From  TCq.  (49),  it  if  obvious  that  while  the  projectile  ™iwity  on 
is  on  the  ascending  branch  of  the  curve,  its  velocity  di-  ^^JJjL"11 
minishes,  and  while  on  the  descending  branch  its  velocity,  branch  ofcur 
on  the  contrary,  increases. 

The   description  of  the  trajectory  or  curve  A  B.D  in 
vacuo,  is  obtained  by  very  simple  considerations,  founded 
upon  the  independence  of  the  motions  of  the  same  body,  the  cur™  m 
and  of  the  action  of  forces  which  solicit  it  in  the  directions  ,ntl">  0lm  ' 
of  these  motions,  (§  1.05  and  108.)     The  body  may  be  re- 
garded as  animated  by  two  motions,  one  horizontal  in  the 
direction  Ax,  the  other  vertical  in  the  direction  A  y.     The 
initial  velocities  in  the  directions  of  these  motions  are  the 
components  of  the 
initial  velocity   V. 

■>         '  Fig.  96. 

computed  by  the 

principle     of    the       *|  / 

parallelogram     of     si /  ~P=h!T' "~e\ 

velocities.      After  As  -\ 

the  body  leaves  the       ]/"f  \ 

point  A,  it  will  be  "  B 

subjected     to     the 

action  of  no  motive  force  in  the  horizontal  direction;  the 
horizontal  component  of  its  velocity  will  be  constant,  and 
the  spaces  described  in  this  direction  in  equal  times  will 
be  equal.  Denote,  the  angle  xA  T  by  a;  the  space  de- 
scribed in  the  horizontal  direction  A.  x  by  x,  and  the  time 
required  for  its  description  by  t,  then  will 


(50). 


But  in  the  vertical  direction,  the  weight  will,  during 
equal  times,  dimmish  the  component  of  the  initial  ve- 
locity, in  that  direction,  by  equal  degrees;  the  motion 
will  be  uniformly  varied,  and  the  spaces  described  in  the 
direction  of  the  vertical  A  y,  in  the  time  t,  will  be  given 
by  Eq.  (12),  after  substituting  V  sin  <*.  for  a,  t  for  %  and 
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y  =   Vmn.*t-  is?   .    .    .    (51). 

.  Tile  true  positions  of  the  projectile,  which  are  but  points 
of  the  curve  A  B  D,  are  given  by  the  intersections  of  a 
vertical  and  horizontal  line  drawn  at  distances  from  A, 
equal  to  the  spaces  y  =  Ayx,  and  x  =  Ax^  simultaneously 
described  in  these  two  directions.  To  find  these  distances, 
it  will  be  sufficient  to  substitute  a  given  value  of  t,  in 
equations  (50)  and  (51). 

El  i  i  nil  i;iting  t   from    these  same  equations,    and    re- 
ducing, we  find 

•    (52); 


*  '         2  7s.  cos2 

which  is  an  equation  of  a  parabola.  Hence,  the  curve 
described  by  a  body  when  thrown  in  a  direction  oblique 
to  the  horizon,  and  acted  upon  alone  by  its  own  weight,  is 
a  parabola. 

The  horizontal  distance  intercepted  between  the  point 
of  projection  A,  and  the  point  I)  where  the  projectile 
attains  the  same  level,  is  called  the  range.  The  angle 
xAT  =  a,  is  called  the  anglo  of  projection. 

To  find  the  range,  make  y  =  0,  in  Eq.  (52),  and  find 
the  corresponding  value  of  x.     Making  y  —  0,  we  have 


-A 


'—  ■■      =  A  D  —  range ; 

by  h,  the  height,  due  to  the  velocity  V, 

V  =  igh (53); 
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■oauiA-vius   of   a o  l- : :.i a. 


and  denoting  the  r. 


we  have,  finally, 


This  value  for 
the  range  will  be 
a  maximum  when 
a  =  45°,  in  other 
words,  the  great- 
est range  corres- 
ponds to  an  angle 
of p  roj  ection  equal 
to  45°. 


Since 


3  by  R,  and  recollecting  that 
%  .  cos  a  =  sin  2  a, 


sin  2  a 


■  sin.  2  (! 


«), 


it  follows  that  the  same  range  may  be  attained  by  two 
angles  DAT  and  D  A  T',  which  are  complements  of 
each  other. 

If  in  Eq.  (54),  we  make  a.  =  45°,  then  will 


R  ■ 


Zh, 


given  by  im  angle 


;.  (53),  will  give 


(o5). 


That  is  to  say,  if  the  range  corresponding  to  an  angle  of 
46°  be  measured,  the  initial  velocity  may  be  readily 
found,  being  equal  to  the  square  root  of  the  product  of 
this  range  into  the  force  of  gravity.  Squaring  the  above 
equation,  wo  obtain 

1"  =  R'j; 
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and  denoting  "by  W,  the  weight  of  the  projectile,  its  living 
force  on  leaving  the  mouth  of  the  piece  from  which  it  is 
thrown  becomes 


and  the  effective  quantity  of  action  impressed,  denoted 
"-*-        '  Q  =  iSW (56). 

impressed  npon 
Ihe  projectile ; 

It  is  from  this  relation  that  are  obtained  the  results 

of  the  eprouvd!/:,  a  small  mortal'  constructed,  to  test  the 
epronvetic;  relative  strength  of  different  samples  of  gunpowder.  For 
this  purpose,  a  heavy  solid  ball  is  projected  from  it  under 
an  angle  of  45°,  with  small  but  equal  charges  of  different 
kinds  of  powder,  and  the  relative  strength  is  inferred 
from  the  effective  quantity  of  action  impressed. 

For  example,  suppose  equal  charges  of  two  different 
esampieaufita     samples   of  powder,   give  R  =  1050  feet,  and  B  =  1086 
feet;    these  values  substituted  successively  in  Eq.  (56) 
give 

Q  =   W.  525 

Q  =    IF.  543; 

bo  that,  the  weights  of  the  projectiles  being  the  same, 
the  strengths  of  the  two  samples  of  powder  will  be  to 
each  other  as  525  to  543. 
uieae  result*  but  This  supposes  the  motion  to  take  place  in  vacuo.  If 
toHiir1™lll"™a  tae  trajectory  be  described  in  the  air,  the  resistance  of  this 
fluid  will  diminish  the  velocity  of  the  projectile,  the  curve 
will  cease  to  be  a,  parabola,  and  the  results  above  will  be 
but  approximations  to  the  truth.  But  as  the  resistance  to 
the  motion  of  the  same  body  in  air  varies  as  the  square 
of  the  velocity,    these   approximations   may  be  made    as 
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close  as  we  please  by  using  small  charges  and  very  dense  ««» 


Taking  flu:  general  ease,  without  limitation  as  regards  liiv.n-j ™s.'i 
the   velocity  of  a  body  in  air,   the   curve  may  still   be 
described,  provided  we  have  a  table  giving,  in  pounds  or  general  case  in 
any  other  unit  of  weight,  the  resistances  corresponding  to  "^"'Jj. 
different  velocities  of  different  calibres.  turo™  into  the 

Thus,  knowing  the  initial  velocity  and  its  two  com-8"' 
ponents,  find  from  this  table,  in  pounds,  the  value  of  the 
initial  resistance,   and  its  horizontal   and  vertical  com- 
ponents at  the  commencement  of  the  motion.     Of  these 
components,  one  is  the  motive  force  in  the  horizontal,  and 
the    other,    added   to    the    weight   of  the   projectile,    the  wbiea  »r 
motive  force  in  the  vertical  direction.     With  these  forces,  Stance' 
supposed  constant  during  a  very  short  time,  compute  by 
the  laws  of  uniformly  varied  motion,  the  loss  of  velocity 
in  these  two  directions  during  this  short  interval;  subtract 
from  the  primitive  components  of  the  initial   velocity,  the 
loss  in  their  respective  directions  ;  the  remainders  will  be 
new  component  velocities,  of  which,  find  the  resultant, 
and  take  from  the  tables  the   corresponding  resistance. 
This  new  resistance  treated  in  the  same  manner  as  that  success!™  steps 
due  to  the  initial  velocity,  will  give  a  third  resistance,  and^**'^,10^ 
this  a  fourth,  and  so  on  indefinitely.     "We  thus  obtain  a  of  a«  projectile 
scries  of  components,  forces  acting  for  a  short  time  with  "ie'1^1!"es"™la'1 
constant   intensity  in   the  horizontal  and  vertical    direc- 
tions ;    with   these   compute,    by  the   laws   of  uniformly 
varied  motion,  the  corresponding  spaces  described  in  their 
respective  directions  by  the  projectile.     The-  total  spaces 
simultaneously   described,   obtained   by   adding  together 
the  spaces  corresponding  to  the   same  number  of  con- 
secutive intervals  from  the  beginning  of  the  motion,  will 
give  the  distances,  A  x,  and  A  yu  which  determine  the 
points  of  the  curve.     The  actual  space  described  by  the 
trajectory  will  be  the  development  of  this  curve. 
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MOTION    AHD     EQUILIBRIUM     OF    A     BODY    . 


|  155. — The  principle  demonstrated  in  §  US,   of  the 

"work  of  forces  acting  upon  a  body,  may  be  extended  to 

any  case  whatever.     Let  us  now  apply  it  to  that  of  a 

body  which  is  free  to  turn  about  a  fixed  axis  with  which 

it  is  invariably  connected. 

Conceive  a  force  R,  acting  upon  the  point  A  of  a  body 

free  to  turn  about  a  fixed  axis  LM;  resolve  this  force 

into  two  others,  the  one  Q, 

parallel  to  LM,  the  other  P 

in  a  plane  perpendicular  to 

this  line,  am  I  passing  through 

the  point  of  application  A. 

Doing  the  siitae  with  regard 

to  all  the  oilier  force;;  acting 

upon  the  body,  the,  system 

will  bo  reduced  to  two  groups 

of  forces,  of  which  one  will 

be  parallel  to  the  axis,  and 

the  other  in  planes  at  right 

angles  to  it.     The  algebraic 

sum  of  the  quantities  of  work  of  the  components  is  equal 

to  that  of  the  resultants.     But  the  work  of  the  first  group, 

is  equal  to  the  product  of  their  resultant,  multiplied  by 

the  path  described  by  the  body  in  the  direction  of  this 

resultant,  that  is  to  say,  in  the  direction  of  the  axis ;  but  as 
at  the  body  is  invariably  connected  with  the  axis,  it  cannot 

move  in  that  direction,  and  the    path   described  by  the 

point  of  application  of  the  resultant  of  the  parallel  group 
0  is  nothing,  and  therefore  the  quantity  of  work  is  nothing. 

Thus,  the  total  quantity  of  work  of  the  given  forces  is 
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reduced  to  that  of  their  components,  in  planes  perpen- 
dicular to  the  axis,  and  passing  through  the  points  of 
application. 

§  156. — The  quantity  of  work  of  forces  applied  to  a  i 
body  which  can  only  have  a  motion  of  rotation  is  always,  c 
as  we  have  just  seen,  reduced  to  that  of  their  components  t 
in  planes  perpendicular  to  the  axis,  or,  which  is  the  same 
thing,  to  that  of  the  projections  of  the  forces  on  these 
planes.    It  remains  to  do  tannine  this  work. 

Let  P  be  one  of  these  components,  A  its  point  of 
application  upon    the  body,    0  the  point  of  the  axis  in 
which  it  is  cut  by  the  perpendicu- 
lar plane  containing  the  component 
P.     Let  fall  upon  PA,  the  per- 
pendicular  GT),    and  recall  what 
has  been  demonstrated  in  §  116, 
viz.:  that  the  quantity  of  work  of 
a  force  is  always  the  same  wherever 
its  point  of  application  be  taken 
upon  its  line  of  direction.     The 
quantity  of  work  of  P,  estimated 
by  the  path  described  by  the  point 
D,  is  the  same  as  that  estimated  by 
the  path  of  A.    But  the  point  D  describes, 
interval  of  time  t,  an  arc  8,  of  which  CD 
and,  hence,  the  quantity  of  work  of  P  will  be  P .  8. 

As  all  the  points  of  the  body  are  invariably  connected 
with  the  axis  and  with  each  other,  they  will  describe 
simultaneously  equal  angles,  and  consequently  arcs  pro- 
portional to  their  distances  from  the  axis ;  hence  if  8, 
denote  the  length  of  arc  described  at  the  unit's  distance, 
and  r  the  distance  of  the  point  D  from  the  axis,  then  will 

8  =  rS„ 

and  the  quantity  of  work  of  P  becomes 
PrSu 


i  the  short 
the  radius, 
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and  for  forces  of  which  P' ,  P",  &c, 

are  the  projections,  at  distances  from 
the  axis  equal  to  /,  r",  &c,  respec- 
tively, we  have  the  quantities  of  work 
measured  by, 

P'r'Si,      P"  r"  8,,  &c.  &e. 

Knowing   that   the   total  quantity 
of  effective  work  of  the  given  forces, 
which  we  will  denote  by  Q,  is  equal  to 
the  sum  of  the  work  of  tlio.se  which  lend  to  turn  the  body 
in  one  direction,  diminished   by  tlie  sum  of  the  work  of 
those  which  tend  to  turn  it  in  an  opposite  direction,  we 
sirail  liitVC 


Q  =  Si(Pr  +  P'r'  +  P"t 


-Ao.) 


.  (57: 


But  we  recognize  Pr,  as  the  moment-  of  the  component 
P  in  reference  to  the  axis,  and  the  same  of  P'  r', 
P"  r",  &c. ;  whence,  the  effective  work  of  the  component,  and 
consequently  of  Ore  force  'itself  is  equal  to  the  product  arising 
from  multi'plymy  the  an;  descril/cd  id  the  mat's  distance  from 
the  axis,  into  the  moment,  in  reference  to  she  same  line,  of  the 
projection  of  Hie  force  on  the  perpendicular  plane;  and 
Eq.  (57)  shows  that  the  effective  quantity  of  work  of 
several  forces,  applied  to  tarn  a  body  about  an  axis,  is  equal 
to  the  arc  described,  at,  the  unit's  distance  nmUiplicd  by  the 
alf/ehraw  sum  if  (he  ■momcri t~:  of  (he  -projixiloiix  of  the  il/rmt, 
on  planes  perpendicular  to  the  axis. 

The  sign  of  the  moment?  of  those  forces  which  tend  to 
turn  the  body  in  one  direction,  must  be  different  from 
the  sign  of  those  which  tend  to  turn  it  hi  an  opposite 
direction ;  in  other  words^  if  the  sign  of  the  first  be 
■,  that  of  the  latter  must  be  negative. 


§  157. — If  the  given  forces  be  in  equili'brio  about  the 
axis,  their  total  work  will  be  zero,  whether  the  body  be 
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at  rest  or  in  motion  ;  a  condition  Unit  can  only  be  fulfilled 

by  making,  in  Eq.  (57), 

Pr  +  P'r,  +  P"r"  +  ko.  =  0    .     .     (58); 

that  is  to  say,  several  forces  will  be  in  equilibrio  about  a  Forces  in 
fixed    axis,    when   the   algebraic   sum   of    the   moments,    in  ^*n™tl) . 
reference  to  this  axis,  of  the  projections  of  the  forces  on  per-  fl*Mi  ™a. 


§158. — When  forces  arc  applied  to  a  body  to  turn  Extension  o 
it  about  an  axis,  the  motion  of  it*  particles  can  only  take  j^**"^ 
place  in  planes  perpendicular  to  the  axis  ;  if  the  forces  be  of  rotation  j 
not  in  equilibrio,  the  motion  will  be  either  accelerated  or 
retarded,  and  will  give  rise  to  forces  of  inertia  which  act 
in  the  direction  of  the  motion,  and  of  which  the  quantity 
of  work  will  be  equal  to  that  developed  in  the  same  time 
by  the  motive  forces.     When  all  the  points  of  the  body 
have  simultaneously  the  same  velocity,  the  total  quantity 
of  work  of  inertia  is  equal  to  the  product  arising  from 
multiplying   half  the   mass    into   the   difference   of  the 
squares  of  the  common  velocity  at   the   beginning  and 
end  of  the  interval  lor  which  the  estimate  is  made.     But 
when  the  different  points  liave  different  velocities  during 
the  same  time,  which  is   always  the  case  in  a  motion 
of  rotation,  it  is  necessary  to  estimate  at  the  beginning 
and   the  end  of  the  interval,   the  living  force   of  each 
element  of  the  body,  to  take  the  sum  of  those  at  the 
beginning,  and  the  sum  of  those  at  the  end;  the  difference 
of  these  sums  will  be  the  total  increment  or  decrement 
of  living   force   during   the  interval.     The  half  of  this 
living  force  being  the  work    of  inertia,    and  this  latter 
being  equal  to  that  developed   by  the  motive  forces,    or  -m  rotation, 
rather  by  their  projections  on  planes  perpendicular  to  the  *™rll°fthe 
axis,  it  is  easy  to  perceive  that  in  the  motion  of  rotation  components 
of  a  body,  the  work  of  the  perpendicular  components  of  hB,lvae 
the  forces  is  half  of  the  increment  of  the  living  force  living  force. 
of  the  body.     The  process  of  estimating  the  living  force 


)y  Google 


NATURAL    PHILOSOP 


of  a  body  having   a    motion   of  rotation   will    now   be 
given. 


Then  will  its  living 


1 159. — Consider  an  element  m  of  a  body, 
r  from  an  axis  of  rotation  L  M.    Denote 
velocity  which  it  has   at  any  in- 
stant, and  "by  p  its  weight,  m  its  Kg-  ] 

P 

muss  —  — 

9 

force  be  ^ .  F2  or  to  F2. 
9 
If  S  denote  the  space  described 
by  m  during  a  very  short  interval 
of  time  t,  and  Q  the  space  de- 
scribed in  the  same  time  by  a  point 
at  the  unit's  distance  from  the  axis, 
we  shall  have 

S  =  r .  £, 

and  dividing  both  members  by  t, 

S  & 


(59); 


but  we  have  seen  that,  in  any  motion  whatever,  the 
velocity  is  equal  to  the  space  describee.!,  during  a  very 
short  interval  of  time,  divided  by  this  interval,  hence 


in  which  Ft  is  the  velocity  of  the  point  at  the  unit's  dis- 
tance from  the  axis — in  other  words,  the  angular  velocity ; 
and  Eq.  (59)  becomes 

absolute  velocity ;  y  =  f  _  "pi 
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and  the  living  force  of  ru  becomes  mi2  V, ,  The  simul- 
taneous living  force  of  m',  is  m'rVy,  and  so  on  of 
others;    and  the  total   living  force  of  the  entire  body, 

denoted  "by  L,  becomes 

L  =    V'imr3  +  m'rfi  +  m"  r"2  +  &c.)  .  .  (60).  ££ 

In  which  it  is  to  be  remarked,  thai;  if  the  living  force 
changes,  the  factor  Vx  will  alone  vary,  while  the  factor 
(m^-f-m'r'  +  m"  r"  +  &c.)  will  remain  constant,  and 
of  course,  appear  in  the  estimate  of  the  new  living  force. 
This  quantity,  which  has  been  called  the.  moment  of  inertia, 
let  us  designate  by  I,  and  we  have 

7"  =  mi2  +  mV3  +  m"r'fl  +   &c.  .     .   (60)' 

L  =    V'l (60)"; 

whence  we  see,  that.  the  living  force,  of  a  body  vjhich  turns  equa 
about  an  axis,  is  equal  to  the  product  of  die  square  of  its  aqu'1 
angular  velocity,  yavJiqdicd  by  -tin  -moment  of  inertia.  into 

Let  us  suppose  that  at  the  end  of  a  certain  interval  °  m 
the   angular   velocity   becomes    TV,    the    living   force  L', 
will  be 

u  =  r/i; 

and  subtracting  the  preceding  equation  from  this  one, 
we  get 

L'  -  L  =  I.  (yf  -  T$     .    .    .    (61),  ira 

livln 
dnrfi 

for  the  increment  of  the  living  three  during  this  interval,  Ln«v 
which  is  double  the  quantity  of  work-  produced  by  the 
motive  forces,  or  their  perpendicular  components,  during 
the  same  interval.     Denote  by  F.  the  resultant  of  these 
components,  and  by  E,  the  path  described  by  its  point 
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of  application,  estimated  in  its  own  direction  during  the 
interval  in  question ;  then  will 

I.{Vf  -Vx)  =  2F.E.     .     .     (62). 

From  this  expression  it  is  easy  to  deduce  the  nature 
of  the  quantity  I.    For  if  we  suppose  the  change  in  the 


ular  velocity  to  be  unity, 


rr 


Vi  =  i, 


I  =  2F.H; 

■y  whence  we  conclude,  that  the  moment  of  inertia  of  any  body, 
is  twice  tfu  -h  exerk'l  hy  its  -inertia,  during  a 

ch'.mr/a  in  -it!  ant/ular  velocity  eyuat  to  unity.  It  is  measured 
by  the  sum  of  the  products  which  arise  from  multiplying 
each  elementary  mass  into  the  square  of  its  distance  from 
the  axis.  Eg,  (60)'. 

§  160. — By  the  aid  of  what  has  jus',  been  explained,  we 
may  find  the  intensity  of  a  motive  force  which  causes  a 
body  to  rotate  about  an  axis,  when 
we  know  the  angular  velocity  at 
any  two  given  instants  of  time,  and 
the  path  described  by  the  point  of 
application  in  the  interval  between 
them.  And  reciprocally,  if  the 
force  and  the  path  described  by 
the  point  of  application  be  given, 
we  may  deduce  the  angular  accel- 
eration. Suppose  a  wheel,  for  ex- 
ample, mounted  upon  a  horizon  till 
arbor  and  tnrned  around  its  axis  by 
a  weight  P,  suspended  from  a  cord 
wound  around  the  arbor ; 


Fig.  101. 
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the  angular  velocity  V\  of  the  wheel  when,  moving  from  whRe 
a  state  of  repose,  the  weight  shall  have  descended  through  w*  * 
a  vertical  height  H.    Let  i~  denote  the  moment  of  inertia 
of  the  wheel,  then  will  the  living  force  acquired  be /Pi, 
and  we  shall  have, 

I.  Vi    =  2P.S; 


'1   —     V  /  augul&r  velocity; 

§  161.— The  fly-wheel  is  a  large-  ring,  usually  of  metal,  application  to  the 
of  which  the  circumference  is  thrown  to  a  considerable  y"w  e  ' 
distance  from  the  arbor  upon  which  it  is  mounted  by 
means  of  radial  amis,  and  is  used  to  collect  the  work  of 
a  motor  when  the  effort  of  the  latter  is  greater  than 
that  required  to  overcome  a  given  resistance,  to  be  given 
out  again  when  the  resistance  becomes  greater  than  the 
effort  of  the  rnoter.  It  is  a  kind  of  store-house  in  which  to 
husband  work  for  future  use. 

Conceive  one  or  nioro  forces  to  act  upon  such  a  wheel 
during -an  interval  separating  two  given  instants  at  which 
the  angular  velocities  are  VJ  and  F,'.  The  increment 
of  the  living  force  of  the  fly-wheel  will  be  equal  to 
double  the  effective  quantify  of  work  of  the  motor,  and 
we  shall  have,  retaining  the  notii.rion  of  §159, 

I(V/  -    F/)  =  %FE; 
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which  gives  the  difference  of  the  squares  of  the  angular 
velocities.  If  the  quantity  of  work  developed  by  the 
motor  remain  the  same  during  the  interval,  and,  by 
changing  the  wheel,  the  moment  of  inertia  increase,  the 
fraction 


and  consequently  the  difference  of  the  angular  velocities 
at  the  beginning  and  end  of  the  interval,  will  be  leas. 
And,  as  the  moment  of  inertia  is  in  the  direct  ratio  of  the 
mass  into  the  square  of  its  distance  from  the  axis,  it  ia 
plain  that  it  is  always  possible  so  to  construct  a  wheel  as 
to  make  its  motion  approximate  to  uniformity,  even 
though  the  motive  force  be  very  great. 

While  the  motion  is  accelerated,  it  is  obvious  that 
the  work  of  the  moter  will  exceed  that  of  the  resistance ; 
the  fly-wheel  will  acquire  an  increase  of  living  force 
which  it  will  retain  till,  on  the  contrary,  the  motion  is 
;  retarded,  when  it  will  be  again  given  out  in  aid  of  the 
motor,  which  now  becomes  less  than  the  resistance, 

There  arc  certain  machines  whoso  too]  cannot  perform 
its  work  without  the  fly-wheel.  This  is  strikingly  ex- 
emplified in  the  instance  of  the  common  saw-mill,  in  which 
it  is  obvious  that  the  work  during  the  ascent  and  descent 
of  the  saw  is  very  different ;  the  work  of  the  moter 
exceeds  that  of  the  tool  or  saw  during  one  semi- oscillation, 
while  the  reverse  takes  place  during  the  other;  in  the 
first  case,  the  saw  is  merely  elevated  and  the  fly-wheel 
absorbs  living  force;  in  the  second,  this  living  force  is 
given  out  to  aid  the  moter  in  overcoming  the  resistance 
opposed  to  the  saw,  which,  in  its  descent,  sinks  into  the 
wood  and  is  thus  made  to  perform  its  work. 

§  162.— -If  the  elementary  mass  m,  receive  in  the  short 
interval  t,  the  velocity  V,  and  we  denote  by  /  its  inertia, 
we  shall  have,  Eq_.  (28), 
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/=■ 


and   for  any  other  masses  m',  to",  &c,  whose  acquired  re 
i  the  same  time  are  V,  V", 


f  ■ 
r 


.l(.j  moreover,  the  masses  m,  m',  m" ,  he.  form  parts  of 
a  body  which  lias  a  motion  of  rotation,  their  velocities 
will  be  proportional  to  their  respective  distunees  from  the 
axis.  Denothig  those  distances  by  r,  /,  r",  &c,  and  by 
T^  the  small  degree  of  velocity  impressed  upon  the  point 
at  the  unit's  distance  from  the  axis,  we  shall  have 

V  =  rV,]     V  =  r'  Fi;     V"  =  r"  F,; 

which  in  the  above  equations  give, 

y         r  Yt        „  „      V, 

f  =  mr.-j-i    f    =  m  r  . — ;    J     =  m   r   — ,     c.  p 

But,  if  this  increment  of  angular  velocity  Vh  has  been 
impressed  upon  the  body  by  a  force  F,  whose  direction 
is  perpendicular  to  the  axis,  and  applied  at  a  distance 
from  it  equal  to  R,  this  force  is  the  measure  of  the  inertia 
of  the  body,  and  will  be  in  equilibrio  with  all  the  partial 
forces  of  inertia  /  /',  /",  &c.  But  these  latter  act  in 
directions  tangent  to  the  circles  described  by  the  masses 
m,  to',  m",  &c,  about  the  axis,  and  hence,  §  157, 

FE-IJr  +/V  +/»!"  +  to.)  =  0; 


'  +  to.)  ■ 
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but  the  expression  within  the  brackets  is  the  moment  of 

inertia  .!.,  and  ilierefore 


F.R  -. 


whence  we  sec,  that  the  moment  of  the  inertia  exerted  by  a 
body  while  receiving  a  motion  of  rotation  about  an  axis,  is 
equal  to  its  moment  ofiinrda  in  reference  to  the  same  axis, 
multiplied  into  the  quotient  arising  from  dividing  the  small 
degree  of  angular  velocity  communicated,  by  the  element 
of  the  time  during  which  it  is  impressed.  Notwithstand- 
ing the  close  analogy  which,  exists  between  the  moment  of 
e  ike  inertia  of  a  body,  and.  what  has  been  called  the  moment 
of  inertia,  they  must  not  be  confounded  with  each  other. 

The  former  is  converted  into  the  latter  by  making  -~ 
equal  to  unity. 

From  Eq.  (63)  we  find 


.  r,  =  —  -j^~    ....     (64), 

from  which,  having  given  the  motive  force  that  im- 
presses a  motion  of  rotation  upon  a  body  about  an  axis 
perpendicular  to  its  direction,  we  may  find,  at  each  instant 
of  time,  the  angular  velocity  communicated,  provided  we 
can  calculate  the  moment  of  inertia  of  the  body  in 
reference  to  the  same  axis.  And  from  this,  it  is  possible, 
by  means  of  a  curve  which  has  for  its  abscisses  the  series 
of  times  I,  and  for  its  ordisi.al.es  the  velocities  "Pj  acquired, 
to  determine  all  the  circumstances  of  the  motion  of  rota- 
tion. 

§  163. — The  moment  of  inertia  of  a  body  with  refer- 
ence to  any  axis,  we  have  seen,  is  measured  by  the  sum  of 
the  products  which  arise  from  multiplying  each  elemen- 
tary mass  into  the  square  of  its  distance  from  the  axis. 
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Of  all  the  moments  of  inertia  of  the  same  body,  those  are  those  s 
easiest  obtained  which  refer  to  axes  through  the  centre  of  J,°™s 
gravity.     Tt  is,  therefore,  important  to  be  able  to  find  the  easiest 
moment  of  inertia  with 
reference  to  any  axis, 
by  means  of  that  taken 
with  reference  to  a  par- 
allel axis  through  the 
centre  of  gravity. 

Let  QH  be  this 
latter  axis,  LM  any 
parallel  axis,  m  an  ele- 
mentary mass  of  the 
body  G%KB,  through 
which  element  conceive 
a  plane  to  be  passed  per- 
[icudicular  to  the  axes, 
and  cutting  ihein  at  the  a 

points  a  and  b.     Join  u 

m  with  a  and  b,  and  let  fall  from  m,  the  perpendicular  <n 
me  upon  ab.  Designate  nib  by  r,  ma  hy  r„  ab  byp 
D,  and  ae  by  d;  we  shall  have  " 

r"  =  r?  +  B2  +  2  D  d, 

and  multiplying  by  the  mass  m, 

mi*  =  mrf  +  mDs  +  2mJ)d; 

and  for  the  irises  m',  m",  m'",  &e., 


i»'  D*  +  2m'  Dd\ 


1  +  m"D*  +  2m"Dd", 


D,  which  is  the  distance  between  the  two  axes, 
obviously  the  same  in  all. 
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Adding  these  equations  together,  and  denoting  the 
moment  of  inertia  in  reference  to  the  axis  67  II  by  Ii7  and 
that  in  reference  to  L  M  by  I,  we  find 

1  =  !,_  +  D2  (to  +  to'  +  to"  -f  &c.)  +  2B(md  +  m'd' 
+  m"  d"  +  &c.) ; 


but  m  +  to'  +  to"  +  &e. 

is  the  entire  mass  of 
tbe  body,  and  m  d  -f 
m'd'  4-  to"<2"  +  &o.  is 
the  sum  of  the  prod- 
ucts which  result  from 
multiplying  each  mass 
into  its  distance  from  a 
plane  through  the  centre 
of  gravity,  which  sum 
is  equal  to  aero.  Hence, 
designating  the  mass  by 
if,  we  have 


1=1, 


•   M'D' 


(65); 


;  we  conclude  that,  the  moment  of  inertia  of  a  body, 
taken  with  reference,  to  any  axis,  is  equal  to  the  moment  of 
inertia  taken  with  reference  to  a  parallel  axis  passing  ihrovgh 
the,  centre  of  uramly,  in  treated  by  the  /iroUacl  of  /.he  entire 
mass  of  the  body  into  lac  square  of  the  distance  from  the  centre 
of  gravity  to  the  first  axis. 

It  follows  from   this  theorem,  that  if  the   distances 

i   of  the  particles  of  the   body  from  its  centre  of  gravity 

18  be  small  in  comparison  with  the  distance  of  this  point 

from  the  axis  of  rotation,  we  may  take,  for  the  moment 

of  inertia,  simply  the  product  of:'  the  mass  into  the  square 

of  the  distance  of  the  axis  from  the  centre  of  gravity. 

Finally,  if  Eq.  (65)  be  multiplied   by  the  square  of 
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the  angular  velocity,  Vh  with  which  the  body  turns  about 
the  axis  L  M,  we  shall  have 

V?.I=   Y?L  +  M.D^V?  .     .     (66);      «»»<«» 

K      J  Bring  tores] 

but  Vl  I  is  the  living  force  of  the  body ;  Yl  Jr  is  the 
living  force  it  would  have,  if  it  rotated  about  a  parallel 
axis  through,  tlic  centre  of  gravity  with  the  same  angular 
velocity  V2;  M,D2  Fj2  is  the  living  force  of  the  same 
body  supposed  concentrated  at  its  centre  of  gravity. 
Whence,  the  living  force  of  a  body  which  rotates  about  any 
axis,  is  equal  to  the  living  force  of  the  same,  body  concentrated  expressed  in 
at  its  centre  if  gravity,  uufpnentaU  by  that  which  it  would*"11'*' 
possess  if  it  turned,  -loiik  the  xuinu  au/julur  velocity,  about  a, 
parallel  axis  through  the  same  centre. 

Finally,  when  the  body  is  so  small  that  Zt  Vy   may  be 
neglected  in  comparison  with  M.  J.P  V*,  wc  have  simply 

V'l=  M.l/V"     .    .     .     (66)';      T*»*b«t 

that  is  to  say,  the  living  force  of  the  body  is  equal  to  the  wr!  smnh  DB 
product  of  its  mass  into  the  square,  D2  V?,  of  the  velocity  o™p«*edwi 
of  its  centre  of  gravity.  tie  axis. 

§  164. — 'Thus  far  the  moment  of  inertia  of  a  body  has 
been  expressed  in  terms  of  its  elementary  masses.     If  the  Momentofii 
body  be  homogeneous  and  the  specific  gravity  or  weight  ^ 
of  a  unit  of  its  volume  be  denoted  by  8,  its  elementary  a™ 
volumes  by  a,  a',  a",  &e.,  and  masses  by  m,  m',  m",  &c, 


and  these  in  the  general,  expression  I,,  of  the  moment  of 
inertia,  give 

/  =  -{ar>  +   a'r'2  +  a"  r"%  +   &0.);  „ 
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that  is  to  say,  to  find  the  moment  of  inertia,  of  any  homo- 
geneous body,  find  the  value  of  a  Is  -f  a!  r'  +  a"  r"  +  &c, 
and  multiply  it  by  the  quotient  arising  from  dividing  the 
specific  gravity,  or  weight  of  a  unit  of  its  volume,  by  the 
force  of  gravity. 

ia       §  165. — 1st.  The  moment 

1  of  inertia  of  a  straight  bar 
whose  length  is  a  and  cross 

section  b,  in  reference  to  an         r~ — ~r\ 

axis  passing  through  its  mid-  "  ■  — -■ 

die  point  A,  and.  perpendicu- 
lar to  its  length,  is  given  by 

IY  =    b .  (TV  a3),  —  very  nearly. 


2d.  The  moment  of  in- 
ertia of  a  right  cylinder 
having  a  circular  basts,  with 
respect  to  an  axis  through  / 
its  centre  of  gravity,  and 
coinciding  with  it?  axis  of 
figure,  is  given  by  the  equation 

*      _4  S 


in  which  r  Is  the   radius  of  the   base,  c  the  length  of 

the  cylinder,  and  *  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle. 

3d.  The  moment  of  merlin,  of  a   circular  ring,  whose 

mi™   section  by  a  plane  through  its  centre  of  figure  is  rectangu- 
lar, taken  with  reference  to  an  axis  through  its  centre  of 

■ir       gravity  and  perpendicular  to  its  plane,  gives 

i",  =>  2«rab(r>  +  ^)x  -; 
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in  which  r  is  the  mean  radius, 
or  that  of  a  circle  whose  cir- 
cumference is  midway  be- 
tween the  inner  and  outer 
surface  of  the  ring,  a  the 
thickness  parallel  to  the  axis, 
and  b  the  thickness  in  the 
direction  of  the  radius. 


4th.  That  of  a,  spherical 
segment  taken  in  reference  to 
a  diameter  passing  through 
its  centre  of  gravity,  or  mid- 
dle, gives 


/,  =  '/*9 


-  if'  +  A/1  x  - 


'in  which  /  denotes  the  versed  sine  of  the  segment,  and  r 
the  radius  of  the  sphere ;  and  for  the  entire  sphere, 


5th.  That  of  a  right  cone 
having  a  ci.rci.ilfu-  base,  taken 
with  reference  to  the  axis  of 
figure  gives, 
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ttmtofa  and  that  of  a  truncated  right 

truncated  nght     ^       having  circular  bases, 


1  which  r  and  /  are  the  radii  of  the  greater  and  smaller 
,  and  a  the  altitude. 


6th.   The   moment   of  in- 
ertia of  an  ellipsoid  is  given 


Ii  = 


<abc(p  +  c3)  X 


Fig.: 


in  which  a,  b,  and  c  denote  the  three  axes,  and  the  moment 
being  taken  with  reference  to  the  axis  a. 

7th.  That  of  a  rectangular 
parallelopipedon,  of  which  the 
three  contiguous  edges  are  a, 
6,  and  c,  taken  with  reference 

trmtof*  to  an  axis  passing  through  its 

XXtpTped0ni  centre  of  gravity  Q,  and  par- 
allel to  the  edge  a, 


.V 


i  : 


f,alc(a'  +  1 


The  same  taken  in  reference  to  an  axis  through  the  middle 
of  the  face  a  b  and  parallel  to  a, 


1  =  &abcQ?  +  4c3). 
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8th.  That  of  a  right  prism  Eg-  "i- 

having  a  trapezoidal  base  of  ,.      j'    -^ 

which  the   greater   and    leas        p^-— 1~ 

parallel  sides  are  respectively  j^       lc     ^ 

&  and  5'  and  distance  between  * 

them  c,  the  altitude   of  the 

prism  being  a,  and  the  moment  taken  with  reference  to 

an  axis  through  the  middle  of  the  side  b,  and  parallel 

to  the  altitude  a, 

fb  +  V\      ,&+bfl        c     b  +  SV\         S 


9th.  If  the  trapezoidal 
ase  of  the  above  prism 


of  a  parabola,  of  which 
c  is  the  length   of  the 
transverse    axis,    and   b 
that  of  the  chord  per- 
pendicular to  it,  and  which  terminates  the  parabola,  the 
moment  of  inertia,  with  reference  to  an  axia  parallel  to 
the   altitude   and  passing  through  the  middle   of  b,   is 
given  by 

I=$abc(- ^ )X7 

§  166. — "We  shall  close  this  subject  with  an  example  Applies 
for  the  sake  of  illustration,  and  we  shall  first  take  that  e"imB^ 
of  a  trip-hammer,  whose 
weight  is  P,  mounted  up-  pjg.  nSi 

on  a  handle  in  the  shape 
of  a  rectangular  paral- 
lelopipedon  which  turns 
freely  about  an  axis  0,  at 
right  angles  to  its  length. 
Denote  by  Bt  the  distance 
of  the  centre  of  gravity  of  the  head  B  from  the  axis  0. 


)y  Google 


NATURAL    PHILOSOPHY 


If  the  linear  dimensions 
of  the  head  be  small  com- 
pared with  this  distance, 
its  moment  of  inertia  will 
not  differ  much  Irom 


^f=^ 


and  that  of  its  handle  is  given  in  reference  to  an  axis 
through  its  centre  of  gravity  by  the  7th  case,  or 

AaScK  +  SVy; 

and  denoting  by  K,  the  distance  of  the  centre  of  gravity 
of  the  handle  from  the  axis,  its  moment  of  inertia,  with 
reference  to  the  axis  0,  becomes,  Eq.  (65), 


since  aba  <5  =  P\  the  weight  of  the  handle.     The    total 
moment  of  inertia  is,  therefore,  given  by 

hammer  J?  y       \  12      / 

The  process  for  finding  the  moment  of  inertia  of  the 

fly-wheel  is  much  simplified  by  the  fact  that  all  its  parts 

nwmentof  inertia  are  nearly  at  the  same  distance  from  the  axis.     Thus,  by 

' " "  ':  '"ee  '   calling  li  the  mean  radius  of  the  wheel,  we  may  take 

P  S3 

—  B2  for  mrs  +  m'r'  +m"r"  +  &c. ;  and  hence, 
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and  denoting  the  angular  velocity  of  the  wheel  by   Vi, 
its  living  force  will  be,  §  159, 

P  H 

—  x  R* .  FA  \ 


To  find  the  angular  velocity  of  the  wheel,  count  the  num- 
ber of  its  revolutions  in  a  given  time,  multiply  this 
number  by  2  *,  and  divide  the  product  by  the  number 
of  seconds  in  the  given  time  ;  the  quotient  will  be  the  angular  velocity 
angular  velocity.  Let  FJ  equal  9  feet;  the  weight  P  ,im0Ilt!ll]y . 
of  the  wheel  2000  pounds,  and  the  meau  radius  Ii,  6  feet; 
omitting  the  fraction  in  the  value  of  g,  the  expression  for 
the  moment  of  inertia  becomes 

and  for  the  living  force,  example. 

2250  X  81  ■. 


i^imi 


the  half  of  which,  or  91,125  pounds,  raised  through  one 
foot,  is  the  quantity  of  work  absorbed  by  the  inertia  of 
the  wheel,  to  be  given  out  when  the  muter  ceases  to  act. 

§  167.-— -Resuming  V,c[.  (00)',  we  may  make 

mrs  +  B'/  +  m"r"2  +  &c.  =  MK*,  ° 

in  which  M  is  the  entire  mass  of  the  body,  and 


g=±v/^  +  .-g 


+  m"r"   +  &c. 


But  this  is  equivalent  to  eoneentmting  the  entire  mass  info 
a  single  point  isiio.se  distunes  from  lite  axis  is  K,  without 
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r'l.aivp.iuj  flu-  value  of  the  moment  of  inertia.  XI lis  point  is 
called  the  centre  of  gyration,  and  the  distance  K,  is  called 
the  radius  of  gyration.  As  the  moment  of  inertia,  varies 
with  the  position  of  the  axis,  there  will  be  an  infinite 
number  of  centres  and  radii  of  gyration,  or  as  many 
of  each  as  there  are  possible  positions  for  the  axis.  "When 
the  axis  passes  through  the  centre  of  gravity,  they  are 
called  the  principal  cadre  and  radim  of  gyration. 

Denoting  the  principal  radius  of  gyration  by  if',  we 
may  write  MIC'3  for  Th  in  Eq.  (65),  and  we  have 

I  I  =  MS?  +  Mlf     .    .     .    (66)". 


CENTRAL    FORCES. 

|  168. — Conceive  a  body,  whose  weight  is  P.  attached 
to  a  fixed  point  0  by  a  rigid  bar  A  0,  and  suppose  it  to 
have  any  velocity  whatever  in  the  direction  AT,  perpen- 
dicular to  the  bar.     If 
the  body  were  free,  it 
would,  in  virtue  of  its  Fig- 1U- 

inertia,  move  in  the  di-  m    % 

reetion  A  T  with  a  con-  \ 

stant  velocity.     But  not  ,    \ 

being  free,  the  bar  will  c  /"A 

keep  it  at  the  same  dis-         ®  ■    ~\4  ) 

tauce  from  0  and  cause  ~l" 

it  to  describe  the  circum- 
ference of  a  circle  about 

this  point  as  a  centre.  There  are,  then,  .during  this  con- 
strained motion  of  the  body,  two  central  efforts  exerted  in 
the  direction  of  the  bar,  the  one  by  the  bar  to  draw  the 
body  from  the  tangential  path  A  T,  the  other  by  the  body 
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to  stretch  the  bar  out  to  that  path.    These  forces  are  equal 

and   directly  opposed,  because  action   and  reaction  are 

always   equal  and  contrary.      The   first,   or  that  which 

tends  to  draw  the  body    within    the    tangent,  is  called 

the  centripetal  force,  and  the  second,  or  that  which  tends  centripetai'to™; 

to    stretch    the    bar,    the    centrifugal  force.       The    ceidrifa-  centrifugal  rorce; 

gal  force  is,  then,  the,  rciidav.ee  -te/dcii.  L'iu-  inertia  of  a  body  in  cenij-ifugaj  force 

motion  opposes    to    whatever   deflects   it  from   its    rectilinear  JJ^1?™ 

path. 

We  will  first  suppose  that  the  dimensions  of  the  body 
arc  so  small  aw  compared  with  its  distance  from  the  fixed 
centre,  that  it  may  be  regarded  as  a  material  point, 
animated  with  a  velocity  V.  For  the  circle  which  it 
describes,  we  may  substitute  a  regular  polygon  ATiGI)  E,  substitution  of  a 
of  a  great  number  of  very  small  sides  and  having  its  j^c™ 
rmj/les  in  the  circumference.  This  being  supposed,  it  is 
first  to  be  shown  that  the  material  point  will  describe  each 
of  the  sides  of  this  polygon  with  the  same  velocity,  or 
that  there  will  be  no  loss  of  velocity  in  jias.sing  from  one 
side  to  another. 

For  this  purpose,  wo  remark,  that  if  the  body  possess 


the  velocity  V  at  the  moment  of  its  arriving  at  B,  the 
beginning  of  the   side  B  C,   it  will  be  animated,    while 
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describing  this  side,  -with  two  simultaneous  velocities. 
One  of  these  is  the  primitive  velocity  V=  B  W,  in 
the  prolongation  of  A  B;  the  other  B  U,  in  the  direc- 
tion B  0,  is  a  velocity  due  to  the  action  of  the  centripetal 
>  force  while  the  body  is  passing  from  the  side  A  B  to  the 
side  B  0  of  the  polygon.  But  we  have  seen,  §  106,  that 
when  a  body  receives  two  simultaneous  velocities  in  differ- 
ent directions,  its  resultant  velocity  will  be  the  same  as  if  it 


possessed  them  successively,  and  as  though  they  were 
communicated  one  after  the  other  in  their  respective  direc- 
tions. Thus  the  resultant  velocity  B  C",  with  which  the 
side  BO  is  described,  coincides  in  direction  with  this 
side,  otherwise  the  body  would  take  some  other  path, 
which  is  contrary  to  the  hypothesis.  B  U  and  WO'  are 
equal  and  parallel,  from  the  parallelogram  of  velocities. 
The  radius  OB  divides  the  angle  ABO  into  the  two 
equal  angles  ABO  and  OBO;  the  angle  A B  0  is  equal 
to  the  angle  BWC,  and  the  angle  OBO  is  equal  to 
the  angle  BO'W;  hence  the  angles  B  0'  W  and  B  W 0' 
are  equal,  and  the  side  B  C  is  equal  to  the  side  B  W ;  in 
other  words,  the  resultant  velocity  BC,  with  which  the 
side  B  C  is  described,  is  equal  to  the  velocity  B  W  which 
the  body  had  at  the  end  of  the  side  A  B.      Whence  it 
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result;:,  that  tin'.  vdociiU/  ar,nmaiucak-'J  to  a  ■iiinJ.nnal  pocfd  is  velocity  not 
not  altered  in  its  circular  motion;  a  result  easy  to  foresee,  doflaoUngM 
since  the  centripetal  force,  acting  in  a  direction  perpen- 
dicular to  the  direction  of  the  motion,  cannot  work  effi- 
ciently; it  can  neither  accelerate  nor  retard  the  motion, 
and,  therefore,  can.  neither  increase  nor  diminish  the  living 
force  of  the  material  point. 

Now  observe,  that  B  U=  WC,  is  the  velocity  genera- 
ted by  the  centripetal  force  in  its  own  direction  during 
the  time  the  material  point  is  passing  to  the  side  B  0. 
Denote  this  time  by  t,  and  the  centrifugal,  which  is  equal 
though  opposed  to  the  centripetal  force,  by  F,  and  the 
mass  of  the  point  by  M,  then  will  the  value  of  F,  be  given, 
Eq.  (39),  by  the  equation 


Draw  the  radius  00;  the  triangles  BOO  and  B  W  0'  " 
are  similar,  because  the   angle   OCB=  OBO  is  equal 
to  the  angle  B 0' W,  and  the  angle  OBO  is  equal  to  the 
angle  B  WC.     Hence  we  have  the  proportion, 

BO    :     BO    ::    BW    :      WC; 

or,  denoting  the  radius  BO  by  _#,  and  replacing  B  W  by 
its  equal  V, 


and  this,  in  the  value  for  F,  gives 

,r    SO        V 
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but  B  C,  the  element  of  the  space,  divider!  by  t,  the  element 
of  the  time,  is  equal  to  the  velocity  V,  whence 


B 


(67). 


Such  is  the  expression  for  the  centrifugal  force.  The 
numerator  is  the  living  force  of  the  body,  and  the  de- 
nominator is  the  radius  of  the  circular  arc  which  the  body 
is  describing  for  the  instant;  whence  we  conclude,  that  the 
centrifugal  force  of  a  body  of  small  dimensions,  as  compared 
loith  its  distance  from  (he  centre  about  v:hich  it  revolves,  is 
equal  to  the,  living  force  iiiqrressed  >i/nm  Hi/:  i/ody,  divided  by 
the  radius  of  the  circle  described  try  t.'fe  centre  of  gravity. 
18  Suppose,  for  example,  that  the  weight  of  the  body  is 
100  pounds,  that  its  centre  describes  a  circle  whose  radius 
is  3  feet,  with  a  velocity  of  12  feet. 


M  -- 


32  ' 

V  =  12;     V  =  144; 

F  = 

100  X  144 

"IS*  a"      l0°P°™* 

the  body,  therefore,  tends  to  stretch  the  bar  with  an  effort 
of  150  pounds. 

Denote  by  "Pi  the  angular  velocity ;  then  will 


v2  = 

i  Eq.  (67),  gives 


Vi  R\ 


%  169.— Let  us  next  take  the 
case  of  a  thin  layer  of  matter 
BAB,  rotating  about  an  axis  0, 
perpendicular  to  its  plane,  with 
an  angular  velocity  FJ.  Taking 
any  one  of  the  elements  of  the 
layer  whose  mass  is  m,  and  de- 
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noting  its  distance  from  the  axis  0,  by  r,  its  living  force 

wiii  bo 


n  r<  rlt 


and  its  centrifugal  force, 


which  -will  act  in  the  direction  0  m  of  the  radius  of  the 
circle  described  by  m  about  the,  centre  O.  Through  the 
point  0,  draw  in  the  plane  of  the  layer,  any  two  rectan- 
gular axes,  as  0  x  and  0  y.  Kesolve  the  centrifugal  force 
into  two  components  acting  in  the  direction  of  these  axes; 
these  components  and  their  resultant  will  be  proportional 
to  the  sides  and  diagonal  of  the  rectangle  p  Oqm,  and  we 
shall  have,  denoting  Op  by  x,  Oq  by  y,  the  component 
parallel  to  the  axis  Ox  by  X,  and  that  parallel  to  Oy 
bjT, 

r    :    x    : :    ror  7",*    :    X 


X-- 
Y  -- 


axV, 


and  for  any  number  of  small  masses  m 
the  same  notation  with  accents, 

X'    =  m'  x'  Vi, 

X"  =  m'VT,' 

&c.    =       &e. ; 


m,",  &c.,  by  using 
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Y'    =  m'  y>  Vt, 

Y"  =  m'WVf, 

See.    =      &c; 

by  this  process  all  the  centrifugal  forces  have  been  re- 
duced to  two  groups  of  forces  acting  upon  the  point  0, 
in  the  direction  of  the  axes  Ox  and  Oy,  and  from  the 
principle  of  parallel  forces,  each  group  will  have  for  its 

resultant,  denoted  by  .X|  and    !',  respective:}-. 

X,  =    Vi   (m  x  +  m'  x'  +  m"  x"  +  &c). 
Y"i  =  V\  fa  y  +  m'  y'  +  »n"  y"  +  &e.) ; 
that  is, 

X1  =   ViJf'xlt 
Yx  =    YiM'y,; 

in  which  ilf'  denotes  the  entire  mass  of  the  layer,  and 
x,  and  y,  the  co-ordinates  0  P  and  0  Q  of  its  centre  of 
gravity  (?. 

The  resultant  of  the  forces  _Zj  and  Yt  is  the  entire 
centrifugal  force  of  the  layer;  and  this  denoted  by  Flt 
is,  from  the  principle  of  the  parallelogram  of  forces, 

Fl  =  \fV{Mfiy?  +  V?Mflx?  =  ViM'  \/V  +  V?\ 

and  making 

Ft  =  M'r,  V*; 

whence,  the  ceul.rifiii.ial  force  of  a  thin  layer  of  matter 
revolving  about  an  axis  perpendicular  to  its  plane,  is  equal 
to  the  square  of  its  awjular  velocity,  multiplied  by  the  product 
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of  its  mass  into  the  distance  of  its  centre  of  gravity  from  the 
axis  of  rotation.  Tliid  force  is  applied  to  the  centre  of 
gravity,  since  it  acts  in  the  direction  0  Q, 

Now  suppose  any  body,  as  A  B  0,  to  turn  around  the  a 
axis  L  M.  Divide  the  body  into  thin  layers  whose  planes  ai 
are  perpendicular  to  the 
axis.  These  layers  will 
give  rise  to  as  many  cen- 
trifugal forces  acting  at 
their  centres  of  gravity, 
ff,  ff',  ff",  Sea.  All 
these  forces  are  perpen- 
dicular to  the  axis  L  M, 
without  being  parallel  to 
each  other.  Sometimes 
they  have  a  single  re- 
sultant, sometimes  they 
will  reduce  to  two  forces, 
and  sometimes  they  will 
reduce   to   nothing,   de-  s 

pending  upon  the  form 
and  density  of  the  body, 

and  the  position  of  the  axis.     In  the  last  case,  viz. :  that  '<• 
in  which  the  forces  reduce  to  nothing,  there  will  be  no   ' 

3  upon  the  axis. 

le  centres  of  gravity  G,  (?',  ff",  &c,  be  all  on  the 
straight  line  parallel  to  LM,  the  centrifugal  forces 

s  parallel,  will  act  in.  the  same  plane,  at  the  same 

3  R  from  the  axis  of  rotation,  and  their  resultant, 
which  becomes  equal  to  their  sum,  will  pass  through  the 
centre  of  gravity  of  the  entire  mass,  and  we  shall  nave 


If  t 


will  1 


Vf R{M'  +  M"  +  M'"  -hi 


and  making 


-  M"  +  M"'  +  i 
F=   VfR.l 
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that  is  to  say,  the  centrifugal  force  of  a   body,  whose  s 

iio/is    ■perpendicaleir     to     the    axis,    have    their    centres 
gravity  in    a    straight    line  'parallel  to 
the    a.i.is,    is   the    same   as   though    the  Fig.  118. 

entire,  mats  lucre  concentrated  at  the 
common  centre  of  gravity.  This  sim- 
plification is  peculiar  to  the  sphere, 
the  cylinder,  and  surfaces  of  revolu- 
tion generally  whose  axes  of  figure 
are  parallel  to  the  axis  of  rotation. 


>e  §  170. — The  ceritriliigal  force  accounts  for  a  multitude 
t.  of  interesting  facts.  "When  a  horse  is  made  to  travel  in 
the  circumference  of  a  circle, 
his  centrifugal  force  will 
vary  as  his  mass  and  the 
square  of  his  velocity  :  when 
the  latter  is  doubled.  Iris  cen- 
trifugal force  is  quadrupled  ; 
when  trebled,  it  is  made 
nine  times  as  great,  &c,  so 
that  it  would  soon  become 
sufficient  to  overturn  him 
or  to  cause   him  to  recede 

from  the  centre  0.  It  is  to  resist  this  effort  that  horses, 
under  these  circumstances,  arc  seen  to  incline  their  bodies 
inward,  and  this  inclination  i,-;  determined  by  that  of  the 
resultant  of  his  centrifugal  force  and  weight,  as  the  line 
of  direction  of  this  resultant  must  pierce  the  plane 
of  his  path  somewhere  within  the  polygon  formed  by 
joining  his  feet. 

If,  then,  we  lay  off  upon  the  vertical  and  horizontal 
drawn  through  his  centre  of  gravity  67,  the  distances 
67  P  and  GF,  to  represent  his  weight  and  centrifugal 
force  respectively,  a.nd  eon  struct  the  rectangle  P  67  F R, 
the  diagonal  6?  J?  will  give  the  inclination  sought  Deno- 
ting the  weight  of  the  horse  by  P.  his  distance  from  the 
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centre  by  .H,  and  his  actual  velocity  by  T^  we  have 

„    p   y. 


and  consequently  the  pressure  or 


GR  -- 


W- 


1  + 


•/  if 


[finally,  in  order  t:-b n.t  the  horse  may  not  slip,  the  surface  e-»f:w. 
BA  of  his  path,  must  be  perpendicular  to  GR.  B  valb' 

When  a  horseman   rapidly  turns  a  corner,  he  leans 
his  body  towards  the  centre  of  the  curve  which  he  isanoie< 
describing,    to  bring  the  resultant    of   his    weight    and'11™1"8 
centrifugal  force  to  pass  between  his  points  of  support 
in  the  stirrups. 

When  a  wagon  makes  a  quick  turn,  its  centrifugal  force 
tends  to  overthrow  it  towards  the  convex  side  of  the  curve 
it  describes ;  and  the  risk  of  "  w"gc 

upsetting  is  directly  propor- 
tional to  its  weight  and  the 
square  of  its  velocity,  and 
inversely  proportional  to  the 
radius  of  the  curve.  This 
is  why  the  exterior  of  the 
roadway  is  usually  elevated 
in  short  turnings,  and  car- 
riages diminish  their  speed 
when  approaching  them. 

The  sling,  the  axe,  the 
sabre,  &c,  exert  upon  the 
hand,  when  we  give  them 
a  circular  motion,  a  traction 
equal  to  the  centrifugal  force. 
The  common  wheel  is  usually 
allies  A,  A,  &c, 
L  with  the  nave  N, 
by  means  of  radial  arms,  I,  I, 
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&c.,  and  the  centrifugal  force  is  constantly  acting  when 
the  wheel  is  in  motion  to  draw  these  arms  from  their 
places,  to  enlarge  the  circumference,  and  thus  to  detach 
the  fellies  from  each  other ;  hence  the  tire  not  only  pro- 
tects the  wheel  from  the  wear  and  tear  arising  from  the 
roughness  of  the  road,  but  also  eoiiiHcraeta  the  effect  of 
the  centrifugal  force. 


Fit;.   I™ 


1 171.— We  know  that  the  earth  revolves  about  its 
axis  A  A\  once  in  twenty -four  hours,  and  that  the  cir- 
i  conferences  of  the  parallels 
of  latitude,  that  is  to  say, 
the  circles  perpendicular  to 
the  axis,  have  velocities  which 
diminish  from  the  equator  to 
the  poles.  To  find  the  law 
of  this  diminution,  let  P  be 
the  weight  of  a  body  on  the 
surface  of  the  earth  in  any 
parallel  of  which  B '  ia  the 
radius,  its  centrifugal  force 
will,  Eq.  (68),  be 


Ffc~    -W---G- 


in  which    V1  is  the  angular  velocity  of  the  earth.     Sub- 

P 

stituting  M  for  — ,  we  have 

F  =  MY?K\ 

Denoting  the  equatorial  radius  CE  =  OP,  by  P,  and 
the  angle  OP 0'  =  P OM,  which  is  the  latitude  of  the 
place,  by  <p,  we  have  in  the  triangle  PCO', 

R'  =  R  cos  9 ; 
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which  substituted  for  E'  above  gives 


F  =  M  V?  E  cos  <p  . 


Now,  the  only  variable  quantity  in  this  expression,  in 
when  the  same  mass  is  taken  from  one  latitude  to  another,  "' 
is  <p ;  vjiience  we  conclude  that,  the  centrifugal  force  varies  as 
the  cosine  of  the  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the 
radius  E'  of  the  parallel  of  latitude,  and  therefore  in  a 
direction,  oblique  to 
the    horizon    TT'i 

Lay  off  on  the  pro-  Fig.  128. 

longation  of  this  ra-  „,        ^ 

dins,  the  distance 
PHy  to  represent 
this;  force,  and  re- 
solve it  into  two 
components  P  N 
and  P  T,  the  one 
normal,    the    other 


face   of  the   earth; 
the  first  will  dimin- 
ish the  weight  P  by  its  en  lire  value,  being  directly  o 
to  the  force  of  gravity,  the  second  will  tend  to  urge  the 
body  towards  the  equator. 

The  angle  J/'P.N'  is  equal  to  the  angle  PCS,  which 
is  the  latitude,  denoted  by  (p;  whence  the  normal  com- 
ponent 


PN=PHx c 


=  F.  cos  <p  =  M  7i3  R  cos  aj>, 


PT=  P.H&m<?  =  F.smy  =  M  Vis  B .  am  <?  c 
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■  3-  sin  2  f 


PT  =  | if  Y? -ffi sin  2  <p 

whence  we  conclude,  tffffit  tfie  diminution  of  the  weights  of 
bodies  arising  from  ;],<-.  ceriirifv'fil  force  at  the  earth's  surface, 
varies  as  the  square  of  the  cosine  of '  t/w,  latitude  ;  and  that  all 
bodies   are,  in  conse- 
quence   of    the    cen- 
trifugal force,  urged  Eg.  123. 


by    a    force    which 

varies  «,s  the  sine  of 
twice  the  latitude. 

At  the  equator 
and  poles  this  latter 
force  is  zero,  and  at 
the  latitude  of  45° 
it  is  a  maximum, 
and  equal  to  half 
of  the  entire  ceriti.ifnga;  force  at  the-  equator. 

At  the  equator  the  diminution  of  the  force  of  gravity 
is  a  maximum,  and  equai  to  the  entire  centrifugal  force; 
at  the  poles  it  is  zero.  The  earth  is  not  perfectly 
spherical,  and  all  observations  agree  in  demonstrating 
that  it  is  protuberant  at  the  equator  and  flattened  at  the 
poles,  the  difference  between  the  equatorial  and  polar 
diameters  being  about  twenty-nix  English  miles.  If  we 
suppose  the  earth  to  have  been  at  one  time  in  a  state  of 
'  fluidity,  or  even  approaching  to  it,  its  present  figure  is 
readily  accounted  for  by  tne  foregoing  considerations. 

The  force  of  gravity  which  varies,  according  to  the 
Newtonian  hypothesis,  directly  as  the  mass  and  inversely 
as  the  square  of  the  distance  from  the  centre  of  the  earth, 
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is,  therefore,  on  account  of  a  di.1  Terence  of  distance  and  of  weigut  of  the 
the  centrifugal  force  of  the  earth  combined,  leas  at  the  j^i^^t,,, 
equator  than,  at  the  poles. '  poles  dm  less 

To   find    the    value   of   the   centrifugal    force    at    the    lee91"""' 
equator,  make,  in  Eq.  (69),  M  =  1  and  cos  <p  =  1,  which 
alent  to  supposing  a  unit  of  mass  on  the  equator, 


The  angular  velocity  is  equal  to  the  absolute  velocity, 
divided  by  the  equatorial  radius  of  the  earth.  The  abso- 
lute velocity  is  equal  to  the  circumference  of  the  equator 
in  feet,  divided  by  the  number  of  solar  seconds  in  one 
siderial  day : 

Diameter  of  earth  in  miles  7925 Log.     3.8989993 

*    3.1416 Log.     0.4971507 

Feet  in  one  mile 5280 Log.    3.7226340 

Circumference  of  earth  in  feet Log.     8.1187840 

Length  of  a  sid.  day  in  Sol :  seconds,  8G400  X0.997369,  Log. 

Absolute  velocity  in  feet Log. 

Radius  of  earth  in  feet Log, 

Angular  velocity  V\ Log. 


Square  of  angular  velocity  V     . 
Radius  of  earth  in  feet 


Centrifugal  force  at  eqnator.  .0.1112 9.0463130 

Thus   the  value  of  the  centrifugal  force  at  the  equator  is  it 
0.1112  of  one  foot. 

By  the  aid  of  this  value,  it  is  very  easy  to  find  the 
angular  velocity  with  which  the  earth  should  rotate,  to  k 
make  the  centrifugal  force  of  a  body  at  Lite  equator  equal  ™ 
to   its   weight ;    for   by   the   present   rate    of  motion   we  n 
find 

01112  =    YfR, 
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and  by  the  new  rate  of  motion 

32J937  =    V/'B; 


in  which  32.1987  is  tin;  lores  of  gravity  at  the  equator. 
JJ.ivJ.diii*:;  the  sue-on  d  by  the  first,  and  we  find 


A-  =  289,  nearly: 


that  is  to  aay,  if  the  earth  were  to  revolve  seventeen  times 
as  fast  as  it  does,  bodies  would  possess  no  weight  at  the 
.  equator;  and  the  weights  o  I.' bodies  at.  the  various  latitudss 
from  the  equator  to  the  poles  diminishing  in  the  ratio  of 
the  squares  of  the  cosines  of  latitude,  the  weights  of  all 
bodies,  except  at  the  poles,  would  be  a 


§  172.— If  we  now  sup- 
pose the  body,  instead  of 
being  connected  with  the 
point  C  by  means  of  a  rigid 
bar,  to  move  about  the  same 
point  in  a  circular  groove, 
the  effects,  as  regards  the 
centrifugal  force,  will  ob- 
viously  be  the  same,  since 
the  body  will  be  constrained, 
by    the     resistance     of    the    . 

groove,  to  remain  at  the  same  distance  from  the  centre. 
If  the  plane  of  the  groove  be  horizontal,  the  pressure  of 
the  body  against  the  side  will  be  constant  and  equal  to  the 
centrifugal  force,  that  is  to  say,  to 
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But  if  tlie  plane  of  tlie  groove  be  vertical,  the  weight 
of  the  body  will  also  exert  its  influence ;  for  the  weight 
being  resolved  into  two  components,  one  tangent  and  the 
other  normal  to  the  curve  at  the  place  01  tbe  body,  the 
latter  will  sometimes  act  with,  and  sometimes  in  opposi-  when  vertical, 
tion  to  the  centrifugal  force,  while  the  former  will,  some-  ^Af a  weight- 
times  increase  and  sometimes  diminish  the  velocity;  so 
that  the  pressure  becomes  greater  or  less  than  the  cen- 
trifugal force  depending  upon  these    two   circumstances. 
Knowing  one  of  the  velocities  which  the  body  may  have,  hm  one  yaiodty 
it  is  easy,  by  the  principle  of  living  forces,  to  find  the  loflmllheuthera' 
others.     Take  the  body  at  its  lowest  point  in',  and  denote 
its  velocity,  supposed  known,  by   V,  and  let  it  be  re- 
quired to  find  its  velocity  at  any  other  point  m,  whose 
vertical  height  above  m'  is  S.     Denote  the  velocity  at  this 
latter  point  by  V,  then  will   the  loss  of  living  force  in 
passing  from  ml  to  m  be 

MV'2  -  MV*; 

and  this  being  equal  to  double  the  quantity  of  action  of 
the  weight  denoted  by  W,  in  the  same  interval,  which 
quantity  of  work  is  2  WU,  we  have, 

M(V'2-  72)  =  2  WH; 

;s  equal — ,  and  rediicin 
9 

y3  -    T2  =  IgS, 
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Denoting  by  3',  the  height  due  to  the  velocity  V,  we 


V"  =  2gB'; 
which  in  the  above  equation  gives 


Thus,   the   velocity    of   the 

body     will    be     diminished 

by  the  action  of  its  weight 

during  its  ascent,  while,  on 

the  contrary,  it  will  be  in- 

cn.;ased  during  the  descent, 

being   always   the   same    at 

points  situated  on  the  same 
velocity  greatest  horizontal  line.  The  've- 
nt lowest  point,  Yodty  will  be  greatest  at  the 
least  at  tha  lowest  and  least  at  the  high- 
ingheat.  egt   p0jnt      During    the  de- 

scent, the  body  will  acquire  Hying  force  by  absorbing  the 
gain  and  ion  of  work  of  its  weight,  which  living  force  will  again  be 
living  roi™.        destroyed  during  the  ascent  because  it  is  opposed  to  the 

weight. 


§  173.— When  a  body,  in  vir- 
tue of  the  motive  forces  which 
act  upon  it,  descril>es  a  curve  in 
)  space,  the  effect  is  the  same  as 
though  it  passed  over  the  arcs  of 
the  successive  osculatory  circles 
of  which  the  curve  is  composed. 
If  the  positions  of  the  centres  G, 
0',  0",  &c.,  of  these  successive 
circular  arcs  be  known,  as  well 
as  their  radii  A  C,  A'  0',  A"  0", 
&c,  the   curve  will    be   given 
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by  the  series  of  ares  A  A\  A'  A",  A"  A'",  &c,  de- 
scribed about  these  centres,  and  tervni  nated  by  these  radii. 
And  it  will  be  easy,  from  the  consideration  of  the  centrifu- 
gal and  motive  forces,  to  obtain  for  every  point  of  the 
curve,  the  position  of  the  centres  and  the  magnitudes  of  the 
radii  of  the  oscillatory  circles,  and.  consequently,  to  trace 
the  path  described  by  the  body. 

Let  P  denote  the  resultant  of  the  motive  forces  which  to  trace  the  curve 
act  upon  the  body  at  any  particular  point  as  A;  M  the  mil<ISBMftgli 
mass  of  the  body ;    V  its  velocity,  of  which  the  direction  r°™*>; 
is  A  T;  and  r  the  radius  A  C;  then  will,  the  centrifugal 
force  be  measured  by 

But  the  body,  in  describing  the  curve,  does  not  abandon 
the  small  &voAA\  and  must  therefore  be  retained  on  it 
by  a  force  equal,  and  directly  opposed  to  the  centrifugal 
force;  in  other  words,  the  motive  force  AP,  being  re- 
solved into  two  components,  one  tangent  and  the  other 
normal  to  the  curve,  this  latter  must  be  equal  to  the 
centrifugal  force.  Denote  the  normal  component  by  p, 
then  will 

P    =    r— TO        comment  rfft. 


r  =  MH. (71).       - 

p  • 

Such  would  be  the  radius  of  the  initial  arc  A  A',  provided 
the  velocity  V  were  constant  during  its  description.  This 
condition  cannot,  however,  be  fulfilled,  since  the  tan- 
gential component  of  the  motive  force  will  cither  increase 
or  diminish  the  velocity.     It  will  be  sufficient  to  make 
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in  which  n  and  ri  denote,  the  velocities  of  the  "body  at  tlie 
■  'beginning  and  ending  of  the  arc.  The  former  of  these 
1  must  be  given,  being  the  ini- 
tial velocity;   the  latter  must  Fig.  125, 

•be  found,  and  for  this  pur- 
pose we.  remark,  that   as  the 

arc  is  described  in  a  very  short 

time,  say  the  tenth  of  a  second, 

the  motive  force,  and  therefore 

its  tangential  component,  may 

be  regarded  as  constant  during 

this    interval.     Denoting    the 

tangential  component  by  q,  and 

the  time  by  t,  we  have,  from 

the  laws  of  uniformly  varied 

motion,  Bq.  (11), 


M 


(72); 


which,  in  Eq.  (71),  gives 

*(»  +  nr«)' 


(73). 


This  distance  being  laid  off  from  the  point  A,  upon  the 
perpendicular  to  the  tangent  A  T,  will  give  the  centre  0. 
The  length  of  the  arc,  denoted  by  s,  is  found  from  Eq. 
(10),  or 


M 


(r-i). 


The  law. of  the  motive  force  being  known,  the  intensity 
of  its  action  on  the  body  at  A'  becomes  known,  and  its 
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component  perpendicular  to  the  tangent  A' T',  denoted  by 
p',  will  give 


i  which  r'  is  the  radius  of  the  arc  A' A",  and  V,  the 
Lean  velocity  with  which  it  is  described. 

Denoting  the  new  tangential  component  by  q',  we  find, 


in  the  same  way  e 


'  =  »'  +  Tr<. 


which  in  the  equation  above  gives 


P 

and  this  being  laid  off,  as  before,  upon  the  perpendicular 
to  the  tangent  A'  T\  will  give  the  centre  C. 

The  length  of  the  are  A'  A",  denoted  by  s',  will  be 
found  from 

,'    —    n't    J 1 &  length  of  second 

Finding  the  value  of  the  motive  force  at  A",  its  nor- 
mal and  tangential  components  p"  and  q",  as  well  as  the 
mean  velocity   V",   we  obtain  the  value  of  the  radius 
0"  A",  and  the  position  of  flic  centre  C" ;  the  tangential  the  snme  process 
component  and  time  will  give  us  the  length  of  the  new**"0"™1'™'1 


)y  Google 


NATUEAL     I'll]  LHSOl'UY. 


i  may 
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y  arc,  and  thus  the  description  of  the  c 
be  continued  to  the  end. 
*  To  apply  this  general  case  to  a  particular  example, 
a  take  the  instance  of  a  homb  thrown  into  the  air.  The 
forces  here  are,  that  arising  from  the  explosive  action 
of  the  powder  and  which  gives  the  initial  velocity,  the 
resistance  of  the  air,  and  the  weight  of  the  bomb, 

Let  A  be  the  mouth 
of  the  piece,  of  which  the 
axis  coincides  with  the 
line  A  T.  This  line  will 
be  tangent  to  the  path  de- 
scribed by  the  bomb  at 
the  point  A.  Denote  the 
weight  of  the  bomb  by  W, 
the  initial  velocity  by  n, 
;  and  the  resistance  of  the 
air  due  to  this  velocity  by 
/  The  value  of  /  may 
be  taken  from  a  table  giv- 
ing the  resistances  corre- 
sponding to  different  velocities  and  calibres.  Through  A 
draw  AS  parallel  to  the  horizon,  and  denote  the  angle 
TA  H  by  a. ;  lay  off  upon  the  vertical  through  A,  the 
distance  A  W  to  represent  the  weight  of  the  bomb,  and 
resolve  this  weight  into  two  components :  one,  A  c  =  p, 
normal  to  the  tangent  A  'J';  and  the  other,  A  m  =  k,  in  the 
direction  of  this  line.  The  angle  W Ac  is  equal  to  the 
angle  TA  H  =  a. ;  and  hence, 


p  =  T-Fcos  a. 
k  =  TFsin  « 


and  since  the  resistance  of  the  air  is  directly  opposed  to 
the  motion,  the  force  in  the  direction  of  the  tangent,  after 
the  initial  impulse,  is  retarding,  and.  becomes 
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2  =  A  +  /  =   -  (Wsin  a  +  /); 


Wan*    +  / 


this  value  and  that  of  j>,  in  Eq.  (71),  give 

_*(--^T^')'. 

Waos  a 
and  writing,  in  Eq.  (74),  for  g  its  value,  we  find 

,    TTflia«    +/ 


Through  the 
point  J.,  draw  an 
indefinite  perpen- 
dicular to  the  line 
A  T,  and  lay  off 
from  A  the  dis 
tance  A  C,  equal 
to  r ;  with  0  as  a 
centre,  r  as  radius, 
describe  the  arc 
A  A'  equal  to  s. 
This  will  give  the 
initial  arc 

The  linear  di- 
mension of  an  arc 
at  the  unit's  dis- 
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tance  from  C,  is 


and  denoting  tin1,  ratio  of  '..he  circumference  of  the  circle  to 
its  diameter  by  *,  we  have 


in  which  2 
the  number  of  de- 
grees in  this  arc, 
or  the  value  of  the 
angle  A  OA'.  But 
this  angle  is  equal 
to  that  made  by  the 
tangents  A  T  and 
A'  'J"  at  the  extrem- 
ities of  are  A  A', 
and  the  angle  which 
the  tangent  at  the 
beginning  of  the 
second  arc,  A'  A" 
makes  with  the  ho- 
rizon, or  the  angle 
T'A'H'.-wmte 


Pursuing  the  same  operation  as  before,  we  find 
p'  =    Weos  a', 
V  =   Wain  a'; 
and  taking  from  the  tables  the  resistance  f,  correspondir. 
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to  the  new  Telocity  n',  we  construct  hi  the  same  way  the 
second  arc  A'  A'\  &c.,  &c, 

It  is  to  be  remarked,  that  as  the  angle  denoted  succes- 
sively by  «,  «',  &c.,  diminishes  in  passing  from  arc  to  arc,  it 
will  presently  become  eoual  to  zero,  at.  the  summit,  and  after- 
ward take  the  negative  sign;  in  the  first  ease,  the  tangential  variation  m 
component  of  the  weight  of  the  bomb  will  be  zero,  its  sign  "^^on , 
will  then  change,  and  instead  of  being  a  retarding,  it  will 
become  an  accelerating  force.     Hence,  in  this  curve,  three  ttree parts, 
portions  are  to  be  distinguished,  viz. :  the  ascending  branch,  ™"ve' 
the  descending  branch,  and  that  immediately  about  the 
summit. 

The  resistance  of  the  atmosphere  to  the  motion  of 
bodies  in  it,  is  found  to  vary  as  the  square  of  the  velocity 
of  the  moving  [tody,  and  some  idea  of  the  intensity  of  this 
resistance  may  be  formed  from  the  fact,  that  a  twenty-four  range  in 
pound  shot,  projected  under  an  angle  of  45°,  in  vacuo,  "mo*PnerB 
with  a  velocity  of  2000  feet  a  second,  would  have  a  range 
of  125000  feet,  while  the  same  ball,  projected  under  the 
same  circumstances  in  the  atmosphere,  would  only  attain 
to  the  range  of  7300  feet;  about  one-seventeenth  of  the 


§  174.— The  laws  of  the 
centrifugal  force  may  be  il- 
lustrated experimentally  by 
means  of  the  w/u>-/i//;/-!>tO/e.. 

This  consists  of  a  frame- 
work iij  ion  which  are  mount- 
ed two  vertical  axes.  Upon 
the  top  of  each  axis  is  fast- 
ened a  circular  block  ./■>',  I>, 
having  a  groove  cut  in  the 
eireumlerciiee  for  the  recep- 
tion of  an  endless  cord  G,  0, 
C\  which  also  passes  round 
a  wheel  W.     This  wheel  is 
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provided  with  a  crank  and  handle  S,  for  the  purpose 
of  communicating  motion  to  the  whole.  The  circular 
blocks  are  so  made,  that  their  circumferences,  around 
which  the  cord  passes,  may  be  varied  to  change  the  velo- 
city of  rotation.  Apiece  of  wood  dd,  is  mounted  upon  each 
of  the  circular  blocks,  by  means  of  screws,  to  support  two 
polished  horizontal  metallic  bars  b,  b,  along  which  a  small 
stage  #rnay  slide  with  as  little  friction  as  possible.  This 
stage  is  connected  with  i 


J:ig.  121. 


other  S',  which  slides  freely 
on  a  pair  of  vertical  bars  //,  V, 
by  means  of  a  piece  of  flex- 
ible catgut  passing  over  the 
pulleys  2h  '['■, m  such  manner 
as  to  lift  the  stage  &'  in  a 
vertical,  when  motion  is  com- 
municated to  S  in  a  hori- 
zontal, direction. 

The  stage  S'  is  placed 
with  its  centre  imrneilia.tely 
over  the  axis  of  motion. 

On  the  piece  dd  is  a  grad- 
uated linear  scale,  having  its 

aero  in  the  axis,  for  the  purpose  of  measuring  the 
of  the  stage  8  from  the  centre  of  motion.  A  s 
weights  W,  W,  in  the  shape  of  small  circular  plates, 
complete  this  part  of  the  apparatus.  The  weights,  being 
perforated  in  the  centre,  are  kept  in  place  by  a  vertical 
pintle  rising  from  the  middle  of  eacli  stage. 

Exuviple  1st.  Load  one  of  the  sieges  lSi,  with  the;  weight 
5,  and  place  it  over  the  division.  S  of  the  scale;  load  the 
other  stage  S  with  the  weight  %  and  place  it  over  the  di- 
vision 5;  make  the  circumference  of  the  first  circular  block 
double  that  of  the  second.  The  angular  velocity  of  the 
first  being  Vlt  that  of  the  second  will  be  2  T^.  When 
motion  is  communicated,  the  centrifugal  forces  will, 
Eq.  (68),  be,  respectively, 


of 


)y  Google 


MECHANICS    OF    SOLIDS. 


5x87; 


40  V{    and    40  Vt  \ 

that  is  to  say,  the  centrifugal  forces  will  always  "be  equal  <™ih; 
to  each  other.     Hence,  if  the  stages  5"  be  loaded  equally,  ■ 
they  will  be  drawn  up  simultaneously.  .  .  ■    .  ■  - 

Example  2d.  Kctaining  the  same  ratio  as  before  between  oxnmpie  accoDd; 
the  angular  velocities,  viz.,  Vi  and  2  P],  load  one  of  the 
stages  S  with  weight  6,  and  place  it  over  the  division  8  of 
the  scale ;  load  the  other  stage  3  with  weight  3,  and  place  it 
over  the  division  7.  When  rotation  takes  place,  the  cen- 
trifugal forces  will  be,  respectively, 

6x87/  =  48  F,3, 
3   X   7  X  4  Vi    =  84  Vi, 
the  ratio  of  which  is 

48  12  . 

84    ~    2l  ' 

and  hence,  if  the  first  stage  3'  be  loaded  .with  lii  weights,  reau|,. 
EBid  the  second  with  21,  they  will  rise  together,  and  with  a 
little  care  may  be  kept  suspended  by  properly  regulating 
the  motion. 

If  the  particles  of  which  a  body  is  composed  may^ 
move  among  each  other,  that  is,  if  the  body  be  soft,  ■  a 
change  may  be  effected  bv  the  action  of  this  force  in  its 

Such  a  body  of  a  spherical  form,  revolving  about  one  when a ™tatins 
of  its  diameters,  acquires' a  flattened  shape  im  the  direction  aQdy0f33p"ie^ica] 
of  this  diameter  or  axis,  because  the  parts  that  lie  in  the  ngm-e,  it  oc^uifea 
plane  of  the  greatest  circumference  which  can  be  drawn  *  s  pe' 

perpendicular  to  the  axis,  that  is,  in.  the  plane  of  the  body's 
equator,  have  the  greatest  centrifugal  force,  while  those 
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in  the  neighborhood  of  llic  poles  have  the  least;  the 
former  will,  therefore,  recede  from  and  the  latter  approach 
the  centre.  Hence  the  inference  in  regard  to  the  causes 
of  the  flattened  figure  of  the  earth. 

Example  3d.  On  the  vertical  axis  ab,  is  an  armillary 
sphere,  composed  of  elastic  wires,  fitting 
round  the   axis  by  means  of  a  ring, 
which  holds  them  all  together.     By  Fig.  isa 

this  contrivance  it  is  possible  for  tho  » 

elastic  wires  to  assume  an  elliptical 
figure,  having  a  shorter  vertical  diame- 
ter. Screw  this  apparatus  into  the 
middle  of  the  circular  "block  of  the 
whirling  table,  and  give  to  the  whole 
a  rotatory  motion ;  the  wires,  instead 
of  their  original  form  represented  by 
the  dotted  lines,  will  assume,  in  conse- 
quence of  the  centrifugal  force,  the  figure  shown  in  the 
dark  lines. 


§  175. — When  a  body 
r  moves  with  uniform  mo- 
tion, it  passes  over  equal 
spaces  in  equal  times. 
Thus,  suppose  the  body 
to  start  from  A,  and  to 
move  uniformly  in  the 
direction  from  A.  to  B;  the 
line  A  JB  being  divided 
into  equal  spaces  A  m', 
to'  to",  to"  to'",  &c,  these 
spaces  will  be  described 
notion  in  equal  times.  If  the  several  points  of  division  be  joined 
^1UU  with  any  point  as  0,  off  the  line,  a  series  of  triangles  J.  Cm', 
m'Om",  m"Cm/",  Sua.,  will  be  formed,  all  having  a  com- 
mon vertex  and  equal  bases  lying  in  the  same  straight  line. 
The  areas  of  these  triangles  will,  therefore,  be  equal,  and 
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will  have  "been  described  in  equal  times  (hiring  the  motion 
of  the  body  "by  the  line  joining  it  with  the  point  0. 

If  when  the  body  arrives  at  m't  it  receive  an  impulse 
in  the  direction  from  m'  to  G,  which  would  cause  it,  if 
moved  from  rest,  to  describe  the  path  m'  nt  in  the  same 
time  that  it  would  have  described  m'  m"  if  unmolested, 
then  will  it  describe,  in  the  same  time,  the  diagonal  m'  mtl  tie  forces  Hist 
of  the  parallelogram  constructed  upon  m' n,  and  m' m"  "llpul3IVCi 
as  sides.  The  line  m"  m„  being  parallel  to  m'  G,  the 
triangles  Gm'm"  and  Cm' '  m„  will  have  the  same  "base 
C  m',  and  equal  altitudes ;  their  areas  will  therefore  be 
equal;  hence  the  triangles  G Am'  and  0 m'  m„  will  be 
equal.  In  like  manner,  if  when  the  body  arrives  at  mllt 
it  receive  another  impulse  directed  towards  G,  which 
would  cause  it  to  describe  mtlnl/t  in  the  time  it  would 
have  described  mtl  0  =  rn'  mu  if  undiaturbed  at  wi„,  it  will 
describe  the  diagonal  m,,  msll  of  the  parallelogram  con- 
structed upon  m„  0  and  mu  nlt  as  sides ;  the  triangle 
Cm,,  mlt/  will  be  equal  to  the  triangle  0m„  0  =  Cm'mn 
=  OAm'.  These  equal  triangle?  are  described  in  equal 
intervals  of  time  by  the  line  joining  the  moving  body 
with  the  centre  G.  If  now  the  impulses  towards  0  be 
applied  at  intervals  of  time  indefinitely  small,  the  force 
may  be  considered  incessant,  the  sides  of  the  polygon  neu  incessant ; 
Am',  m'mllt  mHmlin  &c.,  will  become  indefinitely  small, 
and  the  polygon  itself  will  not  differ  from  a  curve.  The 
line  which  joins  the  body  and  the  centre  G,  is  called  the 
radius  vector ;  and  the  incessant  force  acting  in  i.be  direction  radius  vector; 
of  this  line  towards  the  centre,  k  called  the  centripetal  force. 

Whence  we  condv.de,  that  when  any  body  having  received  MWS  described 
a  motion,  is  acted  upon  by  a  centripetal  force,  of  which  lueb!Tad'Tx^' 
direction  is  obliq/te  to  thai  of  the  motion,  its  radiv.s  vector  will  i\v.  iimrM.r 
describe  equal  areas  in  equal  times.  awnp  ""' 

And  conversely,  if  the  radius  vector  of  a  body  moving  in 
a  civrve,  be  found  to  describe  equal  areas  m  equal,  times  about 
a  fixed  point,  ih.e  body  mud-  be  urged  touxrrds  this  faced  point 
I  force,   for  the  equality  of  the  triangles 
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Cm' in"   and'  Cm'mi 
r^"*1  0  m„  0 '  and    C  m„  m„ 

it^  1,,™  i.v.,-1.      &(.;.,'  depends    upon    the 


lei  torn'*?,  wi„  6J  ■■ 

drawn  from  the  positions 
in  which   the  body  .re- 
ceives the  deflecting 
pulses  to  the  centre  C. 

Denote   the  area   by 
A,     and  .  the  ■ '  time     in 

which  it  is  described  by  (;  the  ratio  of  A  to  t,  must, 
from  what  has  just  been  shown,'  be  constant.  Denote  this 
constant  by  a,  and'  we  shall  have   ■ 


(74)': 


and  making  t  equal  to  unity,  we  find 

A    a'j; 


from  which  we  conclude,  that  a  denotes  the  area  described 
in  the  unit  of  time. 


I'  176.— Let  a  body  de- 
scribe the  curve  A  B  under 
the  action  of:  a  centripetal 
'  force  directed  to  the  cen- 
tre 0;  and  suppose  m  and 
m'  to  he  two  positions  of 
the  body  very  near  to  each 
other.  Draw  the  tangent 
m  Q  to  the  curve  at  the  place 
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m,  and  draw  m'  Q  parallel  to  the  radius  vector  Cm,  and 
m'  n  parallel  to  the  tangent.  If  the  centripetal  force  had 
ceased  to  act  at  to,  the  body  would  have  described  m  Q  in 
the  time  that  it  has  actually  described1  m  to'.  Again,  if  the  c< 
body  had  been  moved  from  rest  at  m  by  the  centripetal  yi 
force  alone,  it  would  have  tl escribed  the  path  mn  =  m'Q, 
in  the  same. time;  .the  path  ran,  is,  therefore,  the  path  due 
to  the  action  of  the  centripetal  force.  The  places  m  and  m' 
being  very  near  each  other,  tbe  contri petal  force  may  be 
considered  as  constant  dujijij:  the  parage  of  the  body  from 
the  one  to  the  other.  Denote  the  velocity  which  the  een- 
ae  can  generate  in  the  body  at  to,  in  a  unit  of 
■,  by  v„  then/Eq.  (7),  will 


=  *  v,*, 


but,  Eq.  (74)', 


and  substituting  this  for  t,  we  find 
2-aa  X  n 


Multiplying  both  members  by  ibe  mass  of  the  moving 
body,  denoted  by  M,  we  have 


Draw  from  ml,  the  line  to' h  perpendicular,  to  Cm,  then, 
because  A  is  the  area  of  the  triangle  Omm',  will 


:  JCir 


m'h, 
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which  in  the  above  equation,  g 


-=fg  ■  •  (")"■ 


Vk.   1  :-3  J-. 


Tin:  distance  m«  is  called 
the  versed  sine  of  the  arc 
mm',  and  m'k  the  altitude 
of  the  sector ;  the  first-  mem- 
ber, or  Mvt,  is  the  quantity 
of  in oii o vi  ivjiieh  the  centrip- 
etal force  can  generate  in 
a  unit  of  time,  and  there- 
fore measures  its  intensity ; 

whence  we  conclude  that,  the  intend/.}/  of  the  centripetal 
foree  by  which  a  hod;/  is  mad:;  to  describe  a  curve,  is  always 
equal  to  four  tinvm  the  'mass  of  the  laxly  into  the  square  of  the 
area  described  by  ib  radius  vector  in  a  imit-  of  time,  multiplied 
by  the  versed  sine  of  ike  elementary  are  and  divided  by  the 
square  of  the  radius  vector  into  the  square  of  the  altitude  of 
tie  H'-ctor. 


MOTIOXS    OF    THE    HEAVEHLY     IIOIIIHS. 


§  177. — The  phenomena  of  the  heavenly  bodies  may 
be  divided  into  three  classes  :  (ho  first.,  comprehending  the 
motion  of  revolution  round  the  sun ;  the  second,  the  mo- 
tion of  rotation  about  their  respective  centres  of  inertia; 
and  third,  their  figure  and  the  oscillations  of  the  fluids  on 
their  surfaces.  It  is  only  proposed  to  consider  the  force 
which  produces  the  motion  of  revolution,  and  the  orbits 
which  the  bodies  would,  if  undisturbed,  describe. 

Observation  has  established  three  laws  respecting  the 
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motion  of  the  planets,  which,  from  their  discoverer,  are  laws  of  Ke 
called  Kepler's  laws,  via.: 

1st   The  planets  move  in  plane  curves,    and  their  radii  uti™-, 
vectors  describe  round  the  centre  of  the  sun,  areas  propor- 
tional to  the  times  of  their  description, 

2d.  The  orbits  of  lh.e plamis  are  eiUpses  vrith  ike.  centre  of  ad  law; 
the  sun,  in-  one  <f  t/te  foci, 

3d.   The  square-;  r,f  the  timet  of  revolution,  of  the  different  ad  law; 
planets  are  to  one  another  at  the  cubes  of  their  mean  distances 
from-  the  sun  or  semi-major  a.xes  of  their  orbits. 

These  laws  relate  only  to  a  motion  of  translation,  and  only  reiai< 
must,  therefore,  be  limited  to  the  motion  of  the  centre*  of  J^;"^!,, 
gravity  of  the  planets. 

§  178. — Prom  the  first  of  these   laws,    and   the  prin- 
ciple of  areas  proportional  lo  {.he,  Limes,  explained  in  §175, 
it  follows  that,  the  eeidripetul  force  which  heejis  the  planets  in  conaequa 
iheir  or!, Us  is  directed  to  lite  centre  of  the  sun,  and  that  this  ' 

body  is,  therefore,  the  centre  of  the  system, 

The  consequence  of  the  second  law  relates  to  the  varia- 
tion which  takes  place  in  the  intensity  of  the  centripetal 
force  arising  from  a  change  in  the  body's  place,  and  maybe 
determined  thus.     Let 
m  and  m',  be  two  con- 
secutive places  of  the 
planet  moving    in   an 
elhpse  of  which   O  A 
and  GB  are  the  semi- 
and    semi- 
axes,     and 
having  the  sun,  towards 
which  the  centripetal 
force  is  directed,  in  the 

focus  iS.  Draw  m'  n  parallel  to  lire  tangent  m  Q,  and  pro- 
duce it  till  it  meets  m  6*  drawn  to  the  centre  of  the  ellipse, 
in  the  point  v;  let  fall  the  perpendicular  m'  h  upon  the 
radius  vector  S  m;  join  the  body  at  m  with  the  other  focus 
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*S";  draw  8'.  N  and  OB 
parallel  to  the  tangent 
m  Q,  and  produce  m  0 
to  the  curve' at  (?. 

The  -tangent  Q  Q' 
makes  equal  angles, 
QmS  and  Q'mS', 
.  with  the  .  line,  drawn 
from  the,  place  m  to 
the  foci,  and .  because 
S'  N  is  parallel  to  this 
tangent,  the  triangle 
m  8'  iV"  is  isosceles,  mating  S' 
is  parallel  to  8'  N,  and  OS  is  equal  to  OS',  the 

NL  is  equal  to  LS;  hence  mL=  ■   ■  -■- is   equal 

to  tlie  semi-transverse  axis  0 A  —  A.    Denote  the  semi- 
conjugate  axis  by  B. 

In  the  similar  triangles  mnv  and  mLO,  we  have, 


=  Nm;  and  because  OB 


mL 


iG; 


whence,  writing  A  for  mB,  we  have 
A.mv 


Again,  drawing  m  F  perpendicular  to  B  O,  we  have, 
■  from  the  similar  ■right-uncled  triangles  m B F  and  m'hn,  ■ 


m'h     :     m'.n     :  :    mF 
whence,  writing  A  for  mB,  we  have 
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and,  dividing  the  lust  equation  by  this  one,  we  have 

mn     =  A%  m^_  1 

m!  it  m@  ■;:>,' -it    X    -m  /''" 


The  equation  of  the.  ellipse,  referred  to  the  conjugate 
diameters  Cm  sad.  CD,  gives,  because  the  points  ra  and  v 
will  sensibly  coincide  for  consecutive  places  of  the  body, 


CD  „ 
a  X  to*;  X  v  (?; 


which,  substituted  for  m'  n  above,  we  find 

mn  Cm 


m'h'  02f  X  mFi  X   v  <?  '  to 

and,  because  the  rectangle  of  the  semi-axes  is  equivalent 

to  the  parallelogram  co.ngf.nicl.nd  npo.ii  the  semi  -conjugate 
diameters  CO  and  Cm,  we  Have 

Clf  X  rnT3  =  As  X  -Ba ; 

moreover,  the  points  m  and  to'  being  contiguous,  Gv  will 
not  differ  sensibly  from  2  Cm-.  Making  these  substitutions, 
the  above  equation  reduces  to 

mn    _  _A_ 


AMw 
and,  multiplying  both  members  by  ■  -  ■  a 
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The  first  member  we  liiive  seen,  Eq.  (74)",  is  the  intensity 
of  the  centripetal  force  at  m.  CaEing  this  force  F  and 
writing  r  for  the  radius  vector  Cm,  we  finally  have 

2  Mo?  A         1 


Every  thing  being  constant  in  the  second  member  but 

r,  it  follows  that,  the  force  winch  v.rijes  a  planet  towards  ike 
sun,  varies  inversely  as  tlic  Mptara  of  theplmid's  distance  from 
Ihai  body. 

The  consequence  of  the  third  law  is  not  lea?  important, 
and  may  be  evolved  thus.  Multiply  both  members  of  the 
last  equation  by  «*  A"  He,  and  we  have 

F«*A'B*  =  2«2Ma?As  x   ^; 

divide  both  members  of  this  equation  by  Fa2,  and  there 
will  result 


Now,  *  AS  is  the  area  of  the  entire  ellipse;  a  is  the  area 
described  by  its  radius  vector  in  a  unit  of  time ;  hence 
is  the  number  of  units  of  time  in  one  entire  revolu- 
tion of  the  planet,  called  the  periodic  time.  Denote  this 
by  T,  and  substitute  it  for — ,  and  we  get 

«.   _    ^~  .    I   .    At 

1    -      f         r*     A- 

In  like  manner  for  any  other  planet;,  whoso  mass  is 
M',  mean  distance  A',  radius  vector  '/,  periodic  time  3", 
and  centripetal  force  F',  we  have 
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and  dividing  this  equation  by  the  one  a 


Tl 


But,  by  the  third  law, 


F 


11 
M' 


F  . 


Now  —  is  the  velocity  which  the  centripetal  force  can 

generate  in  one  unit  of  time,  or,  which  is  the  same  thing, 
it  is  the  measure  of  the  acceleration   due  to  the  force 


which  acts  upon  the  planet  M;  so,  likewise,   '--^  is  the 

acceleration  due  to  the  centripetal  force  which  acts  upon 
the  planet  M' ;  and  resolving  the  above  equation  into  the 
proportion 


1 


M' 


we  see  that  the  forces  wlneli  urge  two  different  planets 
towards  the  sun,  arc  to  each  other  in  the  inverse  ratio  of 
the  squares  of  the  distances ;  so  that  the  same  law  which 
regulates  the  intensity  of  the  force  in  a  single  orbit,  also 
extends  to  different  planet?  revolving  in  different  orbits. 
If  r  he  made  equal  to  r',  then  will  the  accelerations  due 
to  the  centripetal  force  be  equal ;  that  is  to  say,  if  all  the 
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atsimeiiiataiiee,  planets  were  brought  to  the  same  distance  from  the  sun, 

acc^rniicns  lire  eac^L  I™*  °^  mas3  would  be  urged  towards  that  body  with 

°infJ;  tlio  same  intensity  :   and  as  the  different  planets  might  be 

.  inverted  in  respeot  to  the  order  of  their  distances  from 

the   sun,  without   the  relation  of  the   periodic    times  as 

expressed  by  the  third  law  being  affected,  it  follows  that 

the  force  which,  acts  upon  all  the  planets  is  absolutely  the 

same  in  kind,   and  is  :  only  qualified,    in  intensity,  by   a 

change  of  distance.     These  considerations  led  Newton  to 

adopt  the  celebrated  hypothesis  which  laid  the  foundation 

of  physical  astronomy,  viz. :   that  all  bodies  attract  each 

NMtomau  oilier  -with.  o.7i.  energy  u'liieh  it  direeiJy  proportional  to  their 

mAverwi  masses  and  inrerv-ly  prirporti»iu.r.l  lo  Liu:  squares  of  their  dis- 


Starting  from  this  hypothesis,  it  is  easy  to  solve  by  a 
process  not  suited  to  an  elementary  work  like  this,  the 

encesor  converse  problem  of  that  which  led  to  the  consequence  of 

...  lesis,  ^  second  law,  and  to  show,  that  a  heavenly  body  may 
describe  any  one  of  the  conic  sections  having  the  sun  at- 
one of  the  foci,  depending  upon  the  relation  which  subsists 
between  its  velocity  and  the  energy  with  which  the  body 
and  the  sun  attract  each  other.     The  orbit  will  be  a  para- 

13 might  bola,  an  ellipse,  or  hyperbola,  according  as  the  square  of  the 
body's  velocity  is  equal  to,  less,  or  greater  than,  twice  the 

ia-or       attractive  force,  multiplied  by  the  distance  from  the  sun. 


§  179.— Let  Cmm'be 
the  sector  described  in  the 
unit  of  time :  take  the  dis- 
tance Ob  equal  to  unity, 
and  describe,  with  0  as  a 
centre  and  Gb  as  radius, 
the  arc  b  d  —  s„  which  will 
measure  the  angular  velo- 
city. With  G  as  a  centre, 
and  Cm'  =  r  as  radius,  describe  the  arc  m  h' ;  then  will 
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Supposing  the  unit  of  time  small,  in  which  case  m'  will1 
be  very  near  to  m,  m'h  will  be  sensibly  equal  to  m'h', 

mC to  m'  Gt  and  we  Lave  (bv  the  area  of  1.1  io  sector  Gmm', 


.from  which  we  find  that,  the  rwgvl.w  vdocity  of  a  planet  m 
about  the  sun,  varies  i»ver,-:d<j  re*  the  square  of  Us  d 
radius  vector. 

Sujijiosmg  the  planet 
to     describe    the    ellipse  Fig-  iss. 

ABI'D,  having  the  sun 
at  the  focus  S,  the  ex- 
tremities A  and  P  of  the 
transverse  axis  are  call- 
ed, the  former  the  Aphe- 
lion,, and  the  latter  the 
Pv.rilteiioi!.  The  angular 
velocity  of  the  planet  is 
the  least  at  aphelion  and 
greatest  at  perihelion.  & 

■  Again,  denote  the  angle 
Gm  Q  by  «,  and  suppose 
the  velocity  of  the  body  on 
the  small  arc  m  m'  uniform, 
which  we  may  do  without 
sensible  error,  the  length  o[' 
m  m'  will  measure  the  ve- 
locity of  the  planet  at  m, 
since  it  is  described  in  a 
unit  of  time.    Hence 
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and  the  area  of  the  triangle  or  sector   Gmm'  will  be 
\  V.  sins  x  t;  whence 


Draw  the  tangent  m  Q  to 
the  curve  at  the  point  m, 
and  from  0  let  fall  the  per- 
pendicular G  Q,  then  in  the 
right-angled  triangle  CQm, 
will 

C  Q  =  r  .  sin 
which  substituted  above  gives 

r=2- 


that  is  to  say,  the  velocity  <>f  a  planet  in.  ils  orbit,  varies  in- 
versely as  the  length  of  the  perpsndiciiAtr  Id  fall  from  the 
centre  of  the  sun  upon  il/c  tangent,  drawn  to  the  orbit  at  the 
body's  place. 

From  this  it  follows  that  the  velocity  of  the  planet  will 
be  greatest  at  perihelion  and  least  at  aphelion. 

§  180. — It  will  be  found  convenient  when  we  come 
to  discuss  the  nature  of  light,  to  know  that  when  a  body 
>  describes  an  ellipse  under  the  action  of  a  force  directed 
towards  the  centre  of  that  curve,  the  force  will  vary 
directly  as  the  length  of  the  radius  vector,  and  that  the 
periodic  time  will  be  the  same  for  all  ellipses,  great  and 
small. 
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Let  the  body,  under 
the  action  of  a  force  di- 
rected to  the  centre  0, 
describe  the  ellipse  of 
which  GA  and  OB  are 
the  semi-axes,  denoted 
respectively  by  A  and 
B;  and  suppose  m  and 
m'  to  be  two  of  its  con- 
secutive places.  Draw 
the  tangent  m  Q  at  the 

point  m,  and  parallel  to  this  tangent  draw  the  diameter 
D  D',  perpendicular  to  which,  draw  from  m  the  line  m,K. 
From  m'  draw  m'  n  parallel  to  the  tangent,  ti'l  it  meets  the 
radius  vector  Cm  in  n,  and  let  fall  upon  the  same  radius 
vector  the  perpendicular  m'  h. 

The  equation  of  the  ellipse,  referred  to  its  conjugate 
5  Cm  and  CD,  gives 


Qjr 


Qjf   X   nG' 


i  and  m'li  are  respectively  perpendicular  to 
the  lines  m  K  and  m  C,  the  angles  h  m'  n  and  Cm  IC  are 
equal,  and  the  angles  at  K  and  h  being  right  angles,  the 
triangles  m'nh  and  CmK  are  similar,  and  give  the  pro- 
portion 
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dividing  the  last  equation  "by  this  one,  we  have 

mn_  Cm*. 

~mrV  ~  'CD3  X  ~m~K%  X  n  G 

But  the  rectangle  of  the  semi-axes  is  equivalent  to  the 
parallelogram  deseribtd  upon  the  siimi-con jugate  ■  diame- 
ters, hence 


moreover,  n  G-  is  sensibly  equal  to  2  Cm;  making  these 

substitutions  above,  there  will  result 

e  indict  .       mn_         ~Cm 

";  m1!?   ~~  2AaSa' 

multiplying  both  members  by  4  Met?,  and  dividing  by 
Cm,  we  have,  Eq.  (74)", 

4Jfrf  X    —  'mn ■   =  F  =  ^^  X    Cm, 

Cm    X  WT  A'JB" 

in  which  M  is  the  mass  of  the  body.     Finally,  writing  r 
for  Cm,  we  find 

.  or  the  »  _  2if«a 

iBwofits       that  is  to  say,  iAe  centripetal  force  -which  will  cause  a  body  to 
iation;  describe  an  ellipse  when  dlnxied  to  lli.c  centre  of  that  curve, 

varies  directly  a-*  the.  radius  vector. 
and  me  Multiply    both    members    of    the    last    equation    by 

Iodic  lima;       ^JSjJS    and  W6  have 

F.*3A*B2  =  2<PMtf  X  r. 

Dividing  both  members  of  this  equation  by  Fa?,  and  we 
have 
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i*4gr  .  r  =  2^  X  -jr-: 


taking  the  square  root,  and  recollecting  that 
periodic  time  =  T,  we  find 


The  quotient  -^  is  the  measure  of  the  acceleration  due 

to  the  centrijjcl.nl  force,  winch  we  have  just  found  to  vary 
directly  as  the  radius  vector.  This  makes  the  radical  ex- 
pression constant ;  hence  T  must  also  be  constant. 

Whence  we  conclude,  ^e/uerally.  that  v.iken  any  number 
of  bodies  are  solwikd  towards  a  peed  'paint  by  forces  which 
vary  directly  as  the  distances  of  ike  bodies  from  i! tat  point,  they 
will  describe  ellipses,  or  circles,  one  of  the  varieties  of  the 
ellipse;  and  thai  thai/  will  all  perform  tk 


THE    PEHDULUM. 

|  181.— A  body  M  Q  N,  suspended 
from  a  horizontal  axis  A,  about  which 
it  may  swing  with  freedom  under  the 
action  of  its  own  weight,  is  called,  in 
general,  a  compound  pendulum.  When 
the  body  is  reduced  to  a  material 
heavy  point,  and  the  medium  of  con- 
nection with  the  axis  is  without 
weight,  it   is   called   a  simple  pendu- 
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The  simple  pendulum  is  but  a 
mere  conception,  and  yet  the  ex- 
pression for  its  length,  which  may 
easily  be  found  in  a  manner  soon 
to  be  explained,  is  of  great  prac- 
tical importance. 

When  the  pendulum  is  at  rest, 
in  such  position  that  its  centre  of 
gravity  67  is  below  and  on  the  ver- 
tical line  passing  through  the  axis 
A,  it  will  be  in  a  state  of  stable  equi- 
librium, §  151 ;  but  as  soon  as  it  is 
deflected  to  one  side,  as  indicated 
in  the  figure,  and  abandoned  to 
itself,  it  will  swing  back  and  forth 
about  the  position  of  equilibrium, 
into  which  it  will  finally  settle  in 
consequence  of  the  resistance  of 
the  air  and  friction  on  the  axis. 
If  these  causes  of  resistance  were 
removed,  the  pendulum  would  con- 
tinue its  motion  indefinitely;  but 
this  cannot  be  accomplished  in 
practice,  and  hence  such  figure  and 
mode  of  suspension  are  resorted  to 
as  to  give  these  impediments  the 
least  possible  influence. 

The  pendulum  is  usually  mount- 
ed upon  a  knife-edge  A  as  an  axis, 
resting  upon  a  well-polished  plate 
of  metal,  or  other  hard  substance, 
B ;  and  the  figure  of  the  pendulum 
is  that  of  a  flat  bar  0,  supporting 
at  its  lower  end  a  heavy  lenticular- 
shaped  mass  D,  called  a  bob. 

One  entire  swing  of  the  pen- 
dulum,  by  which   its    centre    of 
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gravity  is  carried  from  the  extreme  limit  67  of  its  path, 
on  one  side  of  the  vertical  AL,  to  67"  on  the  other,  is  «■ 
ci'i'Ied  an  osciilalhn. 

To  find  the  time  of  t< 

a  single  oscillation,  call  Fi&  14e' 

the  weight  of  the  entire 
pendulum,  W;  its  mass, 
M;  its  angular  velocity 
at  any  instant,  V-i ;  its 
moment  of  inertia  with 
reference  to  the  axis  of 
suspension,  I;  the  dis- 
tance of  its  centre  of 
gravity  from  the  axis, 
D ;  the  vertical  distance 
P  (?',  through  which  the 
centre  of  gravity  must 

descend  from  its  highest  point  6?  to  arrive  at  any  point 
G',y. 

The  living  force  of  1,'i.e  pendulum  when  the  centre  of 
gravity  reaches  the  point  (?'  will,  §  159,  be 

I.  Vi,  B 

and  the  quantity  of  work  of  the  weight  will  be 

Wy  =  Mgy,  * 

and  hence 

IV?  =  2  Mgy. 


The  point  0  on  the  line  J.  67  at  the  unit's  distance  from 
A,  will,  during  the  motion,  describe  an  arc  similar  to 
G  G',  and  the  vertical  distance  G;  P„  denoted  by  y„ 
through  which  this  point  will  fall  while  G  is  passing  to 
£?',  will  be  given  by 

y  -  Dyr,  t 
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and  this,  in  the  above  equation,  gives 

/.  F,a  =  ZMgDy,; 
whence 

M.D 


Vis  -- 


*9Vr 


;  "by  s,  the  small  distance  described  by  the 
point  0  during  the  very  short  interval  t,  succeeding  the 
instant  at  which  the  angular  velocity  is  Vh  we  shall  have 


which,  in  the  preceding  equation,  gives 

s*       M.D 

-k  =  —r-  -ISVti 


'M.D    2gy/ 


Taking  A  M  equal  to 
unity,  let  OB  0"  be 
the  arc  described  in 
one  oscillation  by  the 
point  M,  and  M  iVthe 
small  arc  s,  described 
in  the  time  t,  immedi- 
ately succeeding  the 
instant  at  winch  the 
angular  velocity  is  T^. 
Draw  ME  perpendi- 
cular to  the  vertical 


Kg. 

1-13. 

/ 

. ./ 

. 

\ 
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A  B,  and  N~Q  perpendicular  l.o  ME:  then,  in  the  similar 
triangles  A  ME  and  MN  Q,  we  have 

QN~    :     EM    ::    MN    :    AM; 

and  "because  A  M  is  unity,  and  MN  is  s„ 

_   QN 

s'        EM-  *• 

But  from  the  property  of  the  circle 

EM  =v/  2AB.EB  -  WS*  =\fz EB  -  EB3, 

and  if  we  take  the  arc  OB  0"  very  small,  the  versed  sine 
EB  will  be  a  very  small  fraction,  and  its  second  power 
may  be  neglected  in  comparison  with  the  first.     "Whence 

EM  =   V  2  EB; 

which,  in  the  value  of  s,  above,  gives 

QN    m 

VYeb'  a 

and  this,  in  the  value  for  ia,  gives 

fi  -  -I-  J-  a^l  : 

M..D     ig  '  y,BW  -  * 

Upon  BJ)  as  a  diameter,  describe  a  semi-circumference 
DmnB,  and  through  the  points  3i~and  N,  the  extremities 
of  the  arc  st,  draw  the  horizontal  lines  Mm  and  Nn,  cut- 
ting this  semi- circumference  in  the  points  m  and  n.  Draw 
the  radius  Om,  and  the  vertical  nq.  From  the  property 
of  the  circle  we  have 

mW  =  BE  x  ED  =  BE  x  PM  =  BE  x  y,; 
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which,  substituted  for 
BE  in  the  equation 
above,  gives 


M.D     ig     mE2' 

and,  taking  the  square  root, 

_ L    /       T  QN 

1  ~   2V g.M.D  X  m.E' 

The  two  triangles  m  0  E  and  m  q  n  are  similar,  and  give 

qn  =   QN    :    mE    ::     nm    :     0m; 


and  this  substituted  above  in  the  value  of  (,  gives 


_   ,     /        I  nm 

1  ~  aV g.M.D  X    On, 


proportional  to  Such  is  the  value  of  the  time  required  to  describe  the 
^1***  elementary  arc  MN,  which  we  see  is  proportional  to 
whose  diameier  the  arc  to  m,  or  to  the  projection  of  MN  on  the  semi- 
wuofosdiiatLoQ-  circumference  described  upon  DB  as  a  diameter,  every 
other  quantity  in  the  second  member  of  the  equation  being 
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constant;    and  hence,  the  time  required  to  describe  the 
whole  arc  GMB,  which  is  obviously  the  sum  of  all  the  me  time  or 
elementary  times  of  describing  the  elementary  ares  M iV,  "JJj^  -h, 
&e.,  must  be  equal  to  found; 


x/= 


"7 _J_ 

M.D  X    Or, 


into  the  sum  of  all  tile  projections  of  JfxY|  &c,  on  the 
semi-eiieuraferenee  D<mB;  but  this  sum  is  the  semi- 
circumfereuco  itself;  and  denoting  tho  time  from  C  to  i?, 
or  that  of  a  senii-oscillalion,  hy  \  Tt  we  have 

i      /       !  Jm.B 

'         "  V g.M.D  x  "5i";  " 


but 

DmB 

Ow, 


3.141.6, 


the  ratio  of  the  circumference  to  the  diameter ;  whence, 


T  =  '   \/. 


y  .  J;  .  « 


(7.-,). 


From  this  formula  we  see  that  the  duration  is  inde- 
pendent of  the  amplitude  of  the  oscillation,  when  this 
amplitude  is  small;  and  a  pendulum  slightly  deflected 
from  its  vertical  position,  and  abandoned  to  itself,  will 
oscillate  in  equal  times  whatever  be  the  magnitude  of  the 
arc,  provided  it  be  inconsiderable.  Such  oscillations  are  i* 
said  to  be  Isochronal. 

If  the  number  of  oscillations  performed  in  a  given  in- 
terval, say  ten  or  tvicsdy  miimie-%  be  counted,  the  duration 
of  a  single  oscillation  will  be  found  by  dividing  the  whole  «i 
interval  by  this  number.  n. 

Thus,  let  6  denote  the  time  of  observation,  and  JV  the  oo 
number  of  o«;ilhl.:oiiM.  thou  will 
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T  =  -w  =  '  ^JTBTV' 


and  if  the  same  pendulum  be  made  to  oscillate  at  some 
other  location  dining  the  same  interval  6,  the  force  of 
gravity  being  different,  the  number  N'  of  oscillations  will 
be  different;  but  we  shall  have,  as  before,  g'  being  the 
new  force  of  gravity, 


&  I    r 

W     ~     *       V     g>    ,M.D' 


Sii'.-Niring  and  dividing  the  fn-ni.  by  the  second,  we  find 


A"J" 


(7.1): 


■ravity    tliat  is  to  say,  the  intensities  of  the  force  of  gravity,  at 

!**"      different  places,  are  to  each  other  as  the  squares  of  the 

'Bin      number  of  oscillations  performed  in  the  same  lime,  by  the 

same  pendulum.     Hence,  if  the  intensity  of  gravity  at  one 

station  be  known,  it  will  be-  easy  to  find  it  at  others. 

§  182. — Eesuming  the  general  value  for  I,  Eq.  (65),  we 
'         have 

I  =  J[  +  D*M; 

which  value  of  I,  in  Eq.  (75),  gives 


T=  *   k/%  ±  D*M 

V      g  ,M.D 


(77). 


If,  now,  we  suppose-  the  entire  muss  of  the  pendulum  to 
be  concentrated  into  a  single  point,  and  this  point  con- 
nected with  the  axis  by  a  medium  without  weight,  we 
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'  =  0; 


since  the  centre  of  gravity  must  also  go  to  that  point,  and  e< 
r  =  r'  —  r"  =  &c.  =  0 ;  whence,  writing  I  for  the  new  value 
assumed  by  D,  which  now  becomes  the  distance  from  the 
axis  to  the  single  heavy  point  we  have 


TO; 


which  is  the  expression  for  the  time  of  oscillation  of  a 

simple  pemhilv.m  of  which  (  is  the  length. 

If  the  time  of  oscillation,  of  the  wimple,  be  the  same  as 
that  of  the  compound  pendulum,  we  shall  have,  from  Eqs. 
(75)  and  (78), 


n/= 


M.D~         MB  '     '     v " 

in  which  case  I  is  called  the  equivalent  simple  pendulum;  e. 
that  is  to  say,  the  length  of  a  simple  pendulum  which  will  p' 
oscillate  in  the  same  time  as  a  compound  pendulum  whose 
moment  of  inertia  in  reference  to  the  axis  of  suspension  is 
I,  whose  mass  is  M,  and  of  which  the  axis  of  suspension  is 
at  a  distance  from  the  centre  of  gravity  equal  to  D. 

The  point  situated  on  a  line  drawn  through  the  centre  c< 
of  gravity  of  the  pendulum,  perpendicular  to  the  axis  of  U! 
suspension,  and  at  a  distance  from  that  axis  equal  to  I,  is 
called  the  centre  of  oscillation;  and  is  that  point  of  which 
the  circumstances  of  oscillation  would  in.  uowise  he  altered 
were  the  entire  per.dulu.ni  concentrated  into  it,  or  were  it 
disconnected  from  the  other  points  of  the  pendulous  mass, 
its  connection  with  the  axis  being  retained. 
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§  183. — -A  (in",  dra.T.m  through,  t/u:  caUn:  of  oscillation,  and 

Axes  or  parallel  to  the  axis  of  suspension,  is  called  the  aids  of  oscilfo- 

of^TXtLnL  *""*■     ^6  axes  °J susPens^on  and  of  oscillation-  are  reciprocal. 

reciprocal!  Let  D'  denote  the  distance   of  the  axis  of  oscillation 

from  the  centre  of  gravity;  then  will 

I  =  D  +  D'. 

Invert  the  pendulum  arid  nvakc  the  axis  of  oscillation  the 
axis  of  suspension,  take  X  tor  the  new  e 
pendulum,  then  will 

lewaqnl^t  »  ■£    +    Mjf 

but  we  have,  from  the  foregoing  equation, 

D'  =  I  -  D; 
and  this,  in  the  preceding  value  for  V,  gives 


v  -  fi  +  K  $  -  -°)a 

M .  (I  -  D)    ' 


Aimin,  from  Eq.  (79),  we  have 


!  - »  =  A' 


substituting  this  in  the  above  valise  for  l\  we  finally  get 


' MB '• 


that  is  to  say,  when  the  axis  of  oscillation  is  taken  as  the 
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axis  of  suspension,  the  old  axis  of  suspension  becomes  the 
new  axis  of  oscillation.    In  other  words,  these  axes  are  eond™* 

reciprocal.     This   furnishes  .'in    experimental    method   for 
finding  the  length  of  any  equivalent  simple   pendulum,  e^uivaie 
which  is  the  more  valuable  in  view  of  the  great  diflieulty  ,,,', \'.,'Jri 
of  computing  the  moment  of  inertia  of  n  compound  pendu-  expciim. 
lum  by  the  ordinary  calculus,  owing  to  the  peculiar  forms 
of  that  instrument  rendered  necessary  by  the  circumstan- 
ces under  which  it  is  employed.     But  before  proceeding 
to  the  explanation  of  this  method,  it  will  be  proper  to 
premise,  that  the  time  of  oscillation  of  a  compound  pendu- 
lum will  be  a  minimum,  when,  in  Eqs.  (78)  and  (79), 


J,  +  B' 

M 

M  +  »* 

=  I 

MB 

D 

po^riil iL:: ;    or    replacing  -^ 
a  Eq.  (66)'  by  making  B  = 

by  its 
0,  the  < 

value 

}\p:m 

jion 

K' 

1  +  B> 
B 

must  be  the  least  possible. 

But  it  may  easily  be  shown,  either  by  trial,  or  by  a 
simple  process  of  the  calculus,  that  this  expression  is  a 
minimum  when 


and  consequently 


K'  ■■ 


I  =  2IC; 


that  is  to  say,  the  time  of  oscillation  of  a  pendulum  will  p 
be  the  least  possible  when  the  axis  of  suspension  passes 
through  the  principal  centre  of  gyration,  and  the  length 
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/-■=m 


A 


of  the  equivalent  simple  pendulum  is  twice  the  principal 
radius  of  gyration, 

rtho        Let  A   and  A'  be  two  acute 

parallel  prismatic  axes  firmly  con-  ri8'  14*- 

nected  with  the  pendulum,  the 
acute  edges  being  turned  towards 
each  other.  The  oscillation  may 
be  made  to  take  place  about  either 
axis  by  simply  inverting  the  pen- 
dulum. Also,  let  M  be  a  sliding 
mass  capable  of  being  retained  in 
any  position  by  the  clamp-screw 

inge   H.     For  any  assumed  position  of 

°r  M,  let  the  principal  radius  of  gyra- 
tion be  6?  0;  with  G  as  a  centre, 
6  0  as  radius,  describe  the  circum- 
ference OSS'.  From  what  has  been  explained,  the  time 
of  oscillation  about  either  axis  will  be  shortened  as  it 
approaches,  and  lengthened  as  it  recedes  from  this  circum- 
ference, being  a  minimum,  or  least  possible,  when  on  it. 
By  moving  the  mass  M,  the  centre  of  gravity,  and  there- 
fore the  gyratory  circle  of  which  it  is  the  centre,  may  be 
thrown  towards  either  axis.  The  pendulum  bob  being 
made  heavy,  the  centre  of  gravity  may  be  brought  so  near 
one  of  the  axes,  say  A',  as  to  place  the  latter  within  the 
gyratory  circumference,  keeping  the  centre  of  this  eircum- 

IV",J '  ierence  between  the  axes,  as  indicated  in  the  figure.  In 
this  position,  it  is  obvious  that  any  motion  in  the  mass  M 
would  at  the  same  time  either  shorten  or  lengthen  the 
duration  of  the  oscillation  about  botJi  axes,  but  unequally, 
in  consequence  of  their  unequal  distances  from  the  gyra- 
tory circumference. 

iado         The  pendulum  thus  arranged,  is  made  to  vibrato  about 

""n=  ouch  axis  in  succession  during  equal  intervals,  say  an  hour 
or  a  day,  and  the  number  of  oscillations  carefully  noted; 
if  these  numbers  be  the  same,  the  distance  between  the 
axes  is  the  length  I  of  the  equivalent  simple  pendulum ; 
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if  not,  then  the  weight  M  must  be  moved  towards  that 
axis  whose  number  is  the  least,  and  the  trial  repeated,  till 
the  numbers  are  made  equal.     The  distance  between  the  diaEance 
axes  may  be  measured  by  a  .scale  of  equal  parts.  moasnre 

From  this  value  of  I,  we  may  easily  find  that  of  the 
siiiipi'i  sccmm'v  ji-.-nihdmn :  that  is  to  say,  the  simple  pendu-  simple* 
lum  which  will  perforin  its  vibration  in  one  second.  Let  p  ■ 
Iff  be  the  number  of  vibrations  performed  in  one  hour 
by  the  compound  pendulum  whoso  equivalent  simple 
pendulum  is  I;  the  number  performed  in  the  same  time 
by  the  second's  pendulum,  whose  length  we  will  denote  by 
l\  is  of  course  3600,  being  the  number  of  seconds  in  1  hour, 
and  hence,  from  En.  (78), 


=  T  =  i 


fl 


i  the  force  of  gravity  at  the  same  station  is 
constant,  wc  find,  after  squaring  and  dividing  the  second 
equation  by  the  first, 


ib»i 


Such  is,  in  outline,  the  hcinii.iri.il  process  by  which  Kates 

determined  the  length  of  the  simple  second's  pendulum 

at  the  Tower  of  London  to  be  39.13908  inches,  or  3.26159  value  at  Lo, 

feet. 

As  the  force  of  gravity  at  the  same  place  is  not  sup- 
posed to  change  its  intensity,   this  length  of  the  simple 
second's  pendulum  .must  remain  for  oyer  invariable;    and,  basis nftiie 
on  this  account,  the  English  have  adopted  it  as  the  basis  rf ^jg,,*^,, 
of  their  system  of  vjevjldH  and  m-'.-amres.     For  this  purpose,  measures; 
'  necessary  to  say  that  the  s-sItW  P^  <& 
I  pendulum  at  the  Tower  of  London  shall 
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h  foot,  and  all  linear  dimensions  at  once  re- 
sult from  the  relation  they  bear  to  the  foot ;  that  the  galbn 
shall  contain  -r^tib  °f  a  cubic  foot,  and  all  measures  of 
volume  are  fixed  by  the  relations  which  other  volumes 
bear  to  the  gallon;  and  finally,  that  a  cubic  foot  of  distilled 
water  at  the  temperature  of  sixty  degrees  Fahr,  shall  weigh 
one  thousand  ounces,  and  all  weights  are  fixed  by  the  rela- 
tion they  bear  to  the  ounce. 

It  is  now  easy  to  find  the  apparent  force  of  gravity  at 
London ;  that  is  to  say,  the  force  of  gravity  as  affected  by 
the  centrifugal  force  and  the  oblateness  of  the  earth.  The 
time  of  oscillation  being  °ue  .second,  and  the  length  of  the 
simple  pendulum  3.26159  feet,  Eq.  (78)  gives 


S 


26Ki9 


whence 
g  =  *a  (3.26159)  =  (3.1416)3 .  (3.26159)  =  32.1908  feet. 
From  Eq.  (78),  we  also  find,  by  making  T  one  second, 
g  =  **Z, 
and  assuming 

length oftbe  I    =    X    +    y  COS  2  -p, 

function  or  tin-     we  have 


-^    =    £    +    ^003  2  +  . 


(81). 


Now  starting  with  the  value  for  g  at  London,  and 
causing  the  same  pendulum  to  vibrate  at  places  whose 
latitudes  are  known,  we  obtain,  from  the  relation  given  in 
Eq.  (76),  the  corresponding  values  of  g,  or  the  force  of 
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gravity  at  these  places ;    and.  these  values  and  the  cor-  force  of  gravity 
responding   latitudes    being   substituted   successively    in  '|™es!" 
Eq.  (81),  give  a  series  of  equations  involving  but  two  un- 
known quantities,  which  may  easily  be  :ibimil  I  iy  the  method 
of  least  squares. 

In  this  way  it  has  been  ascertained  that 

** .  x  =  32.1803     and    ^ .  y  =  -  0.0821 ; 

whence,  generally, 

g  =  32.1803  -  0.0821  cos  2  4-   .     .     (81)' ;  fo™  0f  gtmtj 

and    substituting    this  value  in   Eq.    (78),   and   making 
T  =  1,  We  find 

3  =  3^26058  -  0.008318  cos  2  i  .     .     (82).    lenginotampie 

Such  is  the  length  of  the  simple  second's  pendulum  attitude; 
any  place  of  which  the  latitude  is  4*. 

If  we  make  4-  =  40°  42'  40",  the  latitude  of  the  City- 
Hall  of  New  York,  we  shall  find 

ft.  in.  length  at  City 

I  =  3.25938  =  39.11256.  HaiiofNew 

The  principles  which  have  just  been,  explained,  enable 
us  to  find  the  moment  of  inertia  of  any  body  turning 
about  a  fixed  axis,  with  great  accuracy,  no  matter  what  its  momentonneitia 
figure,  density,  or  the  distribution  of  its  matter.     If  the  o  ™m  ^meona 
axis  do  not  pass  through  its  centre  of  gravity,  the  body  pendulum: 
will,    when   deflected   from,   its   position    of    equilibrium, 
oscillate,  and  become,  in  fact,  a  compound  pendulum;  and 
denoting  the  length,  of  its  equivalent  simple  pendulum  by 
I,  we  have,  Eq.  (79), 

M.D.I  =  I; 
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in  which  W  denotes  the  weight  of  the  body. 

Knowing  the  latitude  of  the  place,  the  length  I'  of  the 


n  simple  second's  pendulum  is  known  from 
counting  the  number  N  of  oscillations 
body  in  one  hour,  Eq.  (80),  gives 


and 

by  the 


I  -■ 


N* 


win  ■ 


l'ig.  M5. 


To  And  the  value  of  D,  which  is  the  distance  of  the 
centre  of  gravity  from  the  axis,  attach  a  spring  or  other 
balance  to  any  point  of  the  body,  say  its  lower  end,  and 
bring  the  centre  of  gravity  to  a  horizontal  plane  through 
the  axis,  which  position 
.indicated  by  the 
ding  of  the 
balance.  Denoting  by  «  the 
distance  from  the  axis  0 
to  the  point  of  support  It, 
and  by  b  the  maximum  in- 
dication of  the  balance,  we 
have,  from  the  principles 


la  -■ 


WD. 


The  distance  a  may  be  .measured  by  a.  scale  of  equal  parts. 
Substituting  the  values  of  WD  and  I  in  the  f. 
for  the  moment  of  inertia,  Ee|.  (83),  we  get 


b  .  a  .  V . 


i-i)- 


..Google 


If  the  axis  pass  through  the  centre  of  gravity,  as,  for  thor 
example,  in  the  fi^-wiied,  take  Eq.  (79),  'T' 

_  I,  +  MO'  "Z". 

'-       MS       '  •'•• 


U.D.I  -MO* 


(So). 


Mount  the  "body  upon  a 
parallel  axis  A,  not  pass- 
ing through  the  centre  of 
gravity,  and  cause  it  to  vi- 
brate for  an  hour  as  before ; 
from  the  number  of  these 
vibrations  and  the  length 
of  the  simple  second's  pen- 
dulum, the  value  of  I  may 
be  found  as  before ;  M  is 
known,  being  the  weight 

W  divided  by  g;  and  D  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  tho  spring  balance,  as  already 
indicated;  wlien.ee  /,  becomes  known. 

§  184.— When  a  body,  * 

BQNG  receives  a  motion  *&  14Y"  » 

of  rotation  about  an  axis 
A,  which  is  here  supposed 
perpendicular  to  the  plane 
of  the  paper,  each  elemen- 
tary mass  m,  will  develop 
a  force  of  inertia  whose  di- 
rection is  perpendicular  to 
the  shortest  line  connecting 
it  with  the  axis,  and  whose 
intensity  will  be 
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in  which  r  is  the  ( 
of  m  from  the  axis,  and  Vt 
the  elementary  amount  of 
angular  velocity  generated 
in  the  very  small  portion 
of  time  denoted  hy  t. 

Through  the  axis  A, 
draw  two  planes  at  right 
angles  to  each  other,  and 
let  their  traces  on  the  paper 
be  A  X  and  A  Y.  Deno- 
ting the  co-ordinates  Ap  and  A  q  of  m,  referred  to  these 
planes,  hy  x  and  y,  respectively,  we  shall  have 


s  m  A  p  =  — , 


cos  in  Aq  -■ 


Resolve  the  force  of  inertia,  above  given,  into  two  compo- 
nents in  the  direction  of  these  planes.     The  component 

■parallel  Lo  the  plane  of  which  the  trace  is  A  y,  will  be 

_     V,     x  _  V, 


and  that  parallel  to  the;  plane  whose  trace  is  A  x,  will  I 


and  for  other  elementary  masses  m',  m",  &c,  of  which  the 
co-ordinates  are  x'y',  x"y",  &c.,  we  shall  have  the  com- 
ponents 

m'x  ■  — -,        m   x    —-.  &?,., 
P  P        ' 

V,  V, 

my'.-A        m"y"-±,  &c; 
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the  resultant  of  the  components  parallel  to  the  plane  Ay, 
will  be 


and  of  the  components  parallel  to  the  plane  Ax, 

y  y 

--{my  +  my    +  my"  +  &c)  =  —  My/,  ™ 

in  which  M  denotes  the  entire  mass  of  the  rotating  "body, 
and  xt  and  yt  the  co-ordinates  of  its  centre  of  gravity. 

And  the  intensity  of  the  general  resultant  will,  from  the 
parallelogram  of  forces,  be 

V.  .  ■         V, 

?±MVtf  +  y?  =   ^M.D;  " 

t  '         J'  t  '  v 

in  which  D  represents  the  distance  of  the  centre  of  gravity 
(?-,  of  the  whole  mass,  from  the  axis.  The  direction  of  ju 
this  resultant  will  be  perpendicular  to  A  67,  drawn 
through  the  centre  of  gravity  perpendicular  to  the  axis, 
as  will  readily  appear  by  reference  to  its  components 
parallel  to  the  planes  A  y  and  A  x  found  above. 

The  moment  of  this  force,  with  reference  to  the  axis, 
will  therefore  be  its  intensity  multiplied  into  some  dis- 
tance as  A  0  =  L,  on  this  line, 


But,  Eq.  (63),  the  sum  of  the  moments  of  all  the  forces  of 
inertia  actually  ex  cried,  in  reference  to  the  axis  A,  is  equal 
to  the  product  of  the  entire  moment  of  inertia  I,  multiplied 
y 

by  the  ratio  —    therefore 


)y  Google 


NATURAL    : 


{.!>   ' 


whence  we  conclude  that.  lh,e.  point  at  -which  the  resultant 
inertia  of  a  rotating  mass  is  exerted,  'is  on  a  line  drawn 
tJi.rouylh  ils  centre  of  grain.!'/  -jMyr/i^ndicuia)'  !o  tha  axis,  mid,  ul 
a  dixtaiKG  frr/nt,  the  axis  equal  io  the  raomad  oj  inertia  divided 
by  the  prod-act  of  Ike  muss  into  the  distance  of  the  centre  of 
gravity  from  the  axis. 

This  being  understood,  suppose  a 
force  F  applied  at  the  point  G  in  a  di-  KS-  148- 

leetion  perpendicular  to  the  line  J.  0, 
^ndiimnediiitt-jy  opposed  to  the  direc- 
tion of  the  motion;  Lids  force  would 
obvdou.--.iy  tend  to  bend  the  line  A  0, 
the  point  A.  being  retained  by  the 
axis,  and  the-  point  0  being  urged 
onward  by  the  inertia  coneenti'iitcd 
a  at  it.  If  the  force  be  sudd-only  tip- 
plied,  the  axis  must  receive  a  shock, 
and  to  estimate  its  intensity  S,  de- 
note by  X  the  distance  A  C;  then,  from  the  principles  of 
1  forces  already  explained,  we  have 


'C1  -  f) 


(87) ; 


or,  substituting  the  value  of  L,  Eq,  (86), 

s=r(i  -^2-x).  .  .  (88). 

If  we  suppose  the  body  at  rest,  and  desire  to  apply  the 
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force  F  so  as  to  communicate  no  shock,  wo  make 
S  =  0, 

a  condition  that  can  only  be  satisfied  by  making 


MB  ' 

There  being  no  shock  to  the  axis,  it  can  oppose  no  resist- 
ance to  the  motion  of  rotation,  and  hence  we  infer  that 
this  latter  will  be  the  same  as  though  the  body  were  per- 
fectly free.  The  point  0  is,  on  this  account,  called  the 
centre  of  percussion,  which  may  be  denned,  that  point  of  cam 
a  body  retained  by  a.  f.xed  axis,  at  which  it  may  be  struck  in  a  jj*£ 
direction  perpendicular  to  the  plane  of  the  centre  of  gravity 
and  axis  without  coiiiriiuYu/Miivj  any  vh/xh  to  t/ie  axis. 

The  centre  of  per- 
cussion may  be  found  Kg.  149, 
experimentally  thus : — ■ 
lay  the  axis  0  upon  a 
support  A  A,  and  per- 
mit the  body  to  fall  up- 
on a  moveable  edge  J5, 
resting  on  a  horizontal 
plane;  when  this  edge 

is  placed  in  such  position  that  the  axis  0  will  not  move 
when  the  body  falls  upon  it,  the  centre  of  percussion  will 
be  immediately  above  the  point  struck.  Since  the  dis- 
tance of  the  centre  of  percussion  from  the  axis  is  equal  to 

J 
MB' 
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it  must  be  at  the  centre  of  oscillation.  To  move  a  pen- 
dulum without  communicating  action  to  its  axis,  the  force 
must  be  applied  at  the  centre  of  oscillation. 


§  185.— Resuming  Eq.  (87), 
we  see  that  the  shock  upon  the 
axis  A  will  be  positive,  that  is  to 
say,  will  act  in  the  direction  of 
the  impressed  force  F,  as  long  as 
X  is  less  than  L:  when -ST is  equal 
to  L,  there  will  be  no  shock; 
when  .Xis  greater  than  L,  there 
will  again  be  a  shock,  but  with  a 
negative  sign,  which  indicates 
that  it  will  be  exerted  in  a  direc- 
tion opposite  to  that  of  the  im- 
pressed force.    Now  these  shocks 

in  opposite  directions,  with  a  neutral  point  A,  can  only 
arise  from  an  effort  of  l.lie  panicles,  which  arc  situated  on 
opposite  sides  of  the  axis,  to  move  in  contrary  directions 
when  the  body  is  struck  at  the  centre  of  oscillation ;  and 
as  the  effect  upon  the  neutral  point  A  is  the  same  in  this 
latter  case,  whether  the  body  be  retained  by  an  axis  or  a 
force,  it  follows  that  every  free  body,  when  struck,  in  gen- 
eral, begins  to  move  for  the  instant,  but  only  an  instant, 
about  a  single  point.  This  point  is  called  the  centre  of 
spontaneous  rotation.  If  the  blow  be  impressed  at  any 
point,  as  0,  the  centre  of  spontaneous  rotation  will  be  upon 
the  axis  corresponding  to  the  point  0  as  a  centre  of  oscil- 
lation, and  hence  its  distance  from  the  latter  will  be  given 


(89); 


and  since  the  centre,  of  oscillation  and  axis  of  suspension 
are  reciprocal,  /  will  denote  the  moment  of  inertia  taken 
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with  reference  to  an  axis  through  the  point  0,  and  -D  the  nam 
distance  of  the  latter  from  the  centre  of  gravity.  '";  :M 

Referring  to  Eq.  (88),  if  the  axis  be  supposed  to  pass  rotat 
through  the  centre  of  gravity,  I)  will  he  equal  to  ^ero,  and 


that  is  to  say,  no  matter  where  the  force  F  be  applied,  its  ihe< 
entire  effect  will  be  communicated  to  the  centre  of  gravity,  flh™ 
which  is  a  confirmation  of  the  result  given  in  §  146.  cent 

If  the  line  of  direction  of  the  force  pass  through  the 
centre  of  gravity,  J),  in  Eq.  (89),  will  be  zero,  and  the  dis-  itdij 
tanee  of  the  centre  of  spontaneous  rotation  will  be  at  an  |™pl 
infinite  distance  from  the  point  of  impact ;  in  other  words  of  & 
the  body  will  not  rotate,  which  is  another  result  of  §  146.   JjJJJjJ 


§  186.— Let  Q  be  a  body 
suspended  from  an  axis  A 
perpendicular  to  the  plane 
of  the  figure.  This  body  be- 
ing at  rest,  suppose  it  to  be 
struck  at  the  point  T  by  an- 
other body  P.  moving  in  the 
direction  T  L  at  right  angles 
to  the  surface  of  contact, 
and  in  a  plane  perpendicu- 
lar to  the  axis  A.  Denote 
by  m  and  w  the  mass  and 
weight  of  the  impinging 
body,  and  by  V  its  velocity 
before  the  impact.  At  the 
instant  of  meeting  there  will 
be  developed  a  force  of  com-  '  , 

pression  F,  which  wdl   act  ' 

equally  upon  each  body  along  the  line  FL,  but  in  oppo- 
site directions.  The  pressure  upon  both  bodies,  which  is 
nothing  when  they  begin  to  touch  each  other,  will  aug- 
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Bdionand      inen.l  by  ilegfees  as  I. hey  :i!l- 

ctionvaiinble;  p-pg^  t0  j^g  g^fo  0f  great- 
est compression :  so  that  F, 
although  always  represent- 
ing a  number  of  pounds 
weight,  is,  nevertheless,  nor 
a.  fixed,  but  a  variable  quan- 
tity. We  may  disregard  for 
a  moment  the  body  Q,  and 
suppose  tilts  force  /■'  applied 
to  the  body  P,  considered  as 
free ;  the  force  will  deprive  ■* 
tli is  body  of  a  series  of  hiiili.11 
degrees  of  velocity  denoted 
by  v,  each  in  the  small  time 
t,  so  that  its  measure  at  any 
instant  will,  Eq.  (39),  be  given  by 


But  the  force  F  also  acts  upon  the  body  Q,  and  turns  it 
about  the  axis  A,  generating  in  it,  during  the  same  in- 
terval of  time  t,  an  angular  velocity  v,;  and  the  forces  of 
inertia  thence  arising,  must  be  in  cquilibrio  with  the  force 
F;  in  other  words,  the  sum  of  the  moments  of  the  first  in 
reference  to  the  axis  A,  must  be  equal  to  the  product  of 
the  force  F  into  the  perpendicular  .A  G,  drawn  from  the 
axis  to  the  line  of  direction  TL.    Hence,  Eq.  (63), 

F.AO  =  i.~; 


j  the  value  of  F  above,  and  dividing  by 
A  C\  which  wc  will  represent  by  the  sin 
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or,  finally, 


Denote  by  v',v",v'",  &c.,  the  small  decrees  of  velocity 
lost  by  the  body  P,  during  the  second,  third,  fourth,  &c, 
intervals  of  time  t,  supposed  to  be  always  of  the  same 
length ;  and  by  »/,  v",  v/",  &c,  tlie  angular  velocities  ac- 
quired by  the  body  Q  during  the  same  intervals;  we 
siiall  have 

t .  m  .  •  =  /.,', 

$  .  m    v"  =   Iv",  K' 

&c.      =    &c; 

by  taking  the  sum  of  the  whole, 

F(v  +v'  +  v"  +v"'  +  ka.)m  =  I{vl+  v/  +  v,"  +  &c);* 

and  denoting  by  U  the  whole  velocity  lost  by  the  body 
P,  and  by  V^  the  whole  angular  velocity  gained  by  the 
body  Q  during  the  entire  action,  wo  shall  have 

XJ    =   v   +   v'   +    v"   +   v>»    +   &Ci)  v, 

Vt  =  v,  4-  »/  +  v,"  +  v,'"  +  &c;  » 

whence,  by  substituting  a'oove. 

p.m.  V  =  ITi     .     .     .    ■  (90).      " 


If  the  bodies  be  not  elastic,  it  will  only  be  j 
consider  the  impact  from  the  instant  in  which  they  first 
come  in  contact,  to  that  in  which  the  body  P  has  lost  its 
excess  of  velocity  over  that  part  of  Q  into  which  it  be- 
comes imbedded ;  for,  as  soon  as  the  body  P  has  taken  the 
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angular  velocity  of  tin;  other  about  tlie  axis,  there  will  be 
no  effort  to  regain  lost  figure,  and  the  two  bodies  will 
turn  about  A  as   though    they  constituted   but  a  single 

But  the  angular  velocity  of  Q  about  A.  being  Vh  that: 
of  P  will  be  p  Vh  and  we  shall  have 

U  =    V-pVt] 

substituting  this  value  of  U  in  Eq.  (90),  we  find 
pm(y  _  pVi)  =  irt; 

wheaee 


Pi  = 


p.m. 


a  +  J  ' 


(9i); 


which  gives  the  angular  velocity  of  the-  body  struck,  after 
the  impact,  in  terms  of  its  moment  of  inertia,  the  mass 
and  velocity  of  the  impinging  body,  a:"icl  the  distance  from 
the  axis  to  the  path  described  by  its  centre  of  gravity. 


§  187.— In  artillery, 
the  initial  velocity  of 
projectiles  is  ascertained 
by  means  of  the  balistic 
pendulum,  which  consists 
of  a  mass  of  matter  sus- 
pended from  a  horizon- 
tal axis  in  the  shape  of 
a  knife-edge,  after  the 
manner  of  the  compound 
i  pendulum.  The  bob  is 
either  made  of  some 
unelastie  substance,  as 
wood,  or  of  metal  pro- 
vided with  a  large  cavity 


/ 

/ 
/ 

I 
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filled  with  some  soft  matter,  as  dirt^  -which  receives  the 
projectile  and  retains  the  shape  impressed  upon  it  by  the 
blow. 

Denote-  by  Fand  m,  the  initial  velocity  and  mass  of  the 
ball;  Fjthe  angular  velocity  of  the  balislie  pendulum  alter  musnum 
the  blow,  1'  and  M  its  moment  of  inertia  and  mass,     ^.lso 
let  r  represent  the  distance  of  the  centre  of  oscillation  of 
the  pendulum  from  the  axis  A.     That  no  motion  may  be 
lost  by  the  resistance  of  the  axis  arising  from  a  shock,  the  the  pan. 
ball  must  be  received  in  the  direction  of  a  line  passing  '^J\ 
through  this  centre  and  perpendicular  to  the  line  A  0.  radium 
This  condition  being  sat.isiied,  we  have 


and  Eq.  (91)  becomes 

from  which  we  find 


(""■■  +  m. 


the  velocity  V  becomes  known,  therefore,  when  V\  is 
known,  since  all  the  other 'quantities  may  be  easily  found 
by  the  methods  already  explained.  To  find  Vv  denote 
by  H  the  greatest  height  to  which  the  centre  of  gravity 
of  the  pendulum  is  elevated  by  virtue  of  this  angular 
velocity ;  then,  since  the  moment  of  inertia  of  the  ball  is 
mru,  we  have,  from  the  principle  of  the  living  force, 

(/  +  m  r3)  V?  =  2  (M  +  m)g  E; 


(M  +  m)g 
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Denoting  by  T  the  time  of  a  single  oscillation  of  the 
poithiiinn  after  it  receives  the  bill],  we  have,  Eq.  (75), 


*  V    (if  +    „,)  D  .  g> 

D  being  the  distance  from  the  axis  to  the  centre  of  grav- 
ity; whence, 

J+  ntr1     _    1>T' 
{M  +  m)  g    ~      «■    ' 

and  this  value,  subidtntod   in   tlie  equation  of  the  living 
force,  gives 

^-t—  V?  =  2  IT; 


also 

I+mr>  =  (Jf+  m)g.I>.T<. 

and  because,  Eq.  (78), 


of  lha  equivalent  ~  

iin.pl.>  A    — 

we  find 
tengfli  of  [his  _     T*  g 


Substituting  these  values  of  T^,  I+mr3  and  r  in  Eq.  (92), 
we  find 
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or,  replacing  the  masses  by  tlie  weight  divided  by  the 
force  of  gravity, 


in  which  W  and  w  denote  the-  weights  of  the  pendulum 
and  ball  respectively. 

Observe  that  H  is  the  height  to 
which  the  centre  of  gravity  rises  in 
describing  the   arc  of  a  circle   of  Fig.  r53. 

which  T)  is  the  radius.  Let  0  (}'  K 
be  half  of  the  circumference  of 
which  this  arc  is  a  part,  G  and  G' 
the  initial  and  terminal  positions  of 
the  centre  of  gravity  during  the 
ascent ;  draw  6"  li  perpendicular  to 
KG.  Then,  because  AG  =  D,  and 
GE  =  II,  we  have,  from  the  proper- 
ty of  the  circle, 


EG'  =   V~H{2D  -  II); 

and  if  the  pendulum  be  made  large,  so  that  the  arc  67  67' 
shall  be  very  small,  which  is  usually  the  case,  II  may  be 

neglected  in  comparison  with  2  D,  and  therefore 


RG'  =    VHir.  O; 


V2  HI)  is  half  the  chord  of  the  are  described  by  the 
centre  of  gravity  in  one  entire  oscillation.  Denoting  this 
chord  by  0,  and  substituting  above,  we  have 

Tr       .      *       _    W  +  w  p 


From  tli  is  eon  in,  firm,  we  may  find  the  initial  velocity  V: 
and  for  this  purpose,  it  will  only  be  necessary  to  have  the 
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duration  of  a  single  oscillation,  and  the  amplitude  of  the 
arc  described  by  the  centre  of  gravity  of  the  pendulum. 
The  process  for  finding  the  time  has  been  explained.  To 
f  find  the  are,  it  will  be  sufficient  to  attach  to  the  lower  ex- 
tremity of  the  pendulum  a  pointer,  and  to  fix  on  a  perma- 
nent stand  below,  a  circular  graduated  groove,  whose 
centre  of  curvature  is  at  A;  the  groove  being  filled  with 
some  soft  substance,  as  tallow,  the  pointer  will  mark  on 
it  the  extent  of  the  oscillation.  Knowing  thus  the  arc, 
denoted  by  i,  and  the  value  of  D,  found  as  already 
described,  §  184,  we  have 

RQ'   =  \  0  =    D  .  sin  1  i  ; 

whence 

0  =  2  D  .  sin  J  6  ; 
and  finally 

W  +  1 


SIMPLE    MACHINES. 

§  188. ■ — A  machine  is  any  device  by  which  the  action 
of  a  force  is  received  at  one  set  of  points  and  transmitted 
to  another  sot,  where  it  may  either  balance  or  overcome 
the  action  of  one  or  more  opposing  forces  and  perform  its 
effective  work.  The  force  impressed  is  usually  called  the 
power,  and  that  overcome,  the  resistance.  We  proceed  to 
discuss  the  simple  machines,  so  named  because  some  one 
or  more  of  them  enter  as  elements  into  the  composition  of 
all  machinery. 
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§  J  89. — This  consists  of  an.  assemblage  oi'  cords  or  liars;  Funicular 
the  former  united  by  knots,  and  the  latter  by  joints  or  maeh,ne; 
hinges.     The  cords  are  supposed,  for  simplification,  per- 
fectly flexible,  the  bars  perfectly  rigid,  and  both  inexten- 
sibfe,  without,  weight,  and  devoid  of  inertia.     The  weight 
and   inertia   of  the  several    parts  of  every  machine,  are 
usually  small  when  compared  with  the  intensity  of  the  wei^iit and 
power  and  resistance ;  and  when  this  is  not  the  case,  they  bmrib  ™™" ' 

r  '  '  ■>   compared  wll 

may  be  estimated  and  taken  into  the  account  by  the  the  power  on. 
methods  already  explained.  The  hypothesis  of  inextensi-  °'a  fes,alungfi 
bility  is  also  admissible,  because  when  a  cord  or  bar  is  ex-  ine,tel,sroiiit. 
tended  or  the  latter  compressed  under  the  action  of  one  or  a<im'*HMej 
of  several  forces,  the  maximum  change  of  dimensions  is 
soon  attained,  after  which  the  figure  remains  unaltered 
during  the  subsequent  action. 

Let  the  extremities 
of  the  straight  cord 

AB  be  solicited  by  ' '  ■"  1"" 

several  forces.  Each 
force  may  be  resolved 
into  two  components, 
one  in  the  direction 
of  the  cord,  the  other 

at  right  angles  to  it.  Since  the  cord  is  perfectly  flexible, 
if  it  be  in  equilibria  the  perpendicular  components  at  each  conditions  or 
end  must  destroy  each  other,  otherwise  they  would  pro- Bn-  '  > 
duce  flexure.  The  components  in  the  direction  of  the 
cord  must  reduce  to  two  forces,  which  are  equal  in  in-  forces  must  Mt 
tensity  and  immediately  opposed.  They  must  also  act  to  lo  ""*** the 
svretch.  the  cord,  for  compression  would  only  bend  it,  and 
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the  action  of  one  force  could  not  be  transmitted  to  the 
point  of  application  of  the  other. 

If  instead  of  a  cord  we  suppose  a  bar,  the  conditions 
of  equilibrium  will  be  the  same,  only  that  the  bar  being 
inflexible,  the  forces  in  the  direction  of  its  length  may  act 
either  to  stretch  or  to  compress  it.  By  recalling  what  was 
said  of  the  physical  constitution  of  bodies,  wo  may  regard 
the  molecular  forces  as  so  many  springs  which,  as  soon  as 
an  effort  is  made  to  disturb  the-  panicles  from  their  posi- 
tions of  rest,  are  extended  or  compressed  everywhere 
equally  by  the  equal  and  contrary  forces  which  act  at  the 
ends  of  the  cord  or  bar.  Hence  the  tension,  that  is,  the 
effort  by  which  any  two  consecutive  elements  are  urged  to 
approach  each  other  or  to  separate,  in  the  direction  of  the 
cord  or  bar,  must  be  equal  throughout,  and  equal  to  one 
of  the  equal  forces  in  question,  except  when  the  cord  or 
bar  is  vertical;  in  which  case,  the  tension  at  any  point 
is  increased  by  the  weight  of  all  the  particles  below  it. 

When  a  cord  or  bar  is  subjected  to  a  force  of  traction, 
it  stretches,  and  may  even  break.  If  it  he  equally  strong 
throughout,  the  rupture  ought  to  take  place  simulta- 
neously at  all  its  points,  and  yet  this  is  never  found  to  be 
the  case  in  practice,  and  it  is  because  bars  and  cords 
are  not  homogeneous,  and  break  at  the  weakest  point. 
When  two  pieces  of  cord  of  the  same  kind,  are  of  the 
same  length,  no  reason  can  be  assigned  why  one  should 
break  rather  than  the  other  under  the  same  resistance; 
but  when  of  unequal  length,  the  chance  of  rupture  is 
is  greater  for  the  longer ;  and  this  is  the  reason  why  cords 
and  ropes,  which  to  all  external  appearances  are  the 
same  in  kind,  are  generally  found  to  be  weaker  as  they 
are  longer. 

§  190. — "We  have  seen  that  when  forces  which  act 
upon  the  extremities  of  a  cord  are  in  equilibrio,  the  re- 
sultant of  those  acting  at  one  end,  must  be  equal  and 
directly  opposed  to  that  of  those  acting  at  the  other;  and 


)y  Google 


JLIit'IL  AKICS    OF    I 


that  their  common  line  of  direction  .must  coinci.de  with 
that  of  the   cord.     The  work  of  these  resultants  must  ti 
he  equal,  and  hence  we  conclude  that  the  work  of  the  a° 
forces  which  act  at  one  end  of  a  cord  is  equal  to  the « 
work  of  those  whieh  act  at  the  other.     The  work  of  each e' 
resultant  must  also  be  equal  to  that  of  the  tension  of  the 
cord  at  any  one  of  its 
points,  as  C;  and  to 
find  the  value  of  this 
work,  it  is  only  neces- 
sary to  multiply  this 
tension    by  the   path 
described  by  the  point 
0  in  the  direction  of 
the  tension.    Thus  the 

quantity  of  work  of  several  jhrces   applied  to  one  end  of  ai 
cord,  'is  equal  to  the  quantity  of  work  of  its  tension.     In  the 
example  of  the  common  device  for  ringing  large  bells,  « 
it  is  usual  to  attach  to  one  end  A  of  a  rope,  which  con- 1, 
nects    with    the    ma- 
chinery   of  the    bell, 
several  cords  0,  upon 
each  of  which  a  man 
may   pull.     It  would 
be  difficult  to  estimate 
the    work 
by  each  man, 
his   effort,  as  well   in 
intensity  as  direction, 
varies  at  each  instant ; 
but  there  is  a  general 
tension  exerted  upon 
the  main  rope,  and  the 

quantity  of  work  of  this  tension  is  equal  to  the  sum  of  the 
effective  quantities  of  work  of  the  several  men.  The  effort 
of  each  man  is  resolved  into  two  components,  one  in  the 
direction  of  the  main  rope  A  B,  the  other  perpendicular  to 
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it.     The  perpendicular  components  must  be  in  equilibrio, 
while  the  parallel   components  are  alone  effective  in  pro- 
ducing useful  work.     The  rjerpendictuar  components  only 
produce    fatigue,    and 
exhaust  uselessly  the 
strength  of  the  men. 
And,  although  the  to- 

,  tal  quantity  of  work  is 

f  transmitted  to  the  main 
rope,  yet  the  disposi- 
tion of  inclined  cords 
is  a  source  of  real  loss, 
which  is  the  greater  in 
proportion  as  the  incli- 
nation is  greater.  It 
is  for  this  reason  that 

.  a  rigid  hoop  ran  is  so 
introduced  as  to  sepa- 
rate the  cords,  and  give 

the  portions  to  which  the  efforts  are  immediately  applied 
parallel  directions. 


1 191.— When  several  forces  act  upon  cord-,  which  meet 
4™  of  in  a  point  and  are  united  by  a  knot,  the  tension  of  any 
Tnn  one  ^S  eMua^  *°  tKe  resultant  of  the  efforts  exerted  upon 
the  others,  and  the  equilibrium  requires  that  this  same 
tension  shall  be  equal  and  directly  opposed  to  the  force 
which  solicits  the  cord  in  question.  Hence,  when  forces 
are  applied  to  cords  which  meet  in  a  knot,  the  condition 
of  their  equilibrium  requires  that  the  effort  of  any  one 
shall  be  equal  and  directly  opposed  to  the  resultant  of  all 
the  others. 

When  a  force  P  is  applied  to  a  point  D,  which  may 

slide  along  a  cord  whose  ends  A  and  i?  are  fixed,  the 

riumofa   equilibrium  of  the  point  _D  requires  that  the  direction  of 

knot;       the  force  P  shall  bisect  the  angle  ADB  formed  by  the 

portions  of  the   cord  separated  by  the  bend  at  D;  for 
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the  force  P  must  be  equal  and  directly  opposed  to  the 
resultant   of  the  tensions  on  D  A  and  I)  B ;   but  the 
whole  cord  ABB  be- 
ing   continuous,   these 
tensions  must  be  equal,  pig.  15& 

since  the  tension  is  the 
same  throughout;  if,  M, 
therefore,  the  distance  • 
D  G  be  laid  off  on 
P  D  produced,  pro- 
portional to  the  inten- 
sity jP,  and  from  G,  the 
lines  Gin  and  Gn  be 
drawn  parallel  to  DB 
and  D  A  respectively, 

the  figure  GmDn  will  be  a  rhombus,  because  Dm  and 
J)  n,  which  represent  the  tensions,  must  be  equal. 

An  example  of  this  mode  of  action  is  famished  by  the 


manner  of  Buspendinj 
pulley  I),  of  which  the 
groove  receives  the 
cord  ADB,  whose 
ends  are  fastened  to 
hooks  at  A  and  B. 
The  weight  of  the  lan- 
tern will  cause  the  pul- 
ley to  move  till  the 
direction  of  the  weight 
bisects  the  angle  made 
by  the  branches  of  the 
cord;  the  pulley  will 
then  come  to  rest  and 


common  lantern  L  from  a  small 


in  a  state  of  stable  equilib-  thepmie 


rium.     The  equilibrium  will    be  stable  because,  being  a  " 
heavy  system,  the  centre  of  gravity  is  the  lowest  possible;  m 
and  to  show  this,  it  will  be  sufficient  to  remark  that  the  p 
length  of  the  entire  cord  being  constant,  the  point  D  will, 
when  in  motion,  describe  an  ellipse  of  which  yl  andiJare  the 
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foci,  and  as  the  direc- 
tion P  0,  of  the  weight 
of  the  lantern,  "bisects 
the  angle  ABB,  it  will 
be  perpendicular  to  the 
tangent  to  the  curve  at 
D,  which  must  therefore 
be  horizontal,  and  no 
point  of  the  curve  can 
lie  below  it. 

If  the  pulley  be  re- 
moved and  the  lantern 
be  attached  by  a  knot 
arbitrarily  to  some  point 
as  B,  the  freedom  of 
motion  will  be  destroyed, 
the  teiision  will  no  lon- 
ger be  the  same  through- 
out, and  the  conditions 
of  equilibrium  will  be 
those  of  forces  applied 
to  three  cords  meeting 

at  a  single  point.     Produce  the  vertical  PB,  and  lay  off 

>f  BO  to  represent  the  weight  of  the  lantern.     Denote  its 

9  weight  by  W;  the  tension  on  BA  by  a,  and  that  on  BB 

e  by   b;  the   angle  ABB  by  q>,  and  ABO  by  6;   then, 

drawing  On  and  Cm,   parallel  respectively  to  BA  and 

BB,  we  have,  from  the  parallelogram  of  forces, 


W    ;     a     ;  :     sin  <p     :     sin  (<p  —  6), 
W    :     b    ::     sin  tp     :     sind; 


W.smjf  -Q 


('.<■!). 
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b  ^      ;  (95).    x™ 

sin  (p  '      oa« 

If  $  be  less  than  <p  —  6,  a  will  be  greater  than  b;  that  is 
to  say,   fe  tension  mil  be  the  greater  upon  Uiat  branch  vriih  brai 
'u:hii:h  lite  direction  if  ilia  weight  aw-hm  the  least  angle.  gr(a 

If  the  eord  ABB  be  drawn  into  a  straight  horizontal 
line,  <p  will  become  equal  to  180°,  the  sine  of  which  is  zero, 
and  the  tensions  a  and  b  will  become  infinite ;  in  other 
words,  there  is  no  force  sufficiently  great  to  bring  the  no  i 
whole  cord  to  a  horizontal  position.  har 


§192.— Let  us 
now  consider  a 
polygon  A  B  CD, 
composed  of  an 
of 


cords  or  bars,  and 
acted  upon  at  the 
angular  points  by 
the  forces  P,  Q, 
R,  8.  Moreover, 
let  N  and  N'  be 
two  forces  draw- 
ing on  the  points 
A  and  B7  in  the 

directions  A. A'  and  1)1)',  respectively;  these  latter  forces 
will  represent  the  efforts  exerted  at  the  two  extremities 
where  the  polygon  is  attached  to  fixed  supports.  The  con- 
ditions of  equilibrium  about  each  of  the  several  angles  are 
the  same  as  in  the  preceding  case,  and  the  figure  formed  by 
the  sides,  in  turning  about  the  angular  points  to  satisfy 
them,  is  called  a  funicular  polygon.  This  figure  must  be 
such  that  the  equilibrium  will  subsist  at  each  angle.  If,  equiiii 
therefore,  any  one  of  the  forces,  as  R,  be  resolved  into  two  ™„.™ 
components  in  the  directions  of  the  sides  DC  and  BC, 
adjacent  to  its  point  of  application,  these  components  will 
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be  equal  and  directly  opposed  to  the  tensions  of  the 
>t  sides.  The  equilibrium,  is  entirely  independent  of  the 
length  of  the  sides,  and  will  subsist  when  these  are  re- 
duced to  aero,  in  which  case,  all  the  forces  and  tensions 
will  be  transferred  parallel  to  their  primitive  directions  to 
the  same  point ;  and  as  each  side  is  drawn  by  two  equal 
and  contrary  tensions,  these  latter  will  disappear  or 
destroy  each  other,  so  that  the  conditions  of  equilibrium 
of  several  forces  applied  to  a  funicular  polygon  is,  that  these 
forces  shall  rtmumi  in  cjuilibrio  inhm  transferred  parallel  to 
their  primitive  directions  and  applied  in  a  single  'point. 


§  193.— If  all  the  forces  1\  Q,  Jl  &c,  be  weights,  and 

the  polygon  in  equilibrio,  since  the  force  R  will   be  in 

the  plane  of  the 

sides     B  0   and 

CD,  adjacent  to 

the  angle  C;  the 

force   Q  equally 

in  the  plane  of 

the  sides  B  C  and 
i  ^4  B;    the    sides 

AB,  BG,  and 
»  CD,  will   be   in 

the  plane  of  the 

parallel  forces  Q 

and  R.     In   the 

same  way  it  may 

be  shown  that  the 

entire      polygon 

and    the    forces 

applied  to  it  are 

in  the  same  plane.     If  the  polygon  be  a  collection  of 

heavy  bars,  each  side  will  he  solicited  by  its  own  weight 

in  addition  to  the  weights  applied  to  the  angles.     Denote 

by  w  the  weight  of  the  bar  AB;  this  weight  must  pass 

through  the  centre  of  gravity  of  A  B.    Resolve  it  into  two 
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components  acting  at  the  extremities  of  the  bar.     If  the 

bar  have  the  same  cross  section  throughout  and  be  of 

homogeneous  density,  the;  components  at  A  and  B  will  be 

\  w.    In  like  manner,  if  w'  be  the  weight  of  the  side  BO,  woient  of  side. 

the  components  at  B  and  0  will  ■be  \  w',  and  so  on  for  the  '™'Mtl}  nW 

other  sides.     Thus  the  angles  B  and  0  will  be  acted  upon  eomponenn; 

by  the  weights  5  («?  +  «/)  and  \{iv'  +  vj")  respectively, 

that  is,  by  the  half  sum  of  the  weights  of  the  adjacent 

sides.     The  extreme  ends  will  each  be  acted  upon  by  half 

the  weight  of  the  adjacent  side  ;   and  thus  we  have  hut  to 

consider  the  polygon  as  without  weight  and  solicited  by 

forces  applied  to  its  angular  points.     Since  all  the  weights 

P,  Q,  R,  S,  and  the  weights  w,  w',  w",  &c,  are  maintained 

in  equilibrio  by  the  reaction  N  and  A"  of  the  fixed  points, 

which  are  cepi.nl  to  the  tensions  of  the  sides  A'  A  and  1)1)' 

respectively,  the  resultant  of  these  tensions  must  be  equal  resultant  of 

and  directly  opposed  to  that  of  all  the  weights.     If,  there-  ™^ ™  ^nsk 

fore,  the  lines  AA'  and  DD'  be  produced,  their  inter- opposed  to  tin 

section  0  will  give  one  point  through  which  the  resultant  weishtB. 

of  the  weights  _P,  Q,  B,  /S,  and  that  of  the  polygon,  will 

pass;  and  this  resultant  being  vertical,  if  the  distance  OM 

be  laid  off,  by  any  scale  of  equal  parts,  so  as  to  contain  as 

many  linear  units  as  there  are  pounds  in.P+Q  +  B  +  8  + 

w  +  «/  +  w",  &c.,  and  two  lines  MTJ  and  M Fbe  drawn  ™i™  of  est™ 

through  M  paraibl  respectively  to  A.  A'  and  BD\  the  dis-    1™c"'  '"'' 

tances  0  V  and  0  U  will   give,  by  the  same  scale,  the 

tensions  at  A'  and  B\  or  the  values  of  N  and  JV". 

If  the  polygon  he  only  subjected  to  the  action  of  its 
own  weight,  the  line  OM  may  be  drawn  vertically 
through  its  centre  of  gravity. 

§194. — It  is  often  of  great  practical  importance  to  Method  of  mid 
know  the  tensions  on  the  sides  of  a  funicular  polygon  ^ tiata . 
subjected  to  the  action  of  weights,  in  order  to  proportion 
the  dimensions  of  its  several  parts. 

Let  ABODE  be  a  polygon  in  equilibrio,  under  the 
action    of   the    weights  P,    Q,  B,   S,   T,    including   the 


)y  Google 


N  A  T  [7  R  .11-     P  IT  IT.  O  S  O  T  J.I  Y. 


Fiy.   10?. 


weights  of  the  sides,  and 
the  extreme  forces  N 
and  N\  of  whioh  the  di- 

a  rections  are  A  A.'  and 
EE\  respectively.  De- 
note the  tension  of  the 
side  AB  "by  th  that  of 
B  0  by  tg,  that  of  OB  by 
tj,  &c  Since  the  equi- 
librium   subsists    about 

each  angle,  as  ./I  for  examiilo,  tlio  force  N  which  acts  from 
A  to  A',  is  equal  and  directly  opposed  to  the  resultant  of 
the  two  forces  P  and  £, ;  and  if  A  n  be  taken  on  the  pro- 
longation of  A'  A  to  represent  -Vj  the  parallelogram  J.^>  ji  o, 
constructed  on  i»  as  a  diagonal,  will  give  Ap  for  the 

f  weight  P,  &nd  pn  for  the  value  of  the  tension  ^.     This 

1  being  understood,  draw  the  horizontal  line  a'  <?,  upon  which 
lay  off  the  distances  a'es,  n6,  6  c,  ed,  d  e,  proportional  to  the 
weights  P,  Q,  B,  8,  and 
T.  From  the  point  a' 
draw  a' S  perpendicular 
to  A  A',  and  proportional 
in  length  to  the  tension  N, 
and  join  S  with  the  sev- 
eral points  a,  b,  c,  d,  and 

'    e;  then  will  aS,  bS,  cS, 
&8,   and  eS, 
respectively,      the 
sions  %  t2,  ts,  t4,  and  N', 
For    the    two    triangles 
Apn  and  a' Sa  are  sim- 
ilar, because  a'  &'  and  «' «  arc  respectively  perpendicular  to 
vim  and  .4p;  hence  the  angles  /S*«'a  and  «i«  are  equal; 
moreover,  the  sides  about  these  etjur..'  angles  arc  propor- 
tional, by  construction  and  we,  there  lore,  have 


1%.  iii-i. 


y-f 


An  =  N 


pn  ■■ 


a'S    :    Sa; 
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and  ifa'S  represent  the  tension  N,  Sa  must  represent  tie 
tension  t,.     For  the  same  reason,  ah  being  proportional  to  demon 
<3,  the  third  side  b  S,  of  the  triangle  u&'b,  will  "be  propor- 
tional to  tg,  since  the  three  forces  i^   Q,  and  £&  are  in 
equilibrio  about  the  point  B.     Finally,  since  a  a'  and  a' S 
are  perpendicular  to  the  directions  A  p  and  A  n  of  the 
forces  .Pand  iVJ  a^1  will  be  perpendicular  to  the  side  AB 
of  which  it  measures  the  tension  ^.     It  will  be  the  same 
of  B  0  and  b  8,  and  so  on.     Therefore,  when  a  funicular  imcs  . 
polygon  is  in  equilibrio  under  the  action  of  weights,  if  a  ™prea 
series  of  distances  be  taken  on  a  horizontal  line  propor-  perp« 
tional  to  these  weights,  the  lines  drawn  through  the  points  :.^.*''; 
of  division  perpendicular  to  the  corresponding  Hides  of  polygon 
the  polygon  will  meet  in  a  point,  and  the  lengths  of  these 
perpendiculars,  included  between  the  common  point  of 
intersection  and  the  horizontal    line,   will   measure   the 
tensions  of  the  sides  of  the  polygon.     The  point  S  ispointof 
:t  of  tensions. 


§  195. — The  sides  of  the  polygon  may  be  very  short 
and   only  subjected  to  the  action  of  their  own  weight,  Tho  i 
which  would  be  the  case  with  a  heavy  chain  A  CB  sus- 
pended   from    its 
extremities.      The 

polygon    of   equi-  Fig.  166. 

librium  then  be- 
comes a  curve, 
called  the  catenary. 
This  curve  is  em- 
ployed to  give 
form  to  arches  and 
domes.  The  use 
of  the  catenary  for 
such  purposes  may 
be  illustrated  by 
conceiving  a  Series 
of  equal 


/™\ 


balls  held  together  by  mutual  attrac- 
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tions,  but  with  perfect  freedom  to  slide  the  one  over  the 

other.     Such  a  collection  of  kills  would  resemble  a  string 

of  beads,    and   if 

supported    at    the 

ends  would,  under  f;s.  ibs, 

the  action  of  their 


Lgllt,         i.LS- 


/°\ 


sumo  the  form  of 
the  catenary,  or 
rather  fumeuh-.r 
polygon,  of  which 

,  the  sides  would  be 
the.  chords  of  the 
spheres  joining  the 
points  of  contact. 
If  the  whole  ar- 
rangement be  re- 
versed, and  the  balls,  instead  of  being  suspended,  be  sup- 
ported upon  the  ends  as  fixed,  points,  after  the  manner  in- 

b»»B  dicated  in  A!  C  B\  the  figure  will  remain  unchanged  aud 
the  balls  will  still  be  in  equilibria ;  for,  the  action  of  the 
weights  will  be  the  same  as  before,  aud  the  reciprocal  action 
of  the  balls  upon  each  other  will  simply  be  changed  from  a 
force  of  extension  to  one.  of  compression.  If  we  now  suppose 
the  points  of  contact  to  be  extended  into  tangent  planes, 

itaut  and     the     spaces 


between  filled  up 
with  solid  matter, 
as  wood,  stone,  or 
metal,  we  shall 
have  a  perfect  sys- 
tem of  Youssoirs 
or  arch-solids  in 
CLpuiibrio  under 
the  action  of  their 
own  weight,  re- 
quiring no  aid  from  friction 


l'"iir.  HiG. 


c  any  other  principle  of  snp- 
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port.     The  tiwigeni  planes  or  joints  of  tlic  voussoirs  will  be  posits  of 
normal  to  tlie  curve.     The  catenary  is  also  employed  in3°     ' 
suspension-bridges  supported  upon  two  or  more  parallel  niso used i 
chains  stretched  across  a  river.     In  the  construction  of  ™jL,  ™ 
such  catenaries  it  is  important  to  determine  the  tension  at 
the  ends,  in  order  to  secure   an  adequate  resistance  at 
those  points. 


Fig.  161. 


§  196. — The  catenary  A  OB,  suspended  from  two  oenewi 
points  A  and  £,  is  nothing  more,  as  we  have  seen,  than  ^ ™r'*. 
a  heavy  polygon  in  equilibrio,  and  whose  sides  are  indefi- 
nitely small;  so  that,  if  upon  a  horizontal  line,  a  length 
A'  B '  be  taken  proportion- 
al to  its  weight,  and  this 
length  be  divided  into  a 
number  of  equal  parts, 
there  will  exist  a  certain 
point  S  such,  that  all  the 
right  lines  drawn  from  it 
to  the  points  of  division, 
will  be  perpendicular  to 
the  small  successive  sides 
or  elements  of  the  cate- 
nary, and  that  the  lengths 
3  A',  SF',  S  C,  4c,  of 
these  lines,  are  propor- 
tional to  the  tensions  of 
the  same  elements.  Of  all 
the  tensions,  the  least  is 
given  by  the  hue  S  0', 
drawn  perpendicular  to 
the  horizontal  line  A'  B '. 
But  the  element  of  the  cat- 
enary to  which  this  tension 
corresponds  being  itself 
horizontal,  it  will  occupy 
the  lowest  point  of  the  curve.    Thin  length  becoming  greater 
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and  greater  in  proportion  as  the  oblique  lines  SF',  &o., 
recede  from  the  perpendicular  SC\  the  tensions  of  the 
elements  of  the  catenary  will  increase  in  proportion  as 
they  are  at  a  greater  distance  from  the  lowest  point. 
Whence   it   follows,  that 

<■  the  tension  is  the  greatest 
possible  at  the  extremi- 
ties A  and  B.  Two  equal 
tensions  SF'  and  S  G\ 
appertain  to  two  elements 
equally  distant  from  the 
lowest  point  C:  moreover, 

ii  these  elements  form  equal 

h  angles  with  the  vertical 
L  C  passing  through  thin 
point ;  hence,  these  ele- 
ments, M  and  N,  are  situ- 
ated on  the  same  horizon- 
tal WxwMN,  and  the  chord 
MN,  as  well  as  all  similar 
chords,  will  he  divided 
equally  by  this  vertical 
line.  The  catenary  is, 
there! ore,  a  symmetrical 
curve  in  reference  to 
a    vertical    line    passing  I 

through  its  lowest  point. 
It  follows,  also,  that  when 
the  extremities  or  attached  points  A  and  B  are  on  the 

ie  same  horizontal  line,  the  extreme  tensions  arc  equal,  and 

a  that  the  point  of  meeting  which  determines  the  tensions 
is   upon    the    perpendicular   drawn    through,   the    middle 

"'  of  the  horizontal  line  A'B',  which  is  proportional  to 
the  weight  of  the  catenary.  A  and  D  being,  for  exam- 
ple, the  two  points  of  suspension,  and  A'B'  being  the 
length  proportional  to  the  weight,  of  the  catenary  A  CD, 
SC,    perpendicular   to  A'B'  and    passing   through   the 
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point  S,  will   divide  A' B'  into  two  equal  parts  A'  C" 
and  CD'. 

%  197.— Two  catenaries,  (last  figure),  A  CB  and  a  c  b  similar 

lux":  similar  when  the  [joints  o.f  suspension  A  and  B  of  the  CBteluu'1 
one,  and  a  and  b  of  the  other,  are  situated  upon  parallel 
right  lines,  and  when  their  lengths  A  CB  and  acb  are 
proportional  to  the  distances  A  B  and  a  b,  "between  their 
points  of  suspension.     If  the.  equilibrium  subsists  in  the 
catenary  A  0  Ji,  this  equilibrium  will  not  be  disturbed  if  the 
length  of  its  elements  arid  its  other  dimensions  be  propor- 
tionally diminished  indelinitely,   §  192.     Therefore,   when  equiiibi- 
A  CB  is  reduced  to  the  size  acb,  the  equilibrium  will  not  ^f™ 
only  exist,  hut  there  will  he  no  one  of  its  parts  which  will 
not  be  parallel  and  proportional  to  the  corresponding  part 
of  the  original.     But  since  the   elements  of  the  smaller 
catenary  acb  are  parallel  to  those  of  the  larger  A  CB, 
all  the  tensions  of  the  former  are  comprised  within  the 
angle  A' SB',  which  contains  the  different  tensions  of  the 
latter.     We  have,  then,  hut  to  find  in  this  angle,  the  posi-  t™Hi.mf 
fcion  of  a  line  a'  V  parallel  to  A' B\  which  represents  the  ™^^. 
weight  of  the  smaller  catenary,  as  A' B'  represents   the  "tan™- ■ 
weight  of  the  larger,  and  the  slightest  eon  si  deration  will 
show  that  the  two  tensions  Sf  and  SF'  situated  upon  the 
same  line  converging  to  S  will  appertain  to  parallel  ele- 
ments of  the  two  curves.     These  are  called  liomommeous  homogc 
tensions.      But  because  A' B'  and  a'b'  are  parallel,  wc  le°™' 
have  the  proportion 


Sf 


whence  we  conclude  that,  in  two  similar  >.:<+!maries,  the  ten-  to™ 
sions  of  elements  similarly  situated  are  to  each  other  as  the  e!eB 

■(■:■■;(.'..■/:/.-  ■yf  ilic  catenaries,  ares 
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§  198.— Let  A'  B' 
be  a  horizontal  line  pro- 
portional to  the  weight 
of  the  catenary,  S  the 
point  of  tensions.  Di- 
vide the  line  A '  B ',  and 
the  length  of  the  cate- 
nary into  the  same  and 
a  great  number  of  equal 
p;siti;  tViosi.;  of  the  cate- 
nary may  be  regarded 
as  its  elements,  and 
those    of   A' B'   their 

corresponding  weights.  Draw  the  lines  8  A,  81',  $2', 
S3'  . .  .  SB' ;  these  will  be  perpendicular  to  the  different 
elements  of  the  catenary.  IfVom  any  point  A,  on  SA, 
draw  A  1  perpendicular  to  SA  and  equal  to  an  element 
of  the  catenary ;  from  the  point  1  draw  1-2  perpendicular 
to  SI'  and  equal  to  an  element;  again  2-3  perpendicular 
to  #2',  and  equal  to  an  element,  and  so  on  to  the  end. 


The  polygon  .1-1-2-3  .  .  , 
quired  catenary  the  nearer 
divisions  is  greater. 
t  The  point  of  ten- 
sions S  gives  the  means 
of  drawing  a  tangent 
to  the  catenary  at  any 
point.  Let  E  be  the 
given  point,  and  let  A'e 
represent  the  weight  of 
the  portion  A  E  of  the 
catenary ;  through  e 
and  S  draw  the  indefi- 
nite line  e  G,  and  from 
E  draw  E  G  perpen- 
dicular to  e  S,  E  G  will 
be  the  tangent  line. 


B,  will  approximate  to  the  re- 
in proportion  as  the  number  of 
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§  199.— The  point 
of  tensions  in  the  cate- 
nary depends  upon  the 
intensity  and  directions 
of  the  extreme  ten- 
sions.   For  A'  B'  being 

the  horizontal  line  proportional  to  the  weight  of  the  entire 
catenary,  if  from  the  extremities  A'  and  B'  area  be  de- 
scribed with  radii  proportional  to  the  extreme  i 
their  intersection  3  will  give  the  point  of  meeting. 

The  process  for  find- 
ing the  extreme  ten-  ' ''■"  "'" 
sions  must  of  course 
depend  upon  the  data 
given.  Let  us  first  sup- 
pose the  catenary  J.  CB 
to  be  given  and  traced 
out.  It  is  evident  from 
the  conditions  of  equi- 
librium, that  the  verti- 
cal 0  £  drawn  through  the  intersection  0  of  the  extreme 
tangents  A  0  and  B  0,  will  pass  through  the  centre  of 
gravity  of  the  catenary.  If,  therefore,  a  distance  0  G  be 
taken  on  this  line  to  represent  the  entire  weight  of  the 
catenary,  and  the  parallelogram,  OB'  Q  A'  be  constructed 
upon  the  tangents,  the  sides  0  A'  and  0  B'  will  r 
the  tensions  at  A  and  B  respectively. 

But  if  only  the  two 
points  A  and  B  of 
suspension,  the  weight, 
and  entire  length  of  the 
catenary  be  given,  the 
process  for  finding  the 
extreme  tensions  is  as 
follows,  viz.:  Take  a 
small  chain  and  sus- 
pend it  against  a  ver- 


l:i«    112. 
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tical  plane  from  two 
points  a  and  b,  situated 
upon  a  right  line  paral- 
lel to  it  B,  and  whose 
distance  apart  shall  be 
to  the  distance  from  A 
to  B,  as  the  length  of 
the  smaller  chain  is 
to  the  length  of  the 
longer.  The  smaller 
chain  being  thus  sus- 
pended,    measure    by 

means  of  a  spring  balance  tiio  tension  exerted  at  the  points 
a  and  b.  The  tension:;  on  the  points  A  and  B  produced  by 
the  larger  chain,  will  be  equal  to  the  tensions  at  a  and  6, 
multiplied  by  the  number  of  times  which  the  weight  of  the 
larger  chain  contains  that  or  the  smaller.     §  197. 

Instead  of  measuring  with  a  spring  balance  the  tensions 
at  the  ends  of  the  catenary,  we  may  proceed  as  follows: 
Draw  i.Vi'ougb  the  low- 
est point  of  suspen- 
sion a,  a  horizontal 
line  cutting  the  oppo- 
site branch  of  the  small 
chain  in  the  point  d. 
Upon  a  horizontal  line 
take  the  distance  a'  V 
to  represent  the  weight 
of  the  entire  chain,  and 
lay  off  the  distance  a'  d' 
proportional  to  the 
length  acd.  The  por- 
tion a  c  d  of  the  cat- 
enary   would    be    in 

equilibrio  if  the  point  d  were  fixed  and  the  remainder  db 
removed  ;  the  point  of  tensions  for  o,  a  d,  and  therefore  for 
a  c  b,  will,  from  what  has  already  been  explained,  be  found 
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somewhere  on  the  perpendicular  C  K'  drawn  to  the  mid- 
dle of  a!  d' ;  assume  it  at  0,  and  by  means  of  this  point 
and  the  line  a'  b\  construct  a  catenary  after  the  manner  « 
of  §  198,  and  let  a  a  be  the  resulting  distance  between  its  ai 
points  of  support.  Through  0  draw  a  perpendicular  to 
C"  K\  and  lay  off  upon  it  from  the  point  0,  the  distance 
Og  =  ae  —  a  b,  to  the  right  when  a  e  is  greater  than  a  b, 
and  to  the  left  when  the  reverse  is  the  case.  Assume 
another  point  as  0'  below  0,  and  do  the  same  as  before ;  we 
shall  find  a  new  point  g',  say  to  the  left  of  0"  E' ;  repeat 
the  process  with  points  between  0  and  0'  several  times, 
and  pass  through  die  points  g,  g',  g",  &c,  thus  determined, 
a  curve;  its  intersection  3  with  C  K'  will  be  the  true 
point  of  tensions.  The  distances  8  a'  and  SV  will  repre- 
sent the  extreme  tensions. 


|  200. — We  have  seen  that  in  the 
catenary  the  tensions  at  the  different 
points  are  different,  and  that  the  small- 
est tension  is  at,  the  lowest  point.  This 
is  still  true  when  the  catenary  becomes 
a  vertical  chain  loaded  with  a  weight. 
For  the  lowest  link  supports  only  the 
attached  weight  Q ;  the  link  C"  only 
supports  the  weight  Q  and  link  C\ 
and  so  on  to  the  topmost  link,  which 
supports  all  below  it ;  so  that  if  the 
chain  were  proportioned  to  the  t 
of  its  different  parts,  it  would  be 
stronger  above  than  below. 


§  201.— The  point  S  being 
the  point  of  meeting  of  the 
tensions,  and  A' B'  a  hori- 
zontal line  representing  the 
weight  of  the  catenary,  we 
have  seen  that  the  tension  at 
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D  is    represented    by  tie  length  D'  S,   and  that  at  0, 
the  lowest  point,  by*  SO',  perpendicular  to  A'  B',   the 


lengths  A'D'  and  D'  C 
weights  of  the  portions 
A  D  and  D  C  of  the 
™y  curve ;  that  is  to  say, 
tSa  the  tension  at  any 
point  D,  is  represent- 
ed by  the  hypothe- 
nuse  of  a  right-angled 
triangle,  of  which  one 
side  represents  the  ten- 
sion at  the  lowest  point 
of  the  curve,  and  the 
other  the  weight  of 
that  portion  of  the  cate- 
nary included  between 
the  lowest  point  and  the 
point  whose  tension  is 
to  be  found.  Hence,  the 
tension,  at  any  point  of 
tlie  curve,  estimated  in  a 


respectively,  the 


it  and  equal  to  t/ie  entire,  tension  at  the  hwest  point; 
and  estimated  in  the  vertical  direction,  ii  equal  to  the  weii/Jct  of 
that  portion  of  the  catenary  iacJ.LU.bl  between  this  point  and  the 


The  horizontal,  tensions  at  A  and  B  are  therefore  the 
same,  although  they  may  be  situated  on  very  different 
levels.  If  the  catenary  be  suspended  from  the  tops  of 
piers,  the  vortical  components  will  promote  their  stability 
Bl  hy  pressing  them  down,  while  the  horizontal  components 
will  Lend  lo  overturn  them. 


|  202. — It  is  comparatively  easy  to  compute  the  ex- 
eme  tensions  of  the  catenary  when  the  versed  sine  of  its 
:c  is  small.     Let  A  OB  be  a  catenary,  of  which  OB,  the 
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distance  of  the  lowest  [joint  below  the  horizontal  line  BA,  Toflmioxr 
is  very  small.     The  curve  being  in  equilibrio,  the  equi-  ^^ 


librium  of  the  part  B  G  will  not  be  disturbed  by  taking  the 
point  0  as  fixed,  arid  regarding  it  and  the  point  B  as  the 
points  of  suspension.  But  because  of  the  smallness  of 
DC,  the  eurvature  must  be  very  small,  and.  the  centre  of 
gravity  of  BG  may,  without  sensible  error,  be  regarded  as 
at  the  middle  point  (?.  The  tangents  C.S and  BG',  at  the  m* 
points  of  suspension,  will  intersect  at  G'  on  a  vertical  line 
drawn  through  the  point  G.  Denote  by  T,  the  tension  at 
B;  by  l'Q,  the  tension  at  C;  and  by  p,  the  weight  of  the 
portion  BO. 

Because  the  three  forces  p,  T,  and  Ttt,  are  in.  equilibrio 
about  the  point  (?',  we  have 

p    :     T,    ::     BIT    :     HG', 


=  p. 


Observe  that  BH  is  the  versed  sine,  which  denote  by/; 
and,  because  BG  0  may  be  regarded  a  right  line,  HG'  is 
half  the  semi-space  BD,  which  semi-space  denote  by  I 
Then,  since  the  triangle  B  G '  H  is  right  angled, 


BG' 


=  \JBH*  +  G'tf"  =   \ff  +  ~. 
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Substituting  these  quantities  in  the  above  equations,  we 
find 


f-VTTJ^vT; 


I' 

if 


The  first  expresses  the  tension  at  the  lowest  point,  which 
we  have  seen  is  equal  to  the  horizontal  thrust  at  the  points 
of  suspension.  The  second  gives  the  entire  tension  at  the 
same  points,  which  must  be  known  in  order  to  adjust  the 
dimensions  of  the  chain. 


Fig.  ns. 


§  203. — To  conclude  the  subject  of  the  i 
show  the  application  of  the  preceding  principles,  take  the 
ease  of  a  bridge  suspended  from  two  parallel  chains 
extended  from  one  bank  of  a  river  to  the  other. 

To     the     different 
points,   A,  B,    C,   &e., 
of   the    catenaries,   or 
rather  to  the  angles  of 
the  funicular  ] 
thus  formed,  are  a" 
;  ed  vertical  t 
rods,  which  are  united 
at  the  bottom  in  pairs 
by    transverse    pieces 
called   sleepers ;    these 
receive  a  set  of  loagi- 

tnidinal/o&fe,  which,  in  their  turn,  support  the  floor  plank. 
The  distances  between  the  suspending  pieces  in  longitudi- 
nal direction  are  supposed  equal.  These  equal  portions 
of  the  roadway  included  between  two  consecutive  sleep- 
ers, are  called  sections.  Bach  sleeper  is  loaded  with  half 
the  section  which  precedes  and  half  that  which  follows  it ; 
that  is  to  say,  with  the  weight  of  an  entire  section.     This 


)y  Google 


ECHANICS 


P 


weight  is  known,  and 
determines  the  cross  sec- 
tion of  the  suspending 
rods.  The  weight  of  the 
idcrs  being  sniidl 
I  with  that  of 
the  roadway,  may  be 
neglected,  and  thus  the 
weight  of  the  bridge 
will  be  equally  distribu- 
ted. 

Draw  a  horizontal 
right  line,  and  take 
uv  proportional  to  the 
weight  of  the  bridge ; 
let  S  he   a  point  such 

that  Su  shall  be  perpendicular  to  the  side  U  A,  and 
proportional  to  its  tension.  Take  upon  u  v,  the  portions 
ua,  ah,  &©.-,  proportional  to  the  weights  supported  at  the 
angles  A,  B,  &c. ;  the  converging  lines  a  S,  b  S,  &c,  will  he 
proportional  to  the  tensions  on  the  sides  A  B,  &c,  and  the 
perpendicular  3d,  to  the  tension  on  the  horizontal  side  of 
the  polygon.  First,  find  the  difference  of  level  between  any 
two  consecutive  angles,  as  A  and  B,  Draw  the  horizontal 
line  B  A",  and  the  two  triangles  A  A."B  and  S'ud,  will  be 
similar  and  give 


A  A"     :     A", 


Sd; 


A    An  A"B        , 

A  A"  =  ■  .,-,-■  ud. 
Sd 


i  of  the  equality  of  distances  between  the  sus- 
*  rods,  A" B  will  be  constant.  Moreover,  ud  and 
Sd  being  proportional  respectively  to  the  weight  of  the 
portion  A'  B\  and  the  tension  ta  upon  the  horizontal  side, 
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if  we  denote  by  u  the  weight  of  a  unit  of  length  of  the 

br.i.i.ige. 


ud 
~Sd 


■*A'D\ 


which  in  the  preceding  gives 

,  ,„  _    uA.-B.A-D-. 


but  u  A" B  is  the  weight  of  a  section  of  the 

Ileituting  in.is  li}'  jj,  we  have 


and  denoting  the  constant  ratio  of  the  ^ 
tension  fo  at  the  lowest  point  by  &, 

1  AA"  =  k.A'D'; 


t  p  to  the 


from  which  we  conclude,  that  the  difference  of  level 
of  two  consecutive  angles,  is  equal  to  the  constant  ratio 
k,  multiplied  by  the  horizontal  distance  of  the  higher  of 
the  two  angles  from  (ho  lowest  angle  of.'  lite  funicular  poly- 
gon. Denoting  by  I  the  constant  length  of  a  section, 
and  beginning  at  the  lowest  angle  K,  the  horizontal 
distances  will  be  successively  I,  2  1,  SI  .  .  .  nl,  for  the 
1st,  2d,  3d,  .  .  .  nth,  angle,  to  the  right  and  left.  Thus  the 
difference  of  level  between  the  lowest  angle  K  and  the 
next  in  order  C,  ia&Z;  between 
0  and  B,  2  k  I;  between  B  Pig.  iso. 

&adA,  Zkl,  &c.     The  heights 

ei  of  the  angles  0,  B,  A,  &o., 
above  the  lowest  point  If,  will 

i  be  respectively  kl,  kl  +  2/cl, 
kl  +  2kl  +  3kl,kl  +  2kl  + 
3  kl  +  ikl,  and,  in  general, 


1^ 
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if  there  be  n  sections  between  tlio  lowest  angle  and  that  un- 
der consideration,  the  height  of.'  the  latter  above  the  former 
will,  be  given  by  the  expression 


hl{l  +2  +  3  +  4....  +  n)  =  hi. 


n+  1 


rig.  tsi. 


In  tiiis  expression,  if  we  make  successively  n  =  1,  n  =  2, 
n=3,  n  =  4,  &c.,  we  have  hi,  3  kl,  6  k I,  10  7c I,  &&, 
for  the  heights  of  Is",  2d,  3d,  4*  &c,  angles  above  the 
horizontal  side  of  the  funicular  polygon. 

The  locus  of  all  these  a 

angles  is  a  parabola,  for 
if  y  =  KP  =  M  U  de- 
note the  height  of  one 
of  these  angles  above 
the  lowest  point  K,  n 
being  the  number  of  its 
place  from  the  latter,  we 
have 


2-T  / 

-p  / 


y  =  Jcl .  n  - 


(96); 


._».  (-J-).  =  T0.  +  I)T; 


Si     '     2 

this  is  the  equation  of  a  parabola,  of  which  the  vertex  is 
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to  the  right  of  the  point  K,  and  at  a  distance  from  it 
equal  to 

I 
x=   -  ji 

it  is  below  the  horizontal  side  by  the  distance 

«--»--■£; 

a  quantity  so  small  that 

it  may  be  neglected  in  Fig.  182. 

practice. 

Moreover,  from  the 
property  of  the  parabola, 
the  squares  of  the  ordi- 
nates  are  to  each  other 
as  the  abscisses;  that  is 
to  say, 

AP*    :     BQ2    :  :     MA    :     KB; 

and  from  the  similar  triangles   obtained  by  joining 
and  5, 

AP2    :     BQ2    ::     PTf   :     QO*; 


_  p J:  *\ 


PO*    :     QO      ::     MA    :    KB; 


PO*X  NB  =   QO    X  MA; 


PO  =  OK  -  KP  =  OK  -  MA, 
QO  =  QK  -  OK  =  KB  -  KO; 
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which,  substituted  above,  give 

{OK  -  MA?  X  NB  =  {NB  -  KG?  .  MA; 
developing  the  squares  and  reducing,  we  get 
TO*  =  MA  x  NB. 


That  is  to  say,  the  distance  K  0,  at  which  the  vertical  line  diatimoe  of  th 
drawn  through  the  vertex  of  the  curve  cuts  the  chord  J°°exa.  °™ 
joining  any  two  of  its  points,  is  a  mean  proportional  be- 
tween the  hci<rht!j  of  these  points  above  the  vertex.     This 
property  Eurniahes  an  easy  method  of  finding  the  lowest 
point  K  on  the  level  MN.     For  this  purpose,  join  the  points 
of  suspension  U  and  V, 
by  the  cord  UV;  draw 
the  horizontal  line  UP 
through  the  lower  point 
U,  and  produce  it  till  it 
cuts  the  vertical  VN  in 
P'.     Upon  the  distance 
P'  V  describe  the  semi- 
circle VTP',  and  from 
the  point  N  draw  the 
tangent  NT;  with  N  as 

a  centre  and  NT  as  a  radius,  describe  the  arc  TT'  till  it 
cuts  VN  in  T',  and  through  the  point  T'  draw  a  hori- 
zontal line ;  this  line  will  cut  the  cord  TJ  V  in  the  point  0, 
through  which  draw  a  vertical  line  OP.  and  its  intersection 
with  the  horizontal  side  will  give  the  lowest  point  K. 
Taking  this  point  as  the  extremity  of  the  horizontal  side, 
and  laying  off  on  the  line  MN  the  equal  lengths  of  the  MidtJieabaeia. 
sections ;   the  points  of  division  will  correspond  to  the  p^,,.      °* 

vertical  ordinates  hi,  8  hi,  6  hi,  .  .  .  n .  — ^ —  h I.    This 

last  appertaining  to  the  point  U,  whose  height  h  is  given, 
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we  have 

-■<■"  +  1hl  =  h; 

whence  we  have 


■    TO; 


from  which  the     &c,  are  known. 

length*  of  the  We  lmve  seen  ihat 


(„  n(n  +  1)  t 


the  tension  on  the  horizontal  sJ;lo  [;<,  therefore,  also  known. 
The  tension  on  the  side  next  in  order  to  the  horizontal 

siihj  is 


that  of  the  second  in  order 


that  of  the  third 


aad  so  on  to 
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which  is  the  tension  < 


.  the  » 


aide  from  the  horizontal 


If  the  points  U  and   V  be  on  the  same  level,  it  is 
obvious  that  the  curve  or  polygon  becomes  symmetrical 
in  reference  to  the  vertical  0  K,  in  which  case  it  is  only 
necessary  to  End   the  lengths  of  the  suspenders  for  one  asanas 
half  the  bridge.     Having  given  the  points  of  suspension,  ™.^J™ 
their  horizontal  distance  apart,  ami  the  level  oi'  ilio  lowest  lu-idgis. 
side  of  the  funicular  polygon,  it  is  easy  to  determine  the 
dimensions  of  every  part  of  the  bridge. 


S     RESTING    UPON     EACH     OTHER, 
UPON    INCLIHED    PLANES. 


§  204. — When   two  bodies  touch  and  compress    each  Action  omi 
other,  there  is  immediately  a  depression  or  yicldmg  in  &  l0!aeAilAa 
direction  perpendicular  to  the  surfaces  at  the  point  of  "parent  con 
eontact,  which  indicates  that  the  reaction  of  the  two  bodies 
takes  place  in  the  same  direction;  that  is  to  say,  in  the 
direction  of  the  normal  common  to  "both  surfaces.     Let  us 
suppose  one  of  the  two  bodies  as  A  to 
be  solicited  by  forces  of  which  the  re- 
sultant shall  coincide  with  this  nor-  F'S-  1Si- 
mal,  and  that  the   other  body  A'  is 
fixed;  it  is  plain  that  the  reaction  of 
the  latter  body  will  destroy  this  resul- 
tant, and  that  the  body  A  will  remain 
at  rest.     But  the  equilibrium  will  also 
subsist,  if  the  body  A'  be  replaced  by  a 
force  equal  to  the  reaction  which  it  exerts  on  the  body  A, 
while  this  latter  body  is  perfectly  free  to  move  and  acted 
upon  by  this  new  force  in  conjunction  with  the  given  forces. 
This  property  of  all  bodies,  by  which  they  resist  the  re- 


)y  Google 


NATURAL    PHILOSOPHY. 

ciprooal  action  of  each  other  in  directions  normal  to  both 
surfaces  at  the  common  point  of  contact,  extends  to  the 
general  case  of  a  single  body  pressing  upon  two  or  more 
bodies  at  the  same  time.  The  reaction  of  these  last  arc  so 
many  real  forces  which  may  be  substituted  for  the  resisting 
bodies  at  the  several  points  of  contact,  and  in  virtue  of  this 
substitntion,  the  conditions  of  equilibrium  of  the  first  body 
will  be  the  same  as  though  it  were  free  to  move  in  any 
direction  whatever.  Let  us  examine  the  circumstances  of 
the  simple  case  of  a  body  resting  upon  a  plane,  and  having 
first  but  one  point  of  contact,  then  two,  three,  &c. 

§  205. — Let  us  consider  a 
sphere  subjected  to  the  action 
of  its  own  weight,  and  rest- 
.g  ing  upon  a  level  plane  A  B 
with  a  single  point  of  contact 
m.  Since  the  reaction  takes 
place  in  the  direction  of  the 
perpendicular  to  the  plane 
through  the  point  of  contact, 

and  must  be  in  equilibrio  with  the  weight  W  of  the 
sphere,  the  centre  of  gravity  G  must  be  upon  a  vertical 
line,  in  order  that  the  weight  and  reaction  may  destroy 
each  other.  In  like  manner,  when  a  body  rests  upon  any 
plane  whatever,  and  is  solicited  by  forces,  no  matter  bow 
directed,  their  resultant  must  be  perpendicular  to  the  plane, 
and  pass  through  the  point  of  contact ;  lor  if  the  resultant 
were  oblique,  it  might  be  resolved  into  two  components. 
one  normal,  and  flic  oilier  parallel  to  the  plane ;  the  first 
would  be  destroyed  by  the  reaction  of  the  plane,  while  the 
latter  would  put  the  body  in  motion.  In  order,  therefore, 
h  that  a  body,  supported  against  a  plane,  and  having  a 
'  single  point  of  contact  with  it,  shall  he  in  equilibrio,  it  is 
necessary,  1st,  thai  the  rmi'li'mi  of  th<-  forees  -which  act  upon 
it  be  perpendiado/r  to  the  plane;  and  2d,  that  this  resultant 
pass  through-  the  point  of  contact. 
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§  206.— But  when  the  body 
has  two  points  of  contact,  A 
and  B,  with  the  plane,  it  is  not 
necessary  that  the  resultant  of 
the  forces  shall  pass  through 
either.  It  will  be  sufficient  if 
it  meet  the  line  A  B  in  any 

point  between  A  and  B,  and  be   perpendicular  to  the 
plane.     For  the  reaction  of  these  points  of  support  being 
both  perpendicular  to  the  plane,  their  resultant,  which  is 
parallel  to  them,  will  also  be  perpendicular  to  it:   this 
resultant  and  that  of  the    forces  acting  upon  the  body 
must  be  in  equilibno ;  they  must.-,  therefore,  be-  equal  and 
directly  opposed ;   in  other  words,   the  resultant  of  the 
forces  acting  upon  the  body  must  admit  of  being  resolved  it  mu«t  t»  norm 
into  two  components,  respectively  equal  and  directly  op-  i^iLcuhe im- 
posed to  the  resistances  at  the  points  of  support.     But  Jo™™,'  tiio  poin 
these  latter  act  in  the  same  direction,  so  also  must  the  for- 
mer, and  hence  their  resultant  will  have  its  point  of  appli- 
cation between  A  and  B;  and  this  resultant  being  parallel 
to  its  components,  will  be  perpendicular  to  the  plane. 

If  the  body  be  laid  on  a  horizontal  plane,  the  equi-  whim  the  pin™ 
librium  will  subsist  whenever  the  vertical  drawn  through  uri£C"1   '  t 
the  centre  of  gravity  intersects  the  line  joining  the  points 
of  support  somewhere  between  them, 

§  207.— Now  let  us  suppose  three  or  more  points  of 
contact.     The  resistances  of  these  points  are  perpendicular  Cnse  of  ihreo  01 
to  the  plane,  and  cannot  main  tain  the  forces  which  act  upon  ™Dre  1"™,s ' 
the  body  in  cquilibrio  unless  the  resultant  of  the    latter 
may  be  decomposed  into  components  which  are  respectively 
equal    and   directly  opposed    to    these   resistances ;    this 
resultant  must,  therefore,  be  perpendicular  to  the  plane, 
and  as  i.te  components  must  act  in    the   same   direction,  resultant  etui 
its  point  of  application  will,  from  the  principles  of  parallel  '^,,™,'tl""kl 
forces,  be  within  the  polygon  formed,  by  joining  the  points  polygon  of 
of  contact.     If  the  line  of  direction  of  the  resultant,  pierce  ™" ac ' 
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iffterasuttaui  the  plane  iii  a  point  m,  ex- 
^t™unhf0™  terior  to  the  polygon  which 
poire™  of  connects  the  points  of  support, 

win  orertimi  ■  "  tnG  hody  will  tend  to  overturn 
around  the  edge  ab  of  this 
polygon  nearest  to  in ;  if  the 
line  of  contact  be  a  curve,  the 
body  will  overturn  about  the 
tangent  nearestto  m.  The  ef- 
fort by  which  the  body  will 
be  urged  to  overturn  is  meas- 
ured by  the  intensity  of  the 
resultant  of  the  forces,  into 
eflbrt  by  whicn     the  shortest  distance  from  its 

the  body  is  urgnd 


line  of  direction  to  that  about 

which  the  motion  of  rotation  takes  place. 


Fig,  IS!). 


§  208. — The   conditions   of  equilibrium  of  a  heavy 

sphere,   resting  upon   a  horizontal  plani 

been  considered.  Let  us  ap- 
ply the    same   principles    to 

other  examples,  and  take  first 

the   case  of  a   heavy   body 

resting  upon  a  table  having 

but  three  feet.     If  the  feet  be 

upon  a  horizontal  plane  and 
■e  in  the  same  right  line,  and  the 

vertical     line    through     the 

centre  of  gravity  be  not  in 

the    vertical    plane    passing 

through  this  line,  the  table 
^s  will    overturn    towards    the 

side  on  which  the  centre  of 

gravity  is  situated,  and  with 

an  effort  equal  to  the  product 

of  the  weight  into  the  distance 

Ag  of  the  projection  of  the 
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centre  of  gravity  from  the  line  a  a'  of  rotation.     This 
product  is  called  the  moment  of  stability.    If  the  distance  moment  oi 
Ag  ia  zero,  the  weight  will  pass  through  the  line  of  9taMUt''' 
support,   and  there  will  be  an  equilibrium;    hut  it  will 
be  unstable,  since  the  centre  of  gravity  will  be  at  the 
highest  point. 

If  the  three  feet  be  not  in  tin;  same  right  line,  and  the  irtheftet 
weight  pass  within   the  tri-  j^""'* 

Fig.  191 


angle  formed  by  joining  the 
feet,  the  table  will  be  in 
■  eqmlibrio.  But  if  the  line 
of  direction  of  the  weight 
pass  without  the  triangle  of 
the  feet,  the  table  will  over- 
turn about  the  nearest  edge 
ab.  In  the  first  case,  the 
equilibrium  ia  stable,  because 
no  derangement  can  take 
place  about  the  line  of  either 
two  of  the  feet  without  caus- 
ing the  centre  of  gravity  to 
ascend.  And,  generally,  if 
the  table  have  any  number 
of  feet,  there  will  he  stable 
equilibrium  whenever  the 
line  of  direction  of  the  weight 
passes  within  the  polygon 
formed  by  joining  them. 

The  effort  with  which  the 
table  or  any  other  body  will 
resist  a  cause  which  tends  to 
upset  it,  is  measured  by  the 
product  of  its  weight  into  the 
shortest  distance  A  g  from  the 
line  of  direction  of  the  weight; 
to  the  line  ab  about  which 
the  motion  is  to  take  place; 
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and  this  effort  will  be  smaller  in  proportion  as  the  dis- 
tance Ag  is  less.  Tor  this  reason,  the  m.oment  of  stability 
of  a  heavy  body  is  the  smallest  moment,  of  its  weight 
taken  with  reference  to  the  different  lines  of  its  polygonal 


Ifei 


Fi;;.  IBii. 


The  conditions  are  the 
same  if  the  body  rest  upon 
a  piane  face   bounded  by  a 

polygon  or  curve.  The  equi- 
librium will  exist  when  the 
line  of  direction  of  the  weight 
pusses  within  the  base.  Such, 
for  example,  is  the  case  with 
the  cube  resting  upon  a  level 
plane ;  also  with  a  right  prism, 
whatever  its  height,  only  that 
its  stability  diminishes  as  the 
height  increases ;  for,  in  pro- 
portion as, the  centre  of  grav- 
ity G  is  more  and  more  ele- 
vated, the  angle  GAB  be- 
comes less  and  less,  and  the 
centre  of  gravity  will  not  have 
to  be  raised  so  much  above  its 
111  position  of  rest  when  the  body 
is  overturned  about  the  edge 

aa',  as  it  would  if  the  angle  GAB  were  greater,  or  the 
centre  of  gravity  lower.  In  proportion  as  the  centre  of 
gravity  is  placed  higher  and  higher  above  the  same  base, 
the  body  will  approach  more  and  more  to  the  condition  of 
unstable  equilibrium. 

An  inclined  prism  will  pre-  jv,  ^ 

serve  its  equilibrium  as  long 
as  the  direction  of  its  weight 
falls  within  its  base.  The  dif- 
ficulty of  overturning  it  will 
be  less  in  proportion  as  the 
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distance  Ay  becomes  smaller. 

When  g  fulls  without  the  base, 

the   prism  will   overturn   of 

itself.     The  Tower   of  Pisa, 

though  considerably  inclined, 

preserves  its  equilibrium  be- 
cause the  line  of  direction  of 

its    weight   passes  within  its 

base.     A  pile  of  dominos  or 

bricks,  in  which  each  one  pro- 
jects beyond  that  immediately 

below    it,    will    preserve    its 

equilibrium  till  the  line  of 
direction  of  the  weight  of  the 
entire  pile  falls  without  the 

domino  or  brick  at  the  bottom,   when  it  will  overturn,  stability  increas 
We  see,  therefore,  that  the  natural  stability  of  bodies  in-  ^eaBesMd  as 
creases  as  their  bases  increase,   and  the  heights  of  their  me  oontre  of 
centres  of  gravity  decrease ;  and  that  it  is  the  greatest  possi-  s"m  y 
ble  when  the  centre  of  gravity  is  at  the  centre  of  figure  of 
the  base.     This  is  the  reason  why  walls  are  usually  made 
of  elements  like  brick,  cut-stone,  &c,  placed  with  their 
faces  vertical,  and  laid  upon  large  bases,  called  foundations. 
If  the  heavy  bodies  are  solicited  by  other  forces  than 
their- weights,  the  resultant  of  the  whole,' weight  included,  iioa^y  bodies 
must  act  in  the  direction  of  a  line  passing  within  the  base.  ™!™BtothB„rthei- 
The  resultant  of  the  extraneous  forces  may  unite  with  the  weights; 
weight  and  increase  the  stability  of  the  body.     Thus  an 
inclined  prism,  the  direction 
Qg   of   whose   weight    falls 
without  the  base  AB,  would, 
if  abandoned  to  itself,  over- 
turn ;  whereas,  if  it  were  act- 
ed upon  by  a  force  in  the  di- 
rection G  E,  of  such  intensity 
as  to  give,  with  the  weight, 
a  resultant    which   intersects 


lltr»r!  may  act  tci 
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the  base'  at  0,  it  -would  be 
supported,  and  the  equilib- 
rium would  be  stable.  Re- 
ciprocally, the  weight  W  of 
the  prism  is  opposed  to  the 
force  GE—F,  when  the  latter 
acta  to  turn  the  solid,  about 
the  edge  A.  The  measure  of 
this  opposing  effort  is 


W.Ag; 


and  in  this  view,  we  see  that  the  moment  of  the  natural 

stability  will  increase  as  A.g  increases. 

In  walls  destined  to  support  an  enibari  bnent  of  earth  or 


a  head  of  water,  in  order  to 
.e  effect,  the  lower  exterior  edge  A 

venience  will  permit  from  the 
;  vertical  line  &  g  of  the  weight. 
This  is  done  either  by  an 
exterior  slope  B  A,  or  by 
masses  of  masonry  0,  called 
counterforts,  attached  to  the 
back  of  the  wall.  It  will  be 
sufficient,  in  general,  for  the 
stability  of  the  wall,  if  the 
resultant  of  its  weight  W  and 
the  pressure  against  it,  inter- 
sects the  base  A  D.  The 
moment  of  natural  stability 
'  of  such  structures  is  always 
equal  to  the  product  of  the 
weight  into  the  distance  A  g ; 
and  therefore  the  figure  of 
the  cross-section  of  the  wall 
may  be  varied  at  pleasure 
without    injury  to    the    sta- 


the  thrust  with  greater 
thrown  as  far  as  con- 
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bilitry,  provided  this  product  remain  the  same.     Hence  the 
external  slope  may  he  suppressed,  if  the  thickness  of  the  extern 
wall  be  so  increased  that  its  augmented  weight  shall  com-  "" 
peneate  for  the  diminution  in  Ag. 
If  the  ground  upon  which 


the  wall  rests  be  compressible, 
it  will  not  be  sufficient  that 
the  resultant  of  the  weight 
ami  pressure  pass  within  the 
base;  it  must  also  puss  through 
its  centre  of  figure :  otherwise 
there  would  be  more  pressure 
on  one  side  of  this  point  than 
on  the  other,  and  the  wall 
would  incline  in  that  direc- 
tion. 

If  the  load  of  a  two- 
wheel  cart  be  such  that 
the  direction  of  its  weight 
does  not  intersect  the  axle- 
tree,  it  will  tend  to  overturn 
on  the  side  of  the  weight, 
and  will  either  exert  a  pres- 
sure upon  the  horse  or  an 
effort  to  lift  him  from  the 
ground,  according  as  the 
weight  passes  in  front  or  in 
rear  of  the  axle-tree.  If  the 
centre  of  gravity  of  the  load 
be  immediately  above  the 
axle-tree  on  a  level  road, 
then,  when  the  cart  is  as- 
cending a  slope,  the  weight 
will  pass  behind,  and  the  ten- 
dency of  the  load  will  be  to 
lift  the  horse;  while,  on  the 
contrary,   when   the  cart  is 


J'i;;.   2ijii. 
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the  tendency  is     descending  a  slope,  the  tendency  of  the  load  will  be  to 
io  preaa  upon  tho  £nrow  a  pressure  npon  him.     If  the  centre  of  gravity  be 


1  the  axle-tree,  the  1 
kind  referred  to. 


3  will  experience  no  effort  of  the 


§  209.— Let  A  B  represent  Fig-  20T. 

the    section   of   an    inclined 

;  plane  in  the  direction  of  its 
greatest  declivity.  .Although 
the  plane  be  indefinitely  pro- 
longed, it  will  be  sufficiently 

"    defined  by  the  relation  of  the 

ae'  base  A  0  to  the  height  CB, 
corresponding  to  a  given 
length  A  B. 

Conceive  a  heavy  body  resting  upon  this  plane,  and  of 
which  G  is  the  centre,  of  gravity.  Tlic  equilibrium  of  this 
body  requires,  1st,  that  its  weight  shall  intersect  the  plane 
within  the  polygon  formed  by  joining  the  points  of  con- 
tact; 2d,  that  the  weight  shall  be  perpendicular  to  the 
plane.     This  last  condition  cannot  be  satisfied  for  any  but 

f  a  horizontal  plane,  since  the  weight  is  always  vertical.  If 
the  weight  be  replaced  by  its  two  components,  one  perpen- 
dicular and  the  other  parallel  to  the  plane,  the  former  will 
be  destroyed  by  the  resistance  of  the  plane,  while  the  latter 
will  cause  the  body  to  move  in  the  direction  of  its  length 
BA.  If  the  direction  of  the  weight  meet  i!io  plane  within 
the  polygon  of  contact,  the  parallel  component  will  cause 
the  body  to  slide,  otherwise  it  will  cause  it  to  roll.  This 
last  will  happen  in  the  case  of  a  spherical  ball,  since  the 
weight  will  not  meet  the  plane  in  the  single  point  of  con- 
tact m. 

Let  a  force  _P  be  applied  in  the  direction  G  S,  next  figure, 
to  prevent  the  body  from  moving  down  the  plane.  Since 
the  body  must  be  in  equilibrio  under  the  action  of  its  weight 
W  and  the  force  P,  these  must  have  a  resultant,  and  this 
resultant  must  be  perpendicular  to  the  plane  and  intersect 
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it  within  the  polygon  of  contact,  or  in  the  case  of  the  plane  in  whici 
sphere,  at  the  point  m.     The  force  /'  muni,  thereibn:,  be'0  oroe™U8t 

r  J  r  'be  applied  j 

applied  in  a  vci'tical  plane  which  passes  through  the 
centre  of  gravity,  and  winch  is,  at  the  same  time,  perpen- 
dicular to  the  inclined  plane. 

Lay  off  on  the  vertical  through  the  centre  of  gravity 
67,  the  distance  67  67'  to  represent  the  weight  W,  through 
the  same  point  draw  67  M 
perpendicular  to  the  inclined 
plane,  and  through  G',  the 
line  67'  M  parallel  to  the  di- 
rection of  the  force  P;  from 
the  point  M  draw  M  Q  paral- 
lel to  6?  (?';  the  distance  t?  Q 
will  represent  the  intensity 
of  the  force  P,  and  67  M  that 
of  the  resultant,  R,  of  "IV  and 
P.     From  the  principle  of  the 

i  of  forces,  we  have 


W;  B:  P::  smQGM  :  smG'GQ  :  sin  G'GM;    ,,. 

but  67  C7'  and  67  M  being  respectively  perpendicular  to 
A  0  and  A  B,  the  angle  A  is  equal  to  the  angle  67'  G  M, 
and  we  have 


and  this  substituted  in  the  foregoing'  proportion  gives,  after 
reduction, 

W  :  R  :   P  ::  AB.smQGM:  A B .  sin  (?'  67  Q  :  B C; 
from  which  we  find 

BG 


II' 


AB.sinQGM 
sin  Q  G  J 


(99); 
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If  the  power  P  be  ap- 
plied parallel  to  the 
plane,  the  angle  QGM 
=  90°;  and  the  angle 
Q'  G  Q  becomes  the  sup- 
plement of  the  angle 
A  B  C;  whence  we  have 


sin  Q  G  M  =  sin  90°  =  1 ; 
sin  G'GQ  =  tn.nA30  =  ~~; 
which,  in  the  above  equations,  give 

That  is  to  say.    vjhen  the  power  is  applied  parallel  to  tlie 
i,  plane,  1st,  the  power  will  be  to  Cm  vxh.fd  m  the  height  of  the 
plane  is  to  its  length;  2d,  Iha  reaivanm  of  the, plane  will  he  to 
the  wcifii  us  the  hive  of  the  plane  is  &  its  hmgth. 

If  the  power  be  ap- 
plied parallel  to  the  base  '"  ' 
of  the  plane,  the  angle 
QQM  becomes  equal  to 
the  angle  A  3  G,  because 
G  Q  and  67  M  are  respec- 
tively perpendicular  to 
BC  and  J.  B;  and  the 
angle  G'  G  Q  becomes 
90°,  whence 


sin   QGJl 


""-& 


sin  ff  B  Q  ■■ 
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which,  in  Eqs.  (99)  sad  (100),  give 


A  6" 


■A.B 

"  A  0' 


That  is  to  say,  when  the  power  w  applied  para-Mel  to  the  base 
of  the  plane,  1st,  ilie  paver  will  ir,  to  the  iviifiu:  ah  the  he if/ht  teiationot pawn 
of  the  plane  is  to  its  base ;  2d,  the.  resistance  of  the.  plane  'will  *^*ta^1. 
be  to  the  weight  as  the  lenylh  of  Ih.a  plane  is  to  its  base. 

In  the  application  of  the  power  parallel  to  the  plane, 
the  power  will  always  be  less  than   the  weight.     When 
applied  parallel  to  the  base,  the  power  "will   be  less  than  limits  within 
the  weight,  while  the  inclination  of  the  plane  is  loss  than  ^^  lee  p°^ 
46°.     When  the  inclination  is  45°,  the  power  and  weight  weight 
will  be  equal.     When  the  inclination  exceeds  45°,  the 
power  will  be  greater  than  the  weight. 


210.- — Let  us  now 
■  the  motion  of  a 
heavy  body  on  the  in- 
clined plane.  The  body 
being  acted  upon  by  its 
weight  67  67'  alone,  this 
may  be  resolved  into  two 
components,  the  one  GM, 
perpendicular,  the  other 
67  iVj  parallel  to  the  plane. 
The  first  will  be  totally 

destroyed  by  the  resistance  of  the  plane,  while  the  second 
will  be  effective  in  giving  motion.     Denote  the  weight  of 
the  body  by  W,  the  height  B  G  of  the  plane  by  h,  and  its  tn 
length  A  B  by  I;  then,  from  the  similarity  of  the  triangles  ™ 
,4  _B  67  and  67  67' iV,  will  v 


W    :     GN~    :;     I 
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G7Ar  = 


and  because  the  incli- 
nation of  the  plane  is 
the  same  throughout,  the 

ratio  —  will  be  constant, 

from  the  top  to  the  bot- 
tom ;  whence  we  ace  that 
it  the  motion  of  the  same 
body  down  the  plane,  is 
that  arising  from  the  ac- 
tion of  a  constant  force. 
It  will,  therefore,  be  uni- 
formly varied,  and  the  circumstances  of  motion  will  be 
given  by  the  laws  of  constant  forces. 
Substituting  M g  for  W,  we  have 


GN  = 


Kg; 


and   making  M  equal  to  unity,  and  denoting  by  g'  the 
g  value  of  the  component  G  N,  wc  find 


Such  is  the  intensity  of  the  force  of  gravity  in  the  direc- 
tion of  1.1  be  inclined  plane.     This  run,;'  lie  varied  at  pleasure 

by  changing  the  ratio  -=- ;  in  other  words,  by  altering  the 

inclination  of  the  plane.  Now,  since  the  velocities  im- 
pressed during  the  first  unit  of  time  on  the  same  body, 
moved  from  rest,  are  proportional  to  the  forces  producing 

them,  the  motion  may  be  made  as  slow  as  we  please  by 

diminishing  y.     It  was  in  this  way  that  Galileo  discovered 
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the  laws  which  regulate  the  fail  of  heavy  bodies.  These  miii 
being  the  same  as  for  bodies  moving  on  an  inclined  plane,  ^ 
it  was  easy  so  to  regulate  the  inclination  of  the  plane  as  to  luv>a 
enable  him  to  note  and  compare  the  spaces  described,  times 


elapsed,  and  velocities 
If  the  body  he 
mounted  upon  wheels, 
as  in  the  ease  of  the 
loaded  cart  referred  to 
in  |  209,  it  will  be 
urged  to  roll  along  the 
inclined  plane  by  an 
effort  of  which  the 
measure  is 

W.  D; 

in  which  W  denotes 
the  weight  of  the  cart 
and  its  load,  and  J) 
the  perpendicular 


I.,  with  e 


i  other. 


m~b  from  the  point  of  contact  m 


m,  to  the  lino  of  direction  6*  b  of  the  weight  W. 


FRICTION"    AND    ADHESION. 

|  2X1. — When  two  bodies  are  pressed   together,  expe-  ntci 
rience  shows  that  a  certain  effort  is  always  required  to 
cause  one  to  roll  or  slide  along  the  other.     This  arises  mani 
almost  entirely  from  the  inequalities  in  the  surfaces  of  two ' 
contact  interlocking  with   each  other,  thus   rendering  it»nd< 
necessary,  when  motion  takes  place,  either  to  break  them  °™' 
off,  compress   them,  or  force  the  bodies  to  separate  far 
enough  to  allow  them  to  pass  each  other.     This  cause  of 
resistance  to  motion  is  called  friction,  of  which  we  distin- 
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guish  two  kinds,  according  as  it  accompanies  a  sliding  or 
rolling  motion.  The  first  is  denominated  sliding,  and  the 
second  rolling  friction.  They  aro  governed  by  the  same 
laws;  the  former  is  much  greater  in  amount  than  the 
latter  under  given  circumstances,  and  being  oi:' more  import- 
ance in  machines,  will.  prjiicipa-ly  occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured 
by  the  force  exerted  in  the  direction  of  the  surface  of 
contact,  which  will  place  the  bodies  in  a  condition  to  resist, 
during  a  change  of  state,  in  respect  to  motion  or  rest,  only 
by  their  inertia. 

§  212. — The  friction  between  two  bodies  may  be  meas- 
ured directly  by  means  of  the  spring  balance.     For  this 
purpose,  let  the 
surface  01)  of 
one  of  the  bod- 
ies M,  be  made  #^ 

perfectly  level,  . -—\  /   \ 

so  that  the  oth-  "     '     -^s^ ~^~F 


er     body     /!/',       .:"''.'.■  ^KT"      ,"--„'-~*™  ..'....'        ' 

when  laid  upon 
it,    may    press 

with  its  entire  weight.     To  some  point,  as  B,  of  the  body 

M',  attach  a  cord  with  a  spring  balance  in  the  manner 

me  ideation  of  indicated  in  the  figure,  and  apply  to  the  latter  a  force  F 

itaiDo™™!™  "'  °f  SUC'1  intensity  as  to  produce  in  the  body  M'  a  uniform 

uniform  is  the      motion.     The  motion  being  uniform,  the  accelerating  and 

retarding  forces  must  be  equal  and  contrary;  that  is  to  say, 

the  friction  must  be  equal  and  contrary  to  the  force  F,  of 

which  the  intensity  is  indicated  by  the  balance. 

The  experiments  on  friction  which  seem  most  entitled. 

to  confidence,  arc  those  performed  at  Metz  by  M.  Morin, 

me  most  valuable  under  the  orders  of  the  French  government,  in  the  years 

experin^taa*.     18gl    jggo    and    lggg        ^  d      b      &     ^d     f 

those  of  H.mona;  1  '  J  J 

contrivance,  first  suggested  by  M.  Poncellet,  which  is  one 
of  the  most   beautiful   and    valuable   contributions   that 
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theory  has  ever  made  l.o  practicnl  mechanics.     .Its  details  »i™  these 
are   given  in  a  work  by  M.  Morin,    entitled  "NbiweUes  ^P^^""  ™ 
Experiences  sur  le  Frottemeni,"     Paris,  1833. 

■    The  following  conclusions  have  been  drawn  from  these 
experiments,  viz. : 

The  friction  of  two  surfaces  which  have  been  for  a  conciusiuua  iu 
considerable  time  in  contact  and  at  rest,  is  not  only  differ-    ™erimeDts . 
ent  in  amount,  out  also  in  nature  from  the  friction  of  sur- 
faces in  continuous  motion ;  especially  in  this,  that  the 
friction  of  quiescence  is  subjected  to  causes  of  variation 
and  uncertainty  from  which  the  friction  during  motion  is 
exempt.     This  variation  does  not  appear  to  depend  upon 
the  extent  of  the   surface  of  contact ;    for,   with  different 
,  the  ratio  of  the  friction  to  the  pressure  varied 
[y,  although  the  surfaces  of  contact  were  the  same. 
The  slightest  jar  or  shock,  producing  the  most  irnper-  in  machinery, 
ceptible  movement  of  the  surfaces  of  contact,  causes  the  ""^"J^  wh 
friction  of  quiescence  to  pass  to  that  which  accompanies  motion  to  be 
motion.     As  every  machine  may  be  regarded  as  being  c™sldered; 
subject  to  slight  shocks,  producing  imperceptible  motions 
in  the  surfaces  of  contact,  the  kind  of  friction  to  be  em- 
ployed in  all  questions  of  ecprilibrimn,  a s  well  as  of  motions 
of  machines,  should  obviously  be  this  last  mentioned,  or 
that  which  accompanies  continuous  motion. 

The  LAWS  of  friction  which  accompanies  continuous  the  laws  of  tin 
motion  are  remarkably  wvifjnn  and  definite.     These;  laws  '""J1™*!!*, 

are  :  definite ; 

1st.  Friction  accompanying  continuous  motion  of  two  jh-stiaw; 
surfaces,  between  which  no  unguent  i=  interposed,  bears  a 
constant  proportion  to  the  force  by  which  those  surfaces 
are  pressed  together,  whatever  be  the  intensity  of  the  force. 

2d.  Friction  is  whol'y  hi  dependent  of  the  extent  of  the  second  law; 
surfaces  in  contact. 

3d.  Where  unguents  are  interposed,  a  distinction  is  to  be 
made  between  the  case  in  which   the  surfaces  are  simply  (him  law ; 
unctwus  and  in  intimate  contact  with  each  other,  and  that 
in  which  the  surfaces  are  wholly  wprrrabxl  from  one  another 
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by  an  interposed  xtratum  of  (Ac,  unguent.  The  friction  in 
these  two  cases  is  not  the  same  in  amount  under  the  same 
pressure,  although  the  law  of  the  independence  of  extent 
of  surface  obtains  in  each.  When  the  pressure  is  in- 
creased sufficiently  to  press  md  the  unguent  so  as  to  bring 
the  unctuous  surfaces  in  contact,  the  latter  of  these  cases 
passes  into  the  first;  and  this  fact  may  give  rise  to  an 
apparent  exception  to  the  law  of  the  independence  of  the 
extent  of  surface,  since  a  diminution  of  the  surface  of  con- 
tact may  so  concentrate  a  given  pressure  as  to  remove  the 
unguent  from  between  the  surfaces.  The  exception  is 
however  but  up  parent,  and  occurs  at,  tiio  passage  from  one 
of  the  cases  above-named  to  the  other.  To  this  extent, 
the  law  of  independence  of  the  extent  of  surface  is,  there- 
fore, to  be  received  with  restriction. 
■>  There  are  then  three  conditions  in  respect  to  friction, 
"  under  which  the  Burfaces  of  bodies  in  contact  may  be 
considered  to  exist,  viz.:  1st,  that  in  which  no  unguent 
is  present;  2d,  that  in  which  the  surfaces  are  simply 
unctuous;  3d,  that  in  which  there  is  an  interposed  stratum 
of  the  unguent.  Throughout  each  of  these  states  the 
friction  which  accompanies  motion  is;  always  proportional 
to  the  pressure,  but  for  the  same  pressure  in  each,  very 
different  in  amount. 

4th.  The  friction,  which  accompanies  motion,  is  always 
independent  of  the  vehci/y  with  which  the  bodies  move; 
and  this,  whether  the  surfiices  be  without  unguents  or 
lubricat.ed  with  water,  oils,  grease,  glutinous  liquids, 
syrups,  pitch,  &c.,  &c. 

The  variety  of  the  circumstances  under  which  these 
laws  obtain,  and  the  accuracy  with  which  the  phenomena 
of  motion  accord  with  them,  may  be  inferred  from  a  single 
example  taken  from  the  first  set  of  Morin's  experiments 
upon  the  friction  of  surfaces  of  oak,  whose  fibres  were 
parallel  to  the  direction  of  the  motion.  The  surfaces  of 
contact  were  made  to  vary  in  extent  from  1  to  84 ;  the 
forces  which  pressed  them  together  from   88  to   2205 
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pounds;  and  the  velocities  .from  [1111  slowest  perceptible 
motion  to  9.8  feet  a  second,  causing  them  to  be  at  one  time 
accelerated,  at  another,  uniform,  and  at  another,  retarded: 
yet,  throughout  all  this  wide  range  of  variation,  in  no  « 
instance  did  the  ratio  of  the  pressure  to  the  friction  differ 
from  its  mean  value  of  0.478  by  more  than  -^  of  this  same 
fraction. 

Denote  the  constant  ratio  of  the  normal  pressure  P,  to 
the  entire  friction  F,  by/;  then  will  the  first  law  of  fric-  a 
tion  be  expressed  by  the  following  equation, 


ViOLv 


F  =  /.P, 


This  constant  ratio  /  is  called  the  coefficient  offiiction,  Cc 
because,  when  multiplied  by  the  total  normal  pressure,  r" 
the  product  gives  the  entire  friction. 

Assuming  the  first  law  of  friction,  the  coefficient  of 
friction  may  easily  he  obtained  by  means  of  the  inclined 
plane.  Let  W  denote  the 
weight  of  any  body  placed 
upon  the  inclined  plane 
AB.  Resolve  this  weigl.it 
(?  (?'  into  two  components, 
one  trJi'perpendicular  to 
the  plane,  and  the  other 
parallel  to  it.  Because  the 
angles  Q'  GM  and  BA  0 
are  equal,  the  first  of  these 
components  will  be 
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and  the  second, 

W.smA, 

in    which  A    denotes    the 
angle  BA  0. 

The  first  of  these  com- 
ponents deleft] linos  tin.:  total 
pressure  upon  the  plane, 
and  the  friction  due  to  this 
pressure,  will  be 

/.  WcaaA. 

The  second  component  "urges  the  "body  to  move  down 
the  plane.  If  the  inclination  of  the  plane  he  gradually 
increased  till  the  body  move  with  uniform  velocity,  the 
total   friction   and  this   component   must   be   equal   and 


f.W. 


/-- 


We,  therefore,  conclude,  that  the  unit  or  coefficient  of 
friction  "between  any  two  surfaces,  is  equal  to  the  tangent 
of  the  angle  which  one  of  the  surfaces  must  make  with  the 
horizon  in  order  that  the  other  may  slide  over  it  with  a 
uniform  velocity,  the  body  to  which  the  moving  surface 
belongs  being  acted  upon  by  its  own  weight  alone.     This 

niiRieoffi-intion;   angle   is   called  the  angle  of  friction  or  limiting  angle  of 

resistance  -  resistance. 

The  values  of  the  v.nii,  of  friction  and  of  the  limiting 
angles  for  many  of  the  various  substances  employed  in  the 
art  of  construction,  are  given  in  the  following  tables: 
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TABLE  I. 

Experiments  oti  Fiuctmn.  ;vtt™tjt  Ungubstb.    By  M.  Mokin. 

'['be  surfaces  ol  1'rierion  KfTi;  varied  from  ,o3J36  lu  3.79^7  square  feet, 
the  pressures  i'ietn  SK  lb;,  ui  "ori  lbs.,  and  tbe  1  eloeities  iVo.n  a  scarcely 
perceptible  motion  I.11  Q.84  I'l.-'-t-  "p'.T  second.  The  surfaces  of  wood  were 
planed,  and  those  ol'  metaL  tiled  and  polished  with  the  greatest  care,  and 
carefully  wiped  after  every  cxperiiiienl.  The  presence  of  unguents  was 
"y  guarded  against. 


SURFACE  a  OP  CONTACT. 

"ffisy 

£=■«,'» 

11 

11 

111 

il 

si 

3-3  a! 

Ofllc  upon  oak,  the  direction  of  the 
fibres  being  parallel  to  i.ln;  motion 

Oak  upon  oak,  the  direct  ions  of  the 
fibres  of  the  moving  surface  being 
perpendicular  to  those  uf  the  quies- 
cent surface  inns  to  [.he.  direction  of 
the  motion};  -------     - 

Oak  .ipon  oak.  i.bo  fibres  of  botii  sur- 
faces being  perpendicular  to  the 
direction  of  the  motion      -     -     -     -' 

Oak  upon  oak,  the  fibres  of  thoi 
moving  Mir  fate  being  perpendicular 
to  the  surface  of  coni.aei,  and  rhose 
of  the  surface  at  vest  parallel  to  1 
the  direction  of  the  motion  -     -     -J 

Oaii  upon  oak,  (he  librcs  of  both  sar-"| 
faces  being  perpendicular  to  the  | 
surface  of  r.ont;u'.t,  or  the  pieces  | 
end  to  end    -------- 

Klin  upon  oak,  the  direction  of  i.lie  | 
fibres  being  parallel  to  the  motion  1 

Oak  upon  elm,  dittojj      ----- 

Kim  upon  oali,  the  fibres  of  the  jnov-" 
ing  surfed-  (the  e.'.uij  being  perpeit- 
(licular  to  those  of  the  quiescent 
surface  (the  oak)  and  to  the  direc- 

0.478 

o.3i4 

o.336 
0.192 

o.43a 

o.45o 

?5°  33' 
[7    58 
18     35 
10     5a 

23     22 
i3     5o 

M     16 

o.6a5 
o.54o 

0.371 

0.43 

0.694 
o.376 

3s°      1' 

28  23 

i5    10 

34    46 

ao    37 
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TAHLK   1—r.or.ihuLal. 


Ash  upiiii  oak.  tin!  libiv.-f  of  both  snr-  i 
fiuio-  ;.nil!Lj-  parallel   :<>  I  lie  dircciion  ' 

of  the  motion     -------  \ 

l'ir  upon  oak,  tin;  fibres  of  both  imr-  j 
Ens:.-  Imiiiji  parallel  to  I  ho  direction  : 

of  the  motion ) 

ISooch  upon  oak,  ditto  ----- 
Wild  pern-  tree  ;i]nin  o;ik,  ditto  -  - 
Her  v  ice -1  rue  upon  oak,  ditto  -  -  - 
Wrought  iron  i:pun  oak,  ditto*  -  - 
Ditto,  the  a-.nliii.o.-i  beioa;  greased  and  \ 

we'd  wetted -     -     -  i 

Wrouylil  iron  upon  ebn-     -     -     -     -' 

Wroo^ht    iron  upon    oust    iron,    the', 

tibrc*  i,f  the  iron  Lining  parallel  to 

till!  Uhj'.ioll > 

Wronghl  : ii m  i;j. wrought  iron,  the  ) 

"fibre?  of  b:.ii!i  surfaces  hohig  pur-  : 
allel  to  the  motion  ------  j 

Cast  iron  upon  o;tk,  dilf.o     -     -     -     - 

Ditto,  (lie  surface;  hi.-iiiic  sjrtasBfl  jmd  , 
wetted      ------...  i 

Cast  iron  upon  dm     -----.' 

Oast  iron  upon  casi  iron       -     -     -     - 

Ditto,    water    bem:;'    interposed    bo-  . 
tween  the  surfaces  -     -     -     -     -     -  ' 

Cast  iron  upon  brass  - 

Oidi  upon  oast  iron,  liie  fibres  of  tins  ' 
wood  ljcitijf   perpendicular  to   the 
direction  of  tho  motion     -     -     -     - 

1-lornb, !!!ii-  npuii  ens',  iron — fibre.-  par-  , 
allel  to  motion    ------.. 

Wild  pcar-rroe  upi;:i  ca?t  iron — fibi'e.«  ', 
parallel  to  the  motion       -     -     -     -  i 

Sheol  o[ion  cast  iron   -     -     -     -     -     -  ' 

Htui'l  upon  brass    ------- 

fellow  copper  upon  cast  iron  -     -     - 
Ditto  oak     -    -    -    - 

1'ir-iisn  iipuu  cast  iron  -     -     -     -     -     - 

Bra;s  upon  wrought  iron,  the  fibres  of" 
the  iron  being  parallel  to  the  mo- 

Wrouoht.  iron  upon  brass  -  -  -  -' 
lim;s  upon  brass  ------- 


]C 

49' 

o.57o 
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o.5ao 
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48 
'9 
49 
47 

o,53 
0.440 

oiei? 
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0.549 
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0.194 

23     34 
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8     39 
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SDSFACES  OP  CONTACT. 

p=;.0' 

QoitadMcB. 

Il 

■  =  ~-  T; 

HI 

il 

11 

lihiek  leiiilier  (eonicd)  upon  wile*     - 

Ox  hide  (.such  as  til; l I  used  Sd'  soles  j 

anil  for  tin:  staffing  of  pistons)  upon  !- 

Ditto        ditto        diLlo,    smooth 
Leather  as  above,  polished  and  bar-  ) 

Ucmiieii  e/biK.irpiiiW  band,  fs.anjl,:' 
ilc  c.iia.r.vie.j  upon  oak.  (he  fibres  of  1 
the  wood  and  the  direction  of  tin:  f 
cord  heing  parallel  lo  (lie  motion  -_, 

llcn)|)cn  matting,  woven  with  small  ) 

Old  cordage  \i-  inch  in  diameter,  ditto- 

Oaleareons  oolitic  stone,  r.sod  in  build- 1 

ing,  of  a  moderately  hard  quality,  \ 

culled  stone  of  .'Fairmont— upon  the  f 

Laid  csilrtireoiis  stone  of  Erouok,  nfl 
a  light  gray   color,   susceptible  ol'  !v 
taking  a  fine  polish,  ('he  nmsohel-  j 
kid];,)  mori;i^  upon  the  ura:  stone  J 

The  soft  .atone  mentioned  aboye,  upon  1 

The  hard  .atone  mentioned  above,  up-  ] 
Common  brick  upon  the  stone  of  Jii.ii--  j 

0.265 
o.5a 
o.335 

0.296 

o.5a 
o.3a 

0.52 

o.64 

0.38 

0.65 
0.67 
o.65 
o,38 

S'S 

0.34 

i4°  5i' 

a7     29 

=7     =9 

.7     45 
57     29 

3a    38 

20    49 

33.      2 
33     5o 

33  2 
20    49 

34  37 
3o    53 

lit 

0.74 

o.6o5 
o.43 

0.64 

o.5o 
0.79 

0.74 

0.70 

0.75 

o.75 

o.65 

o.63 

0.49 
0.67 
0.64 

36"  3i' 

3i     11 
s3     17 

3s     38 

26     34 
38     19 

36    3i 

35  0 

36  53 

36    53 

33       2 

3a     i3 

=6      7 
33    5o 
3a     38 

22    47 

Oak  upon  (hi.  to,  the  fibres  of  the  wood  j 
being  pe^-pcniiicular  to  the  surface 
of  the  stone    -----         -     -  j 

Wrought  iron  npon  ditto,  ditto      -     - 
Uui  union  brick  upon  the  .-tune  ol'Tlroiicl 
Oak  as  before  (endwise)- upon  ditto  - 
Iron,                       ditta           ditto  -     - 

*  The  friction  of  mod 

15  the  inside  01  Vhoouteii 
iiL'/lL'UL  iviis  '..^I'.iili;,  '.i|:|i:in:iil  iu  tli'.1  :..u::li 
t  All  (ho  nbi.im  csipc-lmciila,  la.ivpi  Lhst 


..Google 


NATURAL    PHILO 3 0  I'  II Y. 


EXPERIMENTS    0 


■    U'lirruous  Sl-hi.'ACRs. 


In  iliosc  experiment  i   the  Hiriui-e-i,  af.er  hitviui;  been  snuiiirod  with  an 
unguent,  were  wiped,  «,,  that  mi  iiilcvp'.'-iiiLi-  Inj'iir  of  iliu  iiinriiiini  prevented 


SURFACES  OF  CONTACT. 

"EZ" 

Quiescence. 

11 

pi 

111 

|| 

1*1 

Oak  upon  oak,  the  flbreg  being  paral-  ) 
lei  to  the  motion f 

Ditio,  Hie  fibres  of  tin:  moving  body  I 

being  |>ori)i.!i"niicii]iLi-  to  tbe  minion    j 

Oak  upon  din,  libres  parallel  -     -     - 

Wrought  iron  upon  (lira,  ditto       -     - 
Ditto  lipiui  wrought,  iron,  ditto     -     - 
Diko  upon  cunt  iron,  ditto  -     -     -     ■ 
Oust  iron  upon  wrought  iron,  ditto    - 
Wrought  iron  upon  brass,  ditto     -     - 
Hi'iiss  upon  nTonjilit  iron     -     -     -     - 
Cm-1  iron  upon  oak,  ditto     -     -     -     - 
Ditto  upon  elm,  ditto,  tho  unguent  ] 

Ditto,  ditto,  tin:  ^n^ium  being  liog'a  1 

liivil  and  black  load     -----  j 

Elm  upon  cast  ken,  fibres  parallel    - 

(Jopper  upon  oak 

Veil,™-  copper  npnii  Ciist  iion      -     - 
Leather  (in  hide)  ivell  tanned  upon  ) 

Ditto  upcii  Lkiss,  wiiUed     -     -     -     - 

0.108 
O.I43 
o.i36 
0.119 
o.33o 
o.i4o 
o.i3B 

o.i43 
o.i6o 
0.166 
0.107 

O.I25 

o.»37 
o.i35 
0.144 
o,i3a 

o:i34 
o!u5 

o.a44 

6Q   10' 
8       9 

7     45 

6  48 

7  59 
7      55 

10       3 

'»  J 

7       8 
7     4<j 
7    4a 

7    3a 

6  7 

7  38 

5  43 

6  34 

(3       54 

i3    43 

o.3e4 
0.4=0 

0.118 

0.098 
0.164 

2i°  '9' 

n   56 

aa    47 

6    44 

5    43 

5     3(5 

9    '9 

14    57 

The  distinction  "between  the  friction  of  s 
which  no  unguent  is  present,  those  which  are  i 
unctuous,  anil  those  between  wliieli  a.  uniform  stratum  of 
the  unguent  is  interposed,  appears  first  to  have  been 
remarked  by  M.  Morin;    it  has  suggested  to  him  what 
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M  KC  JIAX1CS     0."     Si;  LLI';-. 


i  to  be  the  true  explanation  of  the  difference  "be- 
tween his  results  and  those  of  Coulomb.     He  conceives,  cc 
that  in  the  experiments  of  this  celebrated  engineer,  the  * 
requisite  precautions  bad  noi  "been  taken  to  exclude  un-  re 
guents  from  the  surfaces  of  contact.     The  slightest  unc-  "' 
tuosity,  such  as  might  present  itself  accidentally,  unless 
expressly  guarded   against—such,  for  instance,   as  might 
have  been  left  by  the  hands  of  the  workman  who  had 
given  the  last  polish  to  the  surfaces  of  contact — -is  sufficient 
materially  to  afreet  tin!  coefficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  nibbed  e: 
with  hard  dry  soap,  ami  then  tnorougld  y  wiped,  so  as  to  1V 
show  no  traces  whatever  of  the  unguent,  were  found  by 
its  presence  to  have   lost  f-ds   of  their  friction,  the   co- 
efficient having  passed  from  0.478  to  0.164, 

This  effect  of  the  unguent  upon  the  friction  of  the  « 
surfaces  may  be  traced  to  the  fact,  that  their  motion  upon  n 
one  another  without  unguents  was  always  found  to  be  at- " 
tended  by  a  wearing  of  both  the- surfaces;  small  particles  of 
a  dark  color  continually  separated  from  them,  which  it  was 
found  from  time  to  time  necessary  to  remove,  and  which 
manifestly  influenced  the  friction :  now  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the 
consequent  wear  of  the  suriaccs,  completely  ceased.     In- 
stead of  a  new  surface  of  contact  being  continually  pre- 
sented by  the  wear,  the  same  surface  remained,  receiving 
by  the  motion  continually  a  more  perfect  polish. 
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TABLE  III. 

Kx"5-;i;:rsr!  on  .FY.Ti-iTKra  with  U\i.i;tvi:s 

The  oxtuut  of  the  snrfaucs  in  tlicsu  cxperinn.™^  bore  -iu;li  <i  relation  to 
the  pressure,  sis  in  cause  t.linm  to  I>:  etjnriLtiif!  (mm  ono  another  throughout 
by  an  inter  postal  stratum  of  Lin;  unguent. 


PRO- 

Fhiction 

SURFACES  OF  CONTACT. 

MOTION. 

QuiKECBBCB. 

D.MGUENTS. 

1   i 

1     a 

i'3! 

sn| 

a  e 

1   B 

Oiilt  upon  oak,  fibres  parallel 

0.164 

o.44o 

Dry  soap. 

Tallow. 

Ditto         ditto      -     -     -     - 

0.075 

0.164 

Ditto         ditto      -     -     -     - 

Hogs'  laid. 
Tallow. 

Ditto,  fibres  perpendicular 

'..!os;i 

o.=54 

Ditto       ditto     -    -    -    - 

0.07a 

Hogs'  lard, 

Ditto       ditto     -    -    -    - 

Water. 

Ditto  upon  elm,  fibres  parallel 

o.i36 

Dry  soap. 

Ditto        ditto      -    -     -    - 

o.o73 

0.178 

Ditto        ditto      ---    - 

(i.  066 

Hogs'  lard. 

Ditto  upon  cast  iron,  ditto  - 

Tallow. 

Ditto  upon  wrought  iron,  ditto 
Beech  upon  oat,  ditto  -    -    - 

Tallow. 

o!o55 

Tallow. 

Elm  upon  oak,  ditto      -     -     - 

o.i37 

0.411 

Dry  soap. 
Tallow. 

Ditto        ditto      -    -    -    - 

0.142 

Ditto        ditto      ---    - 

Hogs'  lard. 

Ditto  u poA  elm,  ditto    -     - 

0.l3° 

0.217 

Dry  soap. 

Ditto  upon  cast  iron,  ditto  - 

O.060' 

Tallow. 
(  Greased,  and 

Wrought  iron  upon  oak,  ditto 

0.356 

0.649 

i  saturated  with 

Ditto        ditto        ditto     - 

o.ar4 

Tallow. 

Ditto        ditto        ditto 

o.oS5 

0.108 

Ditto  upon  elm,      ditto 

0.078 

Tallow. 

Ditto        ditto        ditto     - 

0.076 

Hogs'  lard. 

Ditto        ditto        ditto     - 

o.o55 

Olive  oa 

Ditto  upon  cast  iron,  ditto  - 

o.io3 

Tallow. 

Ditto         ditto         ditto      - 

0.076 

Hogs'  lard 

Ditto        ditto        ditto     - 

0.066 

Olive  oil. 

Ditto  upon  wrought  iron,  ditto 

0.08a 

Tallow. 

Ditto        ditto        ditto     - 

Hogs'  lard. 

Ditto        ditto        ditto     - 

0.070 

o.n5 

Olive  oil 

Wrought    iron    upon    brass, ) 
fibres  parallel-     -     -     -     -  J 

o.ro3 

Tallow. 

Ditto        ditto        ditto     - 

Hogs'  lard. 

Ditto        ditto        ditto     - 

0.078 

Olive  oil. 

Cast  iron  upon  oak,    ditto     - 

0.189 

Dry  soap. 
(  Greased,  and 

Ditto        ditto        ditto     - 

0.218 

o.646 

<  saturated  with 

Ditto        ditto        ditto     - 

0.078 

O.IOO 

Tallow. ' 

Ditto         ditto         ditto      - 

Hogs'  lard. 

Ditto        ditto        ditto     - 

0.075 

Olive  oil. 

Ditto  upou  elm,      ditto     - 

0.077 

Tallow. 
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TABLE  Ul—CmUiiwcd. 


h»» 

Fucno. 

SURFACES  OP  CONTACT. 

Motiox. 

QnuZwra. 

CNGTJBHTS. 

a       ■ 

B         ■ 

= :-  5 

l-sl 

5   E 

a  K 

Cast  iron   upon    elm — fibre 
parallel 

I      o.oGi 

Olive  oil. 

Ditto        ditto        ditto 

0,091 

(  Hogs'  lard  and 
(  plumbago. 

Tallow. 

Ditto,  ditto  upoiiAvnii.iglii.ii 

Cast  iron  upon  east  iron     - 

o.3i4 

Water. 

Ditto        ditto      -     -    - 

0.197 

Ditto        ditto      -     -    - 

Tallow. 

Ditto        ditto      -    -    - 

Hogs'  lard. 

Ditto        ditto      -    •     - 

0.064 

Olive  oil. 

Ditto        ditto      -    -    - 
Ditto  upon  brass  -     -     - 

o.o55 

1  Lard  and 
j  plumbago. 
Tallow. 

Ditto        ditto      -    -     - 

Hogs'  lard. 

Ditto        ditto      -    -    - 

0.078 

Olive  oil. 

Copper  upon  oiik,  fibres!  para 

Tallow. 

Yellow  copper  upon  cast,  iroi 

0.072 

Tallow. 

Ditto        ditto      -    -    - 

0.068 

Hogs'  lard 

Ditto        ditto      -    -    - 

0.066 

Olive  oa 

Tirass  upon  east  iron      -     - 

0.086 

0.106 

Tallow. 

Ditto        ditto 

0.077 

Olive  oa 

Ditto  upon  wrought  iron 

0.081 

Tallow. 

Ditto         ditto      -     -     - 

0.080 

I  Laid  and 
|  plumbago. 

Ditto        ditto      -    -    - 

Olive  oil. 

Ditto  upon  brass  -     -     - 

o.o58 

Olive  oil 

Stud  opsin  ca.it  iron.      -     - 

o.io5 

0,108 

Tallow. 

Ditto        ditto      -    -    - 

Hogs'  lard. 

Ditto        ditto      -    -    - 

°0°$ 

Olive  oa 

Ditto  tipo-i  m  rougbl  iron 

Tallow. 

Ditto        ditto      -    -    - 

Hogs'  lard. 

Tallow, 

Ditto  upon  brass  -     -     - 

o.o56 

Ditto         ditto      -     -     - 

o.o53 

Olive  oil 

Ditto         ditto      -     -     - 

"■'*' 

(  Lard  and 

i  plumbago. 

Tanned  o.\  bids  upon  cast  ivo 

o.365 

i  saturated  with 

Ditto        ditto      -    -    - 

0..59 

Tallow. ' 

Ditto        ditto      -    -    - 

o.i33 

Olive  oil. 

Ditto  upon  brass  -     -     - 

Tallow. 

Ditto        ditto      -    -    ■ 

0.191 

Olive  oil. 

Ditto  upon  oak     -     -     - 
Hemp s;n    .fibres    not    t-wistei 

0.29 

0.79 

Water. 

moving  upon  oaJi,  the  fibre 
of  the  hemp  being  pl.'iecd  i 
a  direcrion  ps-sipendiciilar  1 
the  direction  of  the  motioi 

L     o.332 

0.869 

j  Greased,  and 
■J  saturated  witli 

and  tlio-io  of  the  oak  pa.ralls 

toil   ------    - 

-J 
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TABLE  III. — c-on'A mc;d. 


SURFACES  OF  CONTACT. 

Motioh. 

arinsuHSCbJ 

UNGUENTS. 

J     d 
11 

|°S 

The  same  as   above,  moving  ) 
upon  cast  iron  -----( 
Ditto        ditto      -    -    -    - 

Soli  calcareous  atone  of  JauO 
mont  upon  the  same,  with  a 
layor  of  mortar,  of  sand,  and  !- 
lime  interposed,  after  from 
10  to  15  minutes'  contact       J 

o.i94 

o.74 

Tallow. 
Olive  oil. 

A  comparison  of  tin;  results  emirruyated  in.  tlic  above 
table  leads  to  the  following  remarkali.e  conclusion,  easily 
fixing  itself  in  the  memory,  /hat  with  the  unguents  hogs' 
lard  and  olive  oil  isUeeposed  -in  a  continuous  stratum  bein-ccii 
them-,  surfaces  of  mood  on  metal,  -wood  on  wood,  'metal  on 
wood,  and  metal  on  meted,  ■when,  in  motion,  haw  all  of  them 
very  nearly  the  name  coefficient  of  friction,  the  value  of  that 
coefficient  bmt'i  in  all  caw  included  bet'ueeu  0.07  and  0.08, 
and  the    limiting    angle   of   resiskence    tficrcforc    between   4° 


n       For  the  unguent  tallow  the  coefficient  is  the  same  as  tin. 

above  in  every  case,  except  in  that  of  mul/ds  uj.xm  metals;  this 

unguent  seems  few  ■•/idled  to  metallic  surfuxv  than  Hie  others, 

and  gives  for  the  mean  value  of  iU  coeMcicrd.  0.1.0,  and  for  its 

°  43'. 


§  213. — Besides  friction,  there  is  another  cause  of  re- 
sistance to  the  motion  of  bodies  when  moving  over  one 
another.  The  same  forces  which  hold  the  elements  of 
bodies  together,  also  tend  to  keep  the  bodies  themselves 
together,  when,  brought  into  sensible  contact.  The  effort 
by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhesion. 
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Familiar  illustrations  of  the  existence  of  this  force  are  musti-mums «t 
famished  by  the  pertinacity  with  which  seai::ig-w;tx,  \va.-  J,,,^,",/ 
fcrs,  ink,  chalk,  and  black-lead  cleave  to  paper,  dust  to 
articles  of  dress,  paint  to  the  sarface  of  wood,  whitewash 
to  the  walls  of  buildings,  and  the  like. 

The  intensity  of  this  force,  arising  as  it  does  from  the  as  intensity 
affinity  of  tins  element:;  of  matter  foe  each  other,  must  vary  e^™t  "J,™ 
with  the  number  of  a ttr acting  elements,  and  therefore  with  surface  of ' 
the  extent  of  the  surface  of  contact. 

This  law  is  best  verified,  and  the  actual  amount  of  ad- 
hesion between  dii'iereni,  substances  determined,  by  means  measured  by  t 
of  a   delicate    spring-balance.      For   this 
purpose,  the  surfaces  of  solids  are  reduced 
to  polished  planes,  and  pressed  together  to  's' 

exclude  the  air,  and  the  efforts  necessary 
to  separate  them  noted  by  means  of  this 
instrument.  The  experiment  being  often 
repeated  with  the  same  substances,  having 
different  extent  of  surfaces  in  contact,  it 
is  found  that  the  area  of  the  surface  di- 
vided by  the  effort  necessary  to  produce 
the  separation  gives  a  constant  ratio. 
Thus,  let  S  denote  the  area  of  the  surfaces 
of  contact  expressed  in  square  feet,  square 
inches,  or  any  other  superficial,  unit;  -4, 
the  effort  required  to  separate  them,  and 
a  the  constant  ratio  in  question,  then  will 

A  _ 

s  ~  a"- 


The  constant  a  is  called  the  urn'l  or  coefficient  of  adhem'on,  n, 
and  obviously  expresses  the  value  of  adhesion  on  each at 
■,,  for  making 
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.wean       To  find  the  adhesion  between  solids  and  liquids,  sus- 
pend the  solid  from  the  balance,  with  its  polished  surface 
downward  and  in  a  horizontal  posi- 
tion;  note  the  weight  of  the  solidj 
then  bring  it  in  contact  with  the  hor-  i 

izonta]  surface  of  the  fluid  and  note 
the  indication  of  the  balance  when 
the  separation  takes  place,  on  draw- 
ing the  balance  up;  the  difference 
between  this  indication  and  that  of 
M  the  weight  will  give  the  adhesion; 
and  this  divided  by  the  extent  of  sur- 
face, will  give,  as  before,  tin:  coeffi- 
cient a.  But  in  this  experiment  two 
opposite  conditions  must  be  carefully 
noted,  else  the  cohesion  of  the  ele- 
ments of  the  liquid  for  each  other 
may  be  mistaken  lor  the  adhesion  of 
the  solid  for  the  fluid.  If  the  solid 
u>  be  on  being  removed  take  with  it  a 

layer  of  the  fluid ;  in  other  words,  if  the  solid  has  been 
wet  by  the  fluid,  then  the  attraction  of  the  elements  of  the 
solid  for  those  of  the  liquid  is  stronger  than  that  of  the 
elements  of  tlio  liquid  for  each,  other,  and  a  will  be  the 
f  Duid  unit  of  adhesion  of  two  surfaces  of  the  fluid.     If,  on  the 
r aaSb  contrary,  the  solid  on  leaving  the  fluid  be  perfectly  dry, 
Ms;    the  elements  of  the  fluid  will  attract  each  other  more  pow- 
erfully than  they  will  those  of  the  solid,  and  a  will  denote 
the  unit  of  adhesion  of  the  solid  tor  the  liquid. 
me  It  is  easy  to  muliioly  instances  of  this  diversity  in  the 

"j^  action  of  solids  and  fluids  upon  each  other.  A  drop  of 
water  or  spirits  of  wine,  placed  upon  a  wooden  table  or 
piece  of  glass,  loses    its  globular  form  and  spreads  itself 
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over  the  surface  of  llie  solid;  a  drop   of  mercury  will  not 

do  so.     Immerse  the  finger  in  water,  it  becomes  wet ;  in 

quicksilver,  it  remains  dry.     A  tallow-candle  or  a  feather  uioaksaonof  tin 

from  any  species  of  water-fowl  remains  dry  though  dipped 

in  water.     Gold,  silver,  tin,  lead,  &c,  become  moist  on 

being  immersed  in  quicksilver,  but  iron  and  platinum  do 

not.     Quicksilver  when  poured  into  a  guu«e  bag  will  not 

run  through ;  water  will :  place  the  gauze  containing  the 

quicksilver  in  contact  with  water,  and  the  metal  will  also 

flow  through. 

Solids  which  become  wet  on  being  immersed  i.n  a  fluid,  eirect  of  covering 
lose  this  property  if  covered  with  any  matter  not  similarly  ™d^^^M!i. 
affected  by  that  particular  fluid.     A  drop  of  water  placed 
upon  a  wooden  table  or  piece  of  glass,  smeared  with  oil  or 
tallow,  will  not  spread,  but  retain  its  globular  shape  and 
roll  off,  if  the  surfn.ee  be  sufficiently  inclined.     Pour  water 
from  a  clean  common  glass  tumbler  nearly  full,  and  it  will 
run  along  the  exterior  surface ;  smear  the  rim  with  hogs'  illustrated  in  the 
lard  or  tallow,  and  the  fluid  will  flow  clear  of  the  tumbler.  ^aa t"^cr . 
The  living  force  with  which    the  elements  of  the  water  in 
contact  with  the  glass  tend  to  leave  the  tumbler  by  the 
pressure  from  behind,  is,  in  a  great  measure,  overcome  by 
the  attraction  between  the  glass  and  water,  and  they  are 
thus  made  to  flow  along  the  surface,  while  tlie  viscosity  of  explanation; 
the  water,   or  the   attraction  of   the   fluid  particles  for 
each  other,  drags  line  remote  elements  alter  them  ;  and  thus 
the  water,  under  the  combined  action  of  its  living  force, 
adhesion  for  the  glass  and  viscosity,  becomes  spread  out 
into  a  sheet  of  which  the  plane  is  normal  to  the  surface  of 
the  tumbler.     When  the  tumbler  is  smeared  with  grease, 
the  adhesion  is  so  much  reduced  as  to  offer  but  feeble 
opposition  to  the  living  force  with  which  the  water  reaches 
the  edge  of  the  tumbler,  it  will,  therefore,  pass  the  edge 
after  the  manner  of  a  projectile.     Quicksilver  poured  out  ™sG0f 
of  a  glass  or  wooden  vessel  will,  in  like  manner,  flow  clear  ^ated  ™m 
of  the  outer  surface ;  but  the  contrary  will  happen  if  a  tin  different  tiQdB  -,s 


)y  Google 


330  NATURAL    PHILOSOPHY. 

The  adhesion  of  solids  is  o^pair.ntbj  increased  by  intro- 
eirector  dudiig  a  liquid  between  them.     The  fluid  fills  up  the  ex- 

fluid^Mween      isting  inequalities  of  the  surfaces,  and  thus,  by  increasing 
surfaces  in  the  iiuiiiber  of  points  of  eon!: act,  increases  the  adhesion  by 

an  amount  equal  either  to  that  of  the  fluid  particles  for 
each  other,  or  to  that  of  the  fluid  for  the  solid  for  which 
it  has  the  least  almiily,  depend  ing  upon  whether  the  solids 
are  wetted  or  not  by  the  interposed  fluid.  This  is  strikingly 
exemplified  by  means  of  common  window -glass,  blocks  of 
wood,  metallic  plates,  and  the  like. 
ilia  difficult  to  It  is  difficult  to  ascertain  the  precise  value  of  the  force 

botwoen the         or'  -adhesion  between  the  rubbing  surfaces  of  machinery, 
rubbing  suffices   apart  from  that  of  friction.     But  this  is  attended  with  little 
practical  inconvenience,  as  long  as  a.  machine  is  in  motion. 
The  experiments  of  which  the  results  are  given  in  the  table 
of  §  212,  and  which  are  applicable  to  machinery,  were 
made   under  considerable  pressures,    such  as  those  with 
which  the  parte  of  the  larger  machines  are  accustomed  to 
move  upon  one  another.     Under  such  pressures,  the  adhe- 
tiiia  Eiiiboston      sion  of  unguents  to  the  surfaces  of  contact,  and  the  oppo- 
flisregarded-       sition  to  motion  presented  by  their  viscosity,  are  causes 
whose  influence  may  be    safely  disregarded  as  compared. 
with  that  of  friction.     In  the  cases  of  lighter  machinery, 
except  m watciiea  however,  such  as  watches,  clocks,  and  the  like,  these  con- 
siderations rise  into  importance,  and  cannot  be  n ejected. 

Friction  on  a  §  214— Let  any  body  M,  rest  with  one  of  its  faces  in 

'  contact  with  the  inclined  planed  It.     Denote  its  weight 

by  W,  and  suppose  it  to  be  solicited  by  a  force  F  in 
the  direction  G  Q,  making  with  the  inclined  plane  the 
angle  Q  G  q\  which  denote  by  q>.  Denote  the  inclination 
81(7  of  the  plane  to  the  horizon  by  a.  Resolve  the 
weight  W=  (7  67'  into  two  components,  Gp  and  Gp',  one 
perpendicular  and  the  other  parallel  to  the  plane.  The 
angle  67'  Gp  being  equal  to  the  angle  B A  G,  the  first  of 

norma]  these  components  will  be, 

r«°f  W.cosa: 
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and  the  second. 


W  .  siii  " 


In  like  manner,  resolve  the  force  F =  Q  Q,  into  two  com- 
ponents Gq  and  G  q\  the  first  normal  and  the  second 
parallel  to  the  plane.     The  first  of  these  will  he, 


F .  sin  <f 


and  the  second 


_F .  cos  p. 
The  total  pressure  upon  the  plane  will  be 
W .  cos  a  —  F .  sin  9 ; 
and  the  friction  thence  arising 

/(F'.cos«  -  .F.sin?); 


in  which  /  denotes  the  coefficient  of  friction.     The  force 
which   solicits  the  body  in  the  direction  of  the  plane 
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F.msy  -    W.sma, 

This  will,  tend  to  accelerate  the  body ;  the  Motion  will 
tend  to  retard  it.  When  they  are  in  equilibria,  the  body 
will  e'ither  have  a  uniform  motion  or  be  just  on  the  eve 
of  motion;   which  condition  will  there.;  ore  be  expressed  by 


F.cosy   -    Wsma  =f(W& 


■  F .  sin  <p) ; 


W  (/  cos  «■   +  sin  a) 

cos  tp  +  / .  sin  ? 


(102). 


Here  the  force  F  will  be  Hie  smaller  possible,  or  will  be 
applied  under  the  most  advantageous  circumstances,  when 
the  denominator  is  the  greatest  possible,  since  all  the 
quantities  in  the  numerator  are  constant.  To  ascertain 
the  relation  between  the  quantities  of  the  denominator 
to  satisfy  this  condition, 
draw  G  Q  making  with 
the  plane  A  B  the  angle 
QGB  equal  to  9;  from 
G  lay  off  the  distance 
G  i  equal  to  unity,  and 
draw  be  perpendicular 
to  A  B;  then  will 


i!i;iy  be  npiiliwL 
:n!\i'n::'  :-'  : 


Take  the  distance  Ge  equal  to  f,  and  we  have 
e  d  —  /  sin  q>. 
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Make  Gh  equal  to  ed,  and  there  will  result 

h  c  =  cos  <p  +  /.  sin  9,  ^ 

which  is  the  value  of  the  clcuoirimator  inEq.  (102).  Draw 
Gk  perpendicular  to  G  Q,  and  erect  at  h  a  perpendicular 
to  A  B,  then,  because  the  angle  k  G  h  is  the  complement 
oiBGQ  =  v,  will 

k  h  =   G  h  cot  q> ; 

or,  substituting  the  value  of  Gh,  as  given  above, 

kh  =  f.  sin  9  .  cot  <p  =  /cos^p. 

Join  /s  and  £,  and  it  will  be  obvious  that  he  is  the  pro- 
jection of  the  line  kb  on  A3,  and  that  this  projection 
will  be  the  greatest  possible  when  kb  is  parallel  to  AB; 
that  is,  when  kh  and  be  are  equal;  which  condition  is 
expressed  by  the  equation, 

/cos  <f>  ~  sin  9, 


lis  value  of  tbe 

KiliSf  r.t  Oltliia 


that  is  to  say,  the  power  will  be  applied  to  the  greatest  ad-  ooneit 
vantage,  when  its  direction  makes  with  the  inclined  plane  an 
angle  of  which  die  tangent  is  equal  to  the  coefficient  of  the 
friction  lel'.o.-cn  i!,.e  -plane  and  'he  Imdy  on  it. 

If  the  plane  be  horizontal,  the  angle  a  will  be  zero,  and 
Eq.  (102)  reduces  to 

F=       wf  ;;;; 

COS  <p    +  /  sin  (p  hor«c 
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Finally,  if  the  body  is  to  be  retained  in  equilibrio  on 
the  eve  of  motion  up  the  plane,  the  condition  for  this 
;  purpose  is  given  by  Kq.  (102)  as  it  stands,  but  if  the  equi- 
librium is  maintained  on  the  eve  of  motion  rfovm  the  plane, 
the  friction  will  act  in  aid  of  the  force  F,  and  the  equation 
becomes 


W  (sin  a.  —  /  cos  «) 
cos  <p  —  /  sin  tp 


v'«3); 


whence  it  follows,  that  there  are  an  indefinite  number  of 
different  values  for  the  three  between  jf^and  F'  which  will 
maintain  the  body  hi  equiiibrio  on  the  plane.  If  the  body 
be  in  motion  up  the  plane,  the  force  whose  intensity  is  F 
es  will  make  it  uniform ;  if  in  motion  down  the  plane,  the 
^"  force  whose  value  is  F'  will  make  it  uniform.  The  im- 
portance of  this  will  be  perceived  when  we  come  to  treat 
of  the  screw. 


§  215.— The  inclined  plane  is  one  of  the  most  useful 
machines  employed  in  the  arts,  and  facilitates  the  trans- 

s  portat-ion  of  the  heaviest  burdens  to  considerable  eleva- 
tions. To  build  ii,  stone  wall,  for  instance,  to  any  height, 
the  labor  of  many  men  would  be  required  to  elevate  the 
necessary  materials  in  a  vertical  direction,  whereas  that 
of  a  few  accomplishes  the  same  end  over  a.  ramp  or 
inclined  plane  whose  slope  is  sufficiently  gentle  to  admit 
the  easy  passage  of 
men,  horses,  carts,  &c. 
Burdens  are  convey- 
ed up  inclined  planes 

■f  by  applying  the  power 
parallel  to  its  length, 
and  the  force  for  this 
purpose  is  given  by 
Eq.  (102),  after  ma- 
king the  angle  <p  equal 
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to  zero,  that  is  by 

F  =     IF  (sin*    +/COB*).  ***»! 

Multiplying  both  members  by  A  B,  the  distance  through 
which  F  is  exerted,  we  have, 

F  x  4.B  =  Wl/iiSsin*  + /.  .4£oob  b]; 

which  reduces  to 

f  Xi5=    W.BO+f.W.AO..  (104).   "3o^™tUy0t 

The  first  member  is  the  quantity  of  work  performed  by 
the  power  in  moving  the  burden  from  the  bottom  to  the 
top  of  the  plane ;  and  this,  we  see,  is  equal  to  the  quantity 
of  work  which  the  weight  of  the  burden  would  have  per- 
formed if  raised  vertically  through  the  siirvio  height,  in- tw»  value 
creased  by  the  quantity  of  work  which  the  friction  due  to  ^J,',*."' 
a  pressure  equal  to  the  entire  weight,  would  have  exerted 
through  a  distance  equal  to  the-  horizoiital  projection  of 
the  plane. 

If  the  burden  be  rolled,  in  which  ease  the  friction  may 
be  disregarded,  or  if  it  be  transported  in  any  way  to  avoid 
the  friction,  /  would  be  zero,  and  wc  should  have 

■  F.AB  =  w.sa  rXM^ued- 

That  is  to  say,  the  work  in  the  direction  of  the  plane  is 
equal  to  the  work  in  the  vertical  direction.  What,  then, 
is  gained  by  the  use  of  the  plane?  "Why  nothing  more  advantage  oftha 
than,  the  ability,  which  it  gives,  of  putting  in  motion  by  a  plaM| 
feeble  power,  applied  in  the  direction  of  its  length,  a  burden 
which  the  same  power  could  not  move;  vertically  upward, 
Resuming  I'iq.  (104),  wc  shall  find  that  what  is  true 
of  an  inclined  plane  is  equally  true  of  a  curved  surface, 
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such  as  that  of  a 
>f  common  road  or  rail- 
road over  an  uvidu lu- 
ting piece  of  ground. 
For,  portions  of  the 
road,  as  j4  5,  lb',  b'b", 
&c,  may  be  taken  so 
short  as  to  differ  in- 
sensibly fr  om  a  plane, 
in    which    case    we 

shall  have,  "by  denoting  the  intensities  of  the  forces  on  these 
several  elementary  planes  by  F\  F",  F"',  &c. 

F'  x  Ab  =  W.bc  +f.  W.Ac, 

F"  x  6ft'  =  W.b'o'  +/.  W.bc', 

F'"  x  b'b"  =  W.b"c"  +f.  W.b'c", 

las.,  —        &c,      +         &a 

Adding  these  equations  together,  and  denoting  the  first 
member,  which  will  be  the  total  amount  of  work  in  the 
direction  of  the  surface,  by  Q\  we  have 


Q'  =  W[bc  +  b'c'  +  b"c"  +  &c]  +  /W[Ac  +  be' 

+  b'  c"  +  &c]  ; 

and  supposing  the  burden  to  reach  the  highest  point  L, 
we  shall  have 

be  +  b'c'  +  b"c"  +  &c.  =  LM, 
Ac  +  be'  +  b'  c"  +  &G.  =  A  M; 

which,  in  the  above  equation,  give 


)y  Google 


MECHANICS    or   solids.  337 

Q'  =   W.LM  +  f.  W.AM .  .  .  (105).    i»-y"'™t 

After  passing  the  highest  point  L,  the  weight  acts  in 
favor  of  the  force  applied  in  this  direction  of  the  plane,  and 
the  first  terms  of  the  second  members  will  all  change  their 
signs;  and  denoting  the  quantity  of  work  in  the  direction 
of  the  plane  from  L  to  B  by  Q",  we  shall  have,  by  the 
same  process, 

Q"  -  -   W.  LB'  +f,  W.  B'  B.,  (106);  25*  ** 

adding  this  to  Eq.  (105),  and  denoting  the  total  quantity 
of  work  in  the  direction  of  the  planes  from  A  to  B  by  Q, 
we  find 


=  Q'+  Q"  =  W{_ML~LBr]  +  fW{AM+  BB^ 


Q  =    WxBC  +  f.W.AO.,  (107).      mm 

Now  it  is  to  be  remarked,  that  every  trace  of  the  path 

actually  described  by  the  burden  whose  weight  is  W,  has 

disappeared  from  this  value  for  the  qiiaiii.uy  of  work ;  this 

latter  is,  therefore,  wholly  independent  of  this  path,  and 

for  the  same  burden,  only  depends  upon  the  difference  of 

level  from  .4  to  B,  and  the  horizontal  distance  A  0  between 

these  points;   so  that,  the  work  would  be  the  same  as  quantity  or  worn 

though  the  load  had  been  transported  from  A  to  B  along  ^T^  alh 

one  continuous  plane.     Nothing  is  said  here  of  the  resist-  hadbeon 

ance  of  the  atmosphere,  which,  like  the  friction,  would  be 

a  cause  of  opposition  to  the  motion. 

§216. — We  are  now  prepared  to  measure  the  tension  Tension  or  corns 
of  a  cord  arising  from  the  action  of  its  own  weight.     For 
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this  purpose  take  the 

cord  PA  MF,  resting 

naionofa    upon  any  surface  of 

nireight-  W^^t1  -^  ^  ^e  high- 
est point,  and  con- 
sider the  part  A  F 
which  tends  by  its 
weight  to  move  in 
the  direction  from  A 
to  F.  Omit  the  con- 
sideration of  friction 
for  the  present,  and 
the  question  will  con- 
sist in  this,  viz. :   to 

find  a  force  which,  acting  in  the  direction  of  its  length, 
will  keep  the  cord  in  equilibrio.  This  force  must  be 
equal  and  directly  opposed  to  the  tension  on  the  part 
A  F.  Designate  by  W,  the  weight  of  a  unit  of  length 
of  the  cord ;  then  considering  the  element  whose  length  is 
J-fiV,  its  weight  will  be 


W.MN. 

Through  the  centre  of  gravity  0  of  this  element,  draw  the 
vertical  0  0-  to  represent  this  weight,  which  resolve  into 
two  components  G  Q  and  Q  0,  the  one  perpendicular 
and  the  other  parallel  to  the  cord.  The  first  will  be 
destroyed  by  the  reaction  of  the  surface ;  the  second  will 
act  to  move  the  cord  in  the  direction  of  its  length,  and 
will  determine  its  tension.  Draw  MN'  perpendicular  and' 
NN'  parallel  to  the  horizon;  then  will  the  triangles 
&  Q  0  and  MNN'  be  similar,  both  being  right-angled 
triangles,  and  the  angle  Q  G  0  of  the  one,  equal  to  the 
angle  MNN'  of  the  other,  because  the  side  G  Q  is  per- 
pendicular to  MN,  and  0  G  to  NN' ;  hence  the  pro- 
portion, 


',;  o 


00 


MN' 


MN; 


)y  Google 


MECHANICS    OF    SOLIDS. 


"   MN  "' 


Denote  the  tension  by  t,  which  -will  be  equal  to  Q  0; 
0  fc?  represents  the  weight,  equal  to  Wx  MN;  and  pro- 
jecting the  points  A,  M,  N,  F,  P,  upon  the  vertical  by  the 
horizontal  lines  A  a,  Mm,  Nn,  Ff,  and  Pp,  we  have 
MN'  equal  to  mn,  and  Uie  last  equation  becomes, 


W  X   <WN  x  mn 

WW 


<=    T^X  ■ 


The  second  member  is  the  weight  of  a  portion  of  the  cord 

equal  in  length  to  the  vertical  projection  m  n  of  the  element 

MN.     Now  the  length  AF  is  composed  of  a  number  of 

elements,  each  one  of  which  produces,  in  like  manner,  a 

tension  equal  to  the  weight  of  a  portion  of  the  cord  of  the 

same  length  as  its  vortical   projection.     The  tension  on 

each  element  is  tranHini.ti.cd  iu  the  direction  of  the  cord  to 

the  elements  above.     Hence,  the  entire   tension  at  any 

point  of  the  cord,  is  measured  by  the  weight  of  a  portion  tension  at  any 

equal  in  length  to  the  vertical  projection  of  all  the  cord  £™^™hs™ 

below  it     Thus,  if  F  be  the  end  of  the  cord,  the  ten-  a™  vertical 

siou  at  A  will  be  measured  by  the  weight  of  a  portion  of  1^™^™^™': 

the  cord  equal  to  af,  provided  no  motion  take  place.     In 

like  manner,  the  tension  at  ,4,  arising  from  the  weight  of 

A  P,  will  be  measured  by  the  weight  of  a  portion  equal  to 

ap,  so  that  if  the  cord  have  no  fixed 

point  it  will  move  in  the  direction  of 

the  lower  end  F,  under  the  action  of  Fig-  222. 

a  force  equal  to 

Via/  -  ap). 

If  the  ends  of  the  cord  be  upon  the 
same  level,  or  if  the  cord  be  endless,  it 
will  be  in  equibbrio. 
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§  217.— We  shall  now  take  into  .tsoiiskicrii-iion  the  fric- 
■fiicovd  tion  of  a  cord  when  sliding  around  any  body,  say  a  fixed 
XtcoT  cylindrical  beam  in 
a  horizontal  position. 
Let  the  cord  support 
at  one  end  a  weight 
W,  and  he  subjected 
to  the  action  of  a 
force  F  applied  at 
the  other  end.  If 
the  force  communi- 
cate motion,  it  must 
not  only  raise  the 
weight  W,  but  must 
also  overcome  the 
friction  between  the 
cord  and  solid.  If 
ionof  the  surface,  were  perfectly  polished,  the  friction  would  be 
zero,  and  the  force  F  would  be  equal  to  the  weight  W,  in 
the  ease  of  uti  equilibrium.  Divide  tin:  enveloping'  portion 
of  the  cord,  a,  tj,  %,  ts,  &c,  into  an  indefinite  number  of 
very  small  and  equal  parts,  and  draw  through  the  points 
of  division,  ti;  ^  ts,  &c,  tangents  to  the  cord;  these 
tangents  will  intersect,  two  and  two,  at  the  points  b,  b',  b", 
Sec.,  and  the  extreme  ones  will  coincide  with  the  straight 
portions  of  the  cord  to  which  the  force  and  weight  are 
applied.  The  points  of  division  being  extremely  close, 
the  arcs  will  be  sensibly  confounded  with  their  chords 
a  th  tj.  ^,  2a  tg,  &c.  The  tension  of  the  cord  on  the  tangent 
a 5,  with  which  the  cord  sensibly  coincides,  is  obviously 
equal  to  W,  if  we  neglect  the  weight  of  the  cord.  Let  ^ 
be  the  tension  which  acts  at  (j  on  the  second  tangent  b  b' ; 
this  tension  must  overcome  the  weight  W  and  the  friction 
on  the  arc  I,  a,  comprised  between  the  points  of  contact, 
re  Denote  by  p  the  pressure  exerted  by  this  element  upon 

m "        the  cylinder,   and  by  /  the   coefficient  of  friction,  then 

r" "  win 
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t,  =  W  +  fp. 

To  find  the  pressure,  we  will  still  disregard  the  weight 
of  tlio  cord,  and  remark  that  the  two  tangents  ab  and  bty 
are  equal.  Moreover,  if  we  cons  tract  (he  rhombus  am  tit, 
and  consider  ab  as  proportional  to  the  weight  W,  this 
same  si.de  will  represent  the  tension  of  the  cord  from  a  to 
£j.  The  diagonal  b  m,  will  he  norma.]  to  the  chord  a  ^,  and 
therefore  to  the  surface  of  the  cylinder,  and  being  the  to  a 
resultant  of  the  tensions  at  a  and  (,  will  be  the  pressure  ^™ 
arising  from  the  tension,  and  consequently  equal  to  p. 
The  triangles  aOt^  and  mab  are  similar,  because  they  are 
both  isosceles,  and  the  angle  0  of  the  one  is  equal  to  mab 
of  the  other :  hence 


mi  represents  the  pressure  p;  att  may  bo  taken  equal  to 
the  arc  of  which  it  is  chord,  which  denote  by  s;  ab 
represents  the  weight  W;  and  Oa  is  the  radius  of  the 
cylinder,  which  denote  by  R,  and  the  proportion  may 
be  written 

n     :     j     ::     W    :     B; 


S.   W  tStaeoftbi. 

and  this,  substituted  in  the  value  of  ^,  gives 

value  of  the 

Denoting  by  i^  the  tension  along  the  third  tangent  ''i™,.'!!,'', 
b"  ^,  and  at  the  third  point  of  division  t2,  this  ti 
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overcome  the  tension 
4   and    friction   pro- 
duced by  the  elemen- 
.  and  «nsion  on  tary  are  i2  tu  equal  In 
^rth,r.  length  to  a  ti,   or  a. 

In  a  word,  4  will  be 
circumstanced  in  re- 
spect to  ty  as  ty  was  in 
regard  to  W.     Hence 


and  if  %,  t^  %,  .  .  .4  be  tlie  tensions  on  the  consecutive 
tangents,  and  at  the  points  ts,  t^  4i  ■  ■  ■  £>  ™  or|ler 
around  the  beam,  we  shall  have 


4  =  4(i+$), 


1  + 


i2/ 


i=4,_,(l+$). 


Multiplying  these  equations  together  said  dividing  out  the 
common  factor,  we  have 


s.  =  w  1  +  v 


The  tension  i^,  being  the  last  in  order,  brings  us  to  the 
straight  portion  of  the  cord  to  which  F  is  applied,  and, 
therefore,  t,t  must  be  equal  to  F;  whence 
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r-  w.(i+%)\ 


Developing  this  by  the  rules  for  the  binomial   theorem, 
we  have 


F=W[1  +  n.f^+^l)g 


»(«-!)(»  -  2)    yV 
1.2.3  Bs 


+  &c] 


It  must  be  remembered  that  s  was  taken  indefinitely 
small,  and  therefore  for  any  definite  extent  of  contac 
between  the  cord  and  cylinder,  n  must  be  indefinitely 
great ;  hence  the  numbers  1,  2,  3,  4,  &c,  connected  with  n 
by  the  sign  minus,  may  be  neglected  in  comparison  with 
n;  this  gives 

r  =  wp.  +  z£  +  *££  +  ^f^  +  te]:  --«»- 

bat  n  s  is  equal  to  the  entire  arc  enveloped.     Denote  this 
by  8,  and  the  above  becomes 

fS         PS2  PS* 


the  quantity  within  the  brackets  is  the  development  of  the 
function  eR> 


,IV  A 


in  which  e  =  2.71825,  the  base  of  the  Nap.  system  of 
logarithms. 
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Suppose  the  cord  to  be  wound  around  the  cylinder 
three  times,  and/=  %,  then  will 

S=S*,H  =  6x   8.1416  .  B  =  18.849  -ffi, 


W  X  (2.71825)^ 


F  =    W.  535.3; 

that  is  to  say,  one  man  at  the  end  W  could  resist  the  com- 
bined effort  of  535  men,  of  the  same  strength  as  himself, 
to  put  the  cord  in  motion  when  wound  three  times  around 
the  cylinder.  This  explains  why  it  is  that  a  single  man, 
by  a  few  turns  of  her  hawser  around  a  dock-post,  is 
enabled  to  prevent  the  progress  of  a  steamboat  although 
her  machinery  may  be  in  motion.  Here  friction  comes  in 
aid  of  the  power,  and  there  are  numerous  instances  of 
this;  indeed,  withont  friction  many  of  the  most  useful 
contrivances  and  constructions  would  be  useless.  It  is 
by  the  aid  of  friction  that  the  capstan  is  enabled  to  do  its 
wort ;  the  friction  between  the  rails  of  a  railroad  and  the 
wheels  of  the  locomotive  enables  the  latter  to  put  itself  and 
its  train  of  cars  in  motion.  But  for  the  friction  between 
the  feet  of  draft  animals  and  the  ground,  they  could  per- 
form no  work;  nor,  indeed,  could  any  animal  walk  or 
even  stand  with  safety,  if  they  were  deprived  of  the  aid 
of  this  principle. 
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THE     WEDG-E. 


Fig-  I'M. 


§  218, — Thus  far  we  lave  only  considered  the  cases  of  The  wedge ; 
a  body  pressing  against  a  single  surface.  The  same  body 
may  also  act  against  two  or 
more  surfaces  at  the  same  time. 
Such,  for  example,  is  the  case 
with  the  Wedge,  which  consists 
of  an  acute  right  triangular 
prism  ABO,  usually  employed 
in  the  operation  of  separating 
and  splitting.  The  acute  di- 
hedral angle  A  Ob,  is  called  the 
edge;  the  opposite  plane  face 
A b,  the  book;  and  the  planes 
Ac  and  Ob,  which  terminate  in 
the  edge,  the  faces.  The  more 
common  application  of  the 
wedge  consists  in  driving  it,  by 
a  blow  upon  its  back,  into  any 
split  or  divide  into 


vl-}\.  to 


ianee  which  we  v 
in  such  manner  that  after  each  « 
advance  it  shall   be   supported  against  the  faces  of  the  ^ 
opening  till  the  work  is  a 


§  219. — The  blow  by  which  the  wedge  is  driven  for- 
ward will  be  supposed  perpendicular  to  its  back,  for  if  it 
were  oblique,  it  would  only  tend  to  impart  a  rotary  motion, 

and  give  rise  lo  complications  which  it  would  be  a.upro.fit-  tbf!  t,i. 
able  to  consider.  And  to  make  the  case  conform  still  fur-  bB"" 
ther  to  practice,  we  will  suppose  the  wedge  to  be  ii 
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J.''i<r.   i-li>. 


The  wedge  AOB  being  Inserted  in  the  openin,! 
and  in  contact  v.'it.h  i.te  jaws  at  a  and  b,  we  know  t] 
3  of  the  latter  will  be 
,r  to  the  facets  of  the 
wedge.  Through  the  points  a 
and  b,  draw  the  lines  a  q  and  b p 
normal  to  the  faces  A  0  and 
B  0;  from  their  point  of  inter- 
section 0,  lay  off  the  distances 
Oq  and  Op  equal,  respectively, 
to  the  resistances  at  a  and  b. 
Denote  the  first  by  Q,  and  the 
second  by  P.  Completing  the 
i  parallelogram  Oqmp,  Om.  will 
represent  the  resultant  of  tlie 
resistances  Q  and  P.  Denote 
this  resultant  by  E',  and  the 
angle  A  OB,  of  the  wedge,  by 
6,  which,  in  the  quadrilateral 
a  Ob  0,  will  be  equal  to  the 
supplement  of  the  angle  a  Ob 
=  p  Oq,  the  angle  made  by  the  directions  c 
From  the  parallelogram  of  forces  we  have, 


=  pi  +  QS  +  2PQcospOq  =  P3-\-Q*-2PQcos6; 


R'  =   V  Ps  + 


■  2  PQ  cos  6. 


The  resistance  Q  will  produce  a  friction  on  the  face  A  0 
equal  ia/Q,  and  the  resistance  P  will  produce  on  the  face 
B  C,  the  friction  fP ;  these  act  in  the  directions  of  the  faces 
of  the  wedge.  Produce  them  till  they  meet  in  0,  and  lay 
off  the  distances  Oq'  and  Op'  to  represent  their  intensities, 
and  complete  i:ic  pi:irel'c;.o;;r;;.m  Oq'  0' %•  ;  CO'  will  repre- 
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sent  the  resultant  of  the  frictions.     Denote  this  by  R", 
and  we  have,  from  the  parallelogram  of  forces, 


:   +  j%  pa   +   2/a  p  Q  eos  6 ; 


B"    =  f  V  P*    +     Q*    +    2PQG088.  v^iMlotlhe 

The  wedge  being  isosceles.  tLe  resistances  P  and  <2will  be 
equal,  their  direeiions  being  norma!  to  the  faces  will  inter- 
sect on  the  line  OP,  which  bisects  the  angle  0=  t ;  and 
their  resultant  will  coincide  with  this  .line.  In  like  manner  me  wedge  being 
the  -frictions  will  be  equal,  and  their  resultant  will  coincide  '""""' ' 
with  the  same  line.  Making  Q  and  P  equal,  wc  have, 
from  the  abi 


R'    =     P  V  2  (1  -  cos  i), 
B"  =  fP  V  2  (1  +  cos  6). 


1 

- 

COS 

6  = 

2  sin3  5  0, 

1 

+ 

eos 

6  = 

2  cos3  $  6  ■ 

whence  we  obtain, 

»J 

substituting  and  reducing, 

E' 

= 

2P 

.  sin  ^  0, 

B" 

= 

if- 

P.  cos}); 

and  further, 

»i 

!      - 

2  AC- 

COS  £ ' 

)    = 

CD 
AC' 
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AB 

r    AG' 


AC" 

Denote  by  Fthn  intensity  of  the  "blow  on  the  back  of  the 
wedge.  If  this  blow  be  just  sufficient  to  produce  an  equi- 
librium bordering  0:1  motion  forward,  call  it  F' ;  the  fric- 
tion will  oppose  it,  and  we  must  have, 

i»  =  J8'  +  Ji»=p.^|  +  2/.P.|^.  .(109). 

If,  on  the  contrary,  the  blow  be  just  sufficient  to  prevent 
the  wedge  from  flying  back,  call  it  F";  the  Motion  will 
aid  it,  and  we  must  have, 


■44-V-^...(H0,. 


The  wedge  will  not  move  under  the  action  of  any  force 
whose  intensity  is  between  F'  and  F".  Any  force  less 
than  F",  will  allow  it  to  fly  back ;  any  force  greater  than 
F'  will  drive  it  forward.  The  range  through  which  the 
force  may  vary  without  producing  motion,  .is  obviously. 

F'  -  F"  =  VP—g (ill): 

which  becomes  greater  and  greater,  in  proportion  as  CD 
and  A  0  become  more  nearly  equal ;  that  is  to  say,  in  pro- 
portion as  the  wedge  be-contra  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires 
that  it  shall  retain  of  itself  whatever  position  it  may  be 
driven  to.     This  makes  it  necessary  thai,  J-!q.  (110), 
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AB  _  CD  AB      „,„.0J. 

p  A0-2J       TO'        rTc<v  F  AC" 


or,  omitting  the  common  factors  and  dividing  "both 
of  the  equation  and  inequality  by  2  CD, 


(71) 


=  /; 


i  -i # 


</; 


b\Vt    ■ 


2      .     is  the  tangent  of  the  angle^CO;  hence  we 

conoTn.dc,  that  the  wedge  w ill  retain  its  pL.u-o  when  its  semi-  comi™ 
angle  does  not  exceed  that  whose  tangent  is  the  coefficient 
of  friction  between  the  si.trla.ee  of  the  wedge  and  the  sur- 
face of  the  opening  wliich  it  is  intended  to  enlarge. 

Resuming  Eq.  (110),  and  supposing  the  last  term 
of  the  second  member  greater  than  the  first  term,  F"  be- 
comes negative,  and  will  represent  the  intensity  of  the 
force  necessary  to  withdraw  the  wedge ;  which  will  obvi- 
ously be  the  greatest  possible  when  AB  is  the  least  pos- 
sible. This  explains  why  it  is  that  nails  retain  with  such  why  at 
pertinacity  tli.eir  places  when  driven  into  wood,  &c. 


§220.— One  of  the 

most  important  uses 
of  the  wedge,  is  in  its 
application  to  what 
is  called  the  Wedge 
Press.  This,  in  its 
simplest  form,  con- 
sists of  a  truncated 
wedge  A  B  G,  which, 
by  a  blow  upon  its 
back,  is  made  to  slide 
between  two  blocks, 
B'  and  B"  ;  one  of 
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these  blocks  rest? 
against  o,  fixed  sup- 
port K,  and  the 
other  against  some 
yielding  i 
K'  to  " 
This  machine  infre- 
quently employed 
to  pack  goods — 
wool,  cotton,  skins, 
and  the  like ;  and, 
ti  >  express  the  vege- 
table oils  and  juices 
from  seeds,  fruit, 
ha.  The  quantity  of 
work  performed  by 
the  power  will  obvi- 
ously be  the  prod- 
it  uct  of  the  intensity 
of  the  force  F  into 
the  distance,  in  a 
direction  perpen- 
dicular to  the  back, 
through  which  the 
wedge  has  been 
driven.  Call,  this 
distance  x,  by 
which  multiply 
both  members  of 
Bq.  (109),  and  wri- 
ting J1  for  F'  we  have 


A  B 

'  AG 


Zf-P-x 


G'D 
A  G  ' 


(112). 


To  obtain  from  this  expression  for  the  quantity  of  work 
of  the  power,  a  relation  which  will  enable  us  to  compare 
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the  intensity  F  with  the  reaction  of  the  substance   K',  «.««< 
let  ABC  be  the  primitive  position  of  the  wedge.  :u id '"!'"' 
J.3.//Sfij  any  subsequent  position;   lotting  fall  from  As  the  kjsIsn 
perpendicular  j!3  o  on  the  back;  Ag  o  will  be  equal  to  a:. 
Moreover,  BJkt  is  tin:  distance  through  which  the  whole 
wedge  has  been  moved  towards  tlie  yielding  substance  K ', 
and  will,  therefore,  be  equal  to  the  distance-  through  which 
the  reaction  of  the  latter  has  been  exerted.     Call  this  dis- 
tance s,   and  the  intensity  of  the  reaction  >S'.     Draw  ji;!--l4  uotaf 
parallel  to  GB ;  then,  in  the  triangles  AASA4  and  B!tB4B,  """^ 
the  sides  AA$,  and  ASA:I  are  respectively  equal  and  paral- 
lel to  BBZ  and  BBt,  and,  consequently,  AA4  will  be  equal 
to  BtB3  =  s.     The  two  triangles  A3AAit  and  ABG,  are 
similar,  and  give  the  proportion 

A3o    :    AAt    ::     CD    :     AB; 


OP  el 

x  -  s  ■  ~r$-  - 

If  there  were  no  friction,  there  would  be  no  obstruction 
to  the  free  transmission  of  the  effect  of  the  force  F  to  the 
substance  to  bo  compressed.  But,  making/zero,  we  have, 
Eq.  (112), 

„  n  AB 

Fx  =  P  ■  x  ■  ■        ■;  p 

AC  a 

and,  from  the  principle  of  virtual  velocities, 


'*--xS--*; 
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p*  =  s,x  4^. 


friction; 


Now  substituting  this  value  for  Px,  and  the  above  value 
for  x,  in  Eq.  (112),  and  it  reduces  to 


oik,  of  power,  A  B  J  AB  ' 


The  first  term  of  the  second  member  is,  obviously,  the 
effective  quantity  of  work  done,  being  the  reaction  of  the 
yielding  "bod;?  multiplied  into  the  distance  through  which 
this  reaction  has  been  exerted,  or  through  which  the  body 
has  been  compressed.  This,  we  see,  is  less  than  the  quan- 
tity of  work  of  the  power  ./'',  by  the  quantity 


AB' 

which  has  been,  totally  absorbed,  and  therefore  lost,  in 
consequence  of  the  friction.  This  loss  is  often  very  great, 
and  to  illustrate,  suppose  the  reaction  8  to  be  1000 
pounds,  and  that  the  back  of  the  wedge  A  B  is  ^  °f  its 
length  GD;  then  will 

a  20  .  F.  s  =  lOOo''.  s  +  40  ./.  a  .  1000;" 

and.  taking /=  yjf, 

20  .  F .  s  =  lOOo!  s  +  4000  1 

Assigning  any  particular  value  to  s  we  please,  it  appears 
that  the  useful  effect  is  only  1000s,  while  the  loss  from 
friction  is  4000  s,  and  that  the  work  performed  by  the 
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force  F  is  5000  s.     Dividing  the  above  equation  by  20  s, 
we  get 


which  is  much  loss  tln;n  1000,  the,  value  of  the  reaction  8. 
Hence  we  see  that  the  advantage  of  the  wedge  press  eon-  defect  c 
sists  in  this,  via. :  by  its  aid  the  work  may  be  executed  ™"i 
with  comparatively  a  feeble  power.     The  machine  is,  how- 
ever, defective,  on  account  of  the  large  amount  of  work 
absorbed  by  its  friction. 

§  221. — Aa  before  remarked,  the  wedge  is  driven  Effect  0 
forward  by  a  blow  on  its  back.  This  mode  of  employing  J^" 
force  is  an  additional  source  of  loss  of  work.  When  a 
hammer  strikes  the  wedge,  two  periods  ;:re  to  be  dis- 
tinguished, viz. :  the  first  corresponds  to  the  duration  of 
the  shock,  that  is  to  say,  from  the  instant  the  hammer 
touches  the  wedge  to  that  in  which  the  greatest  com- 
pression of  the  wedge  arid  hammer  takes  place;  the  sec- 
ond follows  immediately  ami  includes  the  interval  during 
which  the  reaction  of  the  body  to  be  pressed  gives  rise  to 
the  resistance  called  S,  and  to  the  frictions  due  to  the 
pressures  P  and  Q.  While  the  wedge,  is  acquiring  motion 
under  the  blow,  dnring  the  first  period,  its  inertia  acts  as 
a  resistance;  in  the  second  period,  the  inertia  becomes  a 
power  to  overcome  the  resistance  S.  The  blow  develops  arpianm 
at  each  instant,  between  the  hammer  and  wedge,  real 
pressures,  which  are  measurable  in  pounds ;  and  these 
pressures  are  greater,  for  the  same  effect,  in  proportion  as 
the  duration  of  the  shock  or  blow  is  shorter.  The  wedge 
will,  in  the  first  period,  have  a  motion  from  the  action  of 
these  pressures  in  consequence  of  its  Literal  compression  ; 
the  inertia  due  to  this  motion  being  opposed  by  the  lateral 
parts  of  the  machine  will  give  rise  to  friction,  which  fric- 
tion, together  with  the  inertia  exerted  by  the  wedge  in 
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acquiring  an  htcre.'iscd  velocity  under  the  continued  action 
of  the  hammer,  will  be  in  equilibria  with  these  pressures. 

The  work  of  these  frictions,  during  the  first  period, 
will  he  absorbed  by  the  machine,  avid  therefore  lost  to  the 
inertia  or  living  force  of  the  wedge  when  this  living  force 
becomes,  in  the  second  period,  a  power  to  overcome  the 
resistance  S.  The  quantity  of  action,  or  half  the  living 
force,  preserved  by  the  wedge  at  the  close  of  the  first 
period,  and  with  which,  it  enters  upon  the  work  to  be 
performed  during  the  second,  will  be  given  by  the  rule 
furnished  in  Eq.  (118),  and  from  which  it  appears,  that 
this  quantity  of  action  will  be  equal  to  the  quantity  of 
action  of  the  hammer  on  the  back  of  the  wedge  during 
the  first  period,  diminished  by  that  consumed  by  the  fric- 
tion due  to  the  wedge's  inertia  within  the  same  period. 

But  this  is  not  all.  A  part  of  the  work  of  the  hammer 
is  consumed  by  the  permanent  change  of  figure  of  the 
wedge  arising  from  the  violence  of  the  action.  Thus  we 
see,  that  a  considerable  portion  of  the  living  force  with 
which  the  hammer  begins  its  work,  is  lost  by  change  of 
figure,  and  by  friction  due  to  the  sudden  development  of 
inertia;  neither  of  which  would  take  place  under  a  force 
1  and  ordinary  pressure. 


§  222. — Notwithstanding  the  disadvantages  arising 
from  the  great  and  wasteful  consumption  of  work  which 
accompanies  the  employment  of  the  wedge,  this  machine 
:.      It   has  not,  however,  always  the 
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prismatic  figure.     It  sometimes  has  the  form  of  a  pyramid  it  may  be  a 
with  three,  four,  or  more  edges;  in  which  case,  the  rela-  vs"liai  ■ 
tionshetwee.u  the  power  and  resistance  when  in  equilibrio 
are  altogether  analogous  to  those  of  the  prism ;  the  power 
applied  to  the  back  is  equal  and  directly  opposed  to  the 
resultant  of  the  resistances  and  the  frictions  against  the 
faces.     The  wedge  may  also  have  the  form  of  a  truncated,  aimnoated 
pyramid  or  prism.     Often  it  is  nothing  more  than  a  cone  ^™™'d' m 
at  the  extremity  of  a  cylinder. 

Examples  in  tools.     Almost  all  the  tools  employed  in  exampiw  u 
the  arts  have  some  relation  to  the  wedge;  snch  as  the  l0OlB' 
different    kinds    of    knives,    axes,    shears,    scissors,    files, 
chisels,  saws,  hoes,  ploughs,  &cv  &c.     A .11.  wedges,  of  what-  miesinteg 
ever  kind  and  however  employed,  are  destined  to  act  by  ^^ 
their  pointed  cuds,  and  the  siiape  of  this  should  be  regula- 
ted with  special  reference  to  the  object  in  view.     If  too 
acute,  it  will  break  off;  if  too  obtuse,  it  will  not  penetrate; 
and  the  angle  adopted  is  generally  the  result  of  a  com- 
promise  between   these   difficulties,    determined    by   the 
nature  of  the  material  of  which  the  wedge  is  made  and 
that  of  the  substance  to  be  worked.     If 
the  substance   to   be  worked   he  hard,  i?, 

as  cold  iron,  copper,  &c,  the  basil  angle 
abc  should  be  large;  this  angle  in 
the  chisel  of  a  carpenter's  plane,  which 
is  only  intended  for  wood,  is  about  30° : 
it  is  made  still  more  acute  in  knives 
employed  to  cut  the  softer  substances, 
meat,  bread,  and  the  like. 


y^ 


|  223. — All  rotating  pieces,   such  as  wheels  supported  Friction  of 
upon  other  pieces,  give  rise  by  their  motion  to  friction.  ""alifl£P|ec 
This  is  an  important  clement  in  all  computations  relating 
to   the    performance   of   machinery,    and  cannot   safely 
be    neglected.     It   seems   to  be    different    according   as 
the  rotating  pieces  are  kept  in  place  by  trunnions  or  by  trunnions; 
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pivots.  By  tnmn-ions 
are  meant  cylindrical 
projections  a  a  from 
the  ends  of  the  arbor 
A  B  of  a  wheel;  they 
are  usually  made  as 
small  in  diameter  as 
may  be  found  consist- 
ent with  the  requisite 
siren  g t.li,  and  are  so 
placed  that  their  axes 
coincide  with  that  of 
the  arbor  which  is 
perpendicular  to  the 
plane  of  the  wheel. 
The  trunnions  rest  on 
the  concave  surfaces 
of  cylindrical  boxes 
CD,  with  which  they 

7  have  a  small 

s  of  contact  m, 
the  linear  elements  of 
both  being  parallel. 
Pivots  are  shaped  like 
the  trunnions,  but 
support  the  weight  of 
the  wheel  and  its  ar- 
bor upon  their  circu-  (■>;.<; ii  *     >1 

lar  end,  which  rests  ...'.'. ^ „..„.,' .jj^ 

against  the  bottom 
of  cylindrical  sockets, 

EFG-HIK.  If  the  forces  which  give  motion  to  the 
wheel  press  its  pivot  ugninsl.  the  cylindrical  surface  of  the 
socket,  the  friction  will  partake  of  the  nature  of  that  due 
to  the  trunnion  as  well  as  the  pivot ;  but  this  is  usually 
prevented  by  special  arrangements  in  the  mounting  of  the 
wheel.     Of  the  two  frictions  here  referred  to,  one  takes 


J:'i£.  2 SI. 
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v.- 


..Google 


MECHANICS    OF    SOLIDS. 

place  "between  the  end  of  Hie  pivot  and  tin;  circular  bottom  nature  or 
of  the  socket,  and  is  in  all  respects  similar  to  that  of  two  ™^° 01 
surfaces  sliding  over  each  oilier.     The  friction  due  to  the 
motion  of  the  trunnion  has  been  found  by  Coulomb  to  be 
much  less  than  that  of  the  pivot ;  and  there  is  also  less  friction  o 
adhesion  on  account  of  the  smallness  of  the  Burih.cc  of 
contact     A  table  of  the  coefficient  of  frictions  which  ac- 
company the  motion   of  trunnions  will  be  given  in  its 
proper  place. 

|  224.— It  is  not  sufficient  in  case  of  rotary  motion,  td  »i,a  a 
to  know  the  ratio  of  the  friction  to  the  pressure;    we  must  ^ '"^'"■' 
also  know  how  the  iV.ict.ion  arising  from  the  peculiar  ar- the  boito 
rangements  of  the  rubbing  parts  as  just  indicated,  acts  with  sucl!ftt; 
respect  to  the  other  forces.     We  shall  first  take  the  case 
of  the  pivot  turning  around 
its  axis.     Let  N  denote  the 
force,  in  the  direction  of  the  Kg.  2S8. 

axis,  by  which  the  pivot  is 
pressed  against  the  bottom 
of  the  .socket.  This  force 
may  be  regarded  as  passing 
through  the  centre  of  the 
circular  end  of  the  pivot, 
and  as  the  resultant  of  the 
partial  pressures  exerted  up- 
on all  the  elementary  sur- 
faces of  which  this  circle 
is  composed.  Denote  by  A 
the  area  of  the  entire  circle, 
then  will  the  pressure  sustained  by  each  unit  of  surface  ). 


and  the   pressure  on   any  small   portion  of  the  surface 
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denoted  by  ft,  will  obviously  be 

A     ' 

and  the  friction  on  the  sitme  will  be 

A      ' 

This  friction  may  be  regarded  ;\s  applied  to  the  centre  of 
the  elementary  surface  a;  it  is  opposed  to  the  motion,  and 
the  direction  of  its  action  is  tangent  to  the  circle  described 
by  the  centre  of  the  element.  Denote  the  radius  of  this 
circle  by  r,  then  will  the  moment  of  the  friction  be 


If  we  now  consider  all  the  elementary  surfaces  within  the 

sector  A  G  B,  of  which  the  angle  at  0  is  very  small,  we 

may  regard  the  frictions  on 

these  elements  as  parallel  to 

each  other,  and  perpendicular 

to    the    radius    0  G,    which  I        | 

bisects  the  angle  A  OB;  in  I         \         j 

virtue   of  their 

their  resultant  will  be  < 

to  their  sum ;    and, 

of   their   equality   on    equal 

elementary  sur.l'aees,  the  line 

of  direction  of  this  resultant 

will  pass  through  the  centre 

of  gravity  0f  the  sector  A.  OB. 

But  this   sector  being  very 

acute,  will  not  differ  from  an  isosceles  ti,hun<le,  of  which 


)y  Google 


ME  Oil  ASICS    OF     SOLIDS. 

the  equal  sides,  and  perpendicular  drawn  to  the  base  from 
the  vertex  C,  will  be  sensibly  equal  to  each  other  and  to 
R,  the  radius  0  A  of  the  circle :  whence  the  distance  of 
the  resultant  friction  on  the  sector  from  the  centre  0  will 
be  f  R.  Substituting  the  small  sector  for  a,  and  §  R  for 
r,  in  the  foregoing  expression,  and  we  have,  for  the  moment 
of  the  irictioe  on  the  sector, 


and  the  same  is  true  of  any  other  sector.     If  the  moments 

be  taken  for  all  the  sectors  which  make  up  the  circle,  and 

these  be  added  together,  we  shall  have  the  moment  of  the 

If 
entire  friction.     The  quantity  /  •  — —  •  %  li,  is  constant,  m 

and  hence  the  sum  of.' those  :r.o:e.euts  will  be 


■  \R  x  (sum  of  the  sectors  A  OB); 


but  the  sum  of  all  the  sectors  is  equal  to  the  area  of  the 
circle,  or  A ;  whence  the  moment  of  the  friction  on  the 
entire  base  of  the  pivot  is 

f.-lt-i-B (1M);     ™° 

whence  we  conclude,  that,  in  the  friction  of  a  pivot,  we  may 
regard  the  -whole  friction  due  to   the  pressure  us  acini;/  in  a 
single  point,  and  at  u  distauce  from  the  centre  of  motion  equal 
to  two  thirds  of  the  radius  of  tlie  base  of  the  pivot.    This  «*«  i 
distance  is  called  the  mean  lever  of  friction. 

It  may  happen,  that  the  extremity  of  the  pivot,  in- 
stead of  rubbing  upon,  an  entire  circle,  is  only  in  contact  Wia, 
with  a  ring  or  surface  comprised  between  two  concentric  *™2 
circles.     This  occurs  when  the  arbor  of  a  wheel  is  urged 
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in  the  direction  of  its 
length,  by  a  force  N  a- 
gainst  a  shoulder  deb  a. 
Denoting,  as  before,  the 
area  of  the  ring  which 
sustains  the  pressure 
by  A,  the  moment  of 
the  friction  on  the  ele- 
mentary sector  AB  0 
is,  as  before  found, 


■  •  %B  X   sector  A  OB; 


in  which  R  denotes  the  radius  of  the  larger  circle.    Ag; 
the  moment  of  the  friction  on  the  sector  A'  OB'  is 


■  %R'  x  sector  A'  0 B' ; 


run!  the  difference, 


J/.j1[JJX  sector  A  OB-  B'  sector  A'OB'], 


will  be  the  moment  of  the  friction  on  the  surface,  A 'B'BA. 
Taking  the  moments  for  the  romiiirmig  elementary  surfaces 
which  make  up  the  ring,  and  adding  them  together, 
observing  that  the  sums  of  the  sectors  make  up  the  areas 
of  the  circles  to  which  they  respectively  belong,  we  find, 
for  the  moment  of  the  friction  on  the  whole  ring, 

N 
|/  ■  -j-  (i?  X  area  of  circle  R  —  R'  x  area  of  circle  R '] . 


But  the  area  of  the  cirele  whose  radius  is  R.  i 
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that  of  the  circle  whose  radius  is  B',  is 

*B'\  i 

and  the  area  A  of  the  Ting,  is 

*  (B*  -  B'2). 

Substituting  these  values  in  the  above  expression,  we  find 


'if.  Nx 


B*  -  B'1 


Finally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the 
distance  A'  A.;  by  r,  its  mean  radius  or  distance  from  Cto 
a  point  half  way  between  A'  and  A,  and  wc  shall  have 

R     =   T   +   %l, 

R'  =  r  -  \X't 

substituting  these  values  above  and  reducing,  we  have 

f-NX   [r  +  *■■£]      .     .     (116): 

and  making 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

/.*■»' (115)'- 

The  quantity  r,  is  called  the  vnean  lever  of  friction  for  a 
ring.  Since  the  whole  friction  /  JV|  may  be  considered  as 
applied  at  a  point  whose  distance  from  the  centre  is  §■  B,  or 


■  imn-ittdilTwut 
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entire  circle  or  oyer  a  ring;  and  since  the  path  described 
by  this  point  lies  always  in  the  direction  in  which  the 
friction  acts,  the  quantity  of  work  consumed  by  it  will  be 
equal  to  the  product  of  its  intensity  fN  into  this  path. 
Designating  the  length  of  the  are  described  at  the  unit's 
e  from  Cby  s„  the  path  in  question  will  be  either 


%Bst,     or     r,  s,; 
and  the  quantity  of  work  either 

in.,,./.N 

for  an  entire  circle,  or 

Z3 


/•*('  + 57)  <■ 


for  a  ring.  Let  Q  denote  the  quantity  of  work  consumed 
by  friction  in  the  unit  of  time,  and  n  the  number  of  revo- 
lutions performed  by  the  pivot  in  the  same  time ;  then  will 

s,   =  2*   X   n; 

and  we-  shall  have 

Q  =  i«.B.f.ir.n  .    .    .    (116) 

for  the  circle,  and 


)  =  j«./.jy.(r  +  j^)-».   ■   (iiT) 


for  a  ring  ;  in  which  ir  —  3.1416. 

The  eodlickrnt  of  friction  j]  when  employed  in  either 
of  the  foregoing  cases,  must  be  taken  from  the  tables  in 
§212. 
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EVom  tliese  expressions,  it  ap- 
pears that  the  quantity  of  work  con- 
sumed by  friction,  in  a  given  time, 
augments  with  the  radius  of  the  piv- 
ot, or  mean  radius  of  the  ring ;  and 
as  this  work  is  always  opposed  to  the 
motion,  there  is  an  advantage  in  re- 
ducing these  radii  as  much  as  possi- 
ble, consistently  with  the  strength  of 
the  pivot.  "With  this  view,  the  pivots 
are  sometimes  made  in  the  form  of 
a  truncated  cone,  and  often  with  a 
convex  ellipsoidal  or  spherical  ter- 
mination, and  the  socket  having  a 
corresponding  shape,  it  will  only  be 
necessary  to  consider  the  small  cir- 
cle of  contact  which  arises  from  the 
compression  of  the  material. 

lieferrmg  to  the  expressions  (lid)  and  (115)',  we  see, 
that  to  obtain  the  moment  of  friction,  in  the  ease  of  the  the 
pivot,  either  for  an  entire  circle  or  ring,  we  multiply  the  a"' 
coefficient  of  friction,  an  given-  in  the  tabic  of  §  212,  by  the 
pressure,  and  this  ■prod/id.  by  the  mean  lever.     And  referring 
to  Eqs.  (116)  and  (117)  we  find,  that  the  quantity  of  work  is  qan 
obtained  by  multiplying  the  moment;  of  friction  into  the  path"  ' 


described  by  a  point  at  ike  unit's  distance  from  thee, 


•■if 


.  Ticrprired  the  moment  of  the  friction  on  a  o, 
pivot  of  cast  iron,  working  in  a  socket  of  brass,  and  which  cl 
supports  a  weight  of  1784  pounds,  the  diameter  of  the 
circular  end  of  the  pivot  Icing  !i  niches.     Here 


B  = 


■■  0.25, 


iV  =  1784, 
/  =  0.147; 
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which,  substituted  in  expression  (114),  gives 

0.1-17  X   1784S'x  |  X  0.25/[=  4S.708. 

And  to  obtain  the  quantity  of  work  in  one  unit  of  time, 
say  a  minute,  there  being  20  revolutions  in  this  unit,  we 
mate  n  =  20,  and  *  -  3.1416  in  Eq.  (116),  and  find, 

Q  =  %  X  3.1416  x  0.25   x  0.147  X  1784  x  20 
=  5492.80; 

that  is  to  say,  during  each  unit  of  time,  there  is  a  quantity 
of  work  lost  which  would  be  sufficient  to  raise  a  weight 
of  5492.80  pounds,  through  a  vortical  distance  of  one  foot. 
Example.  Enquired  the  moment  of  friction,  when  the 
pivot  supports  a  weight  of  2046  pounds,  and  works  upon 
a  shoulder  whose  exterior  and  interior  diameters  are 
respectively  6  and  4  inches ;  the  pivot  and  socket  being 
of  cast  iron,  with  water  interposed. 


2  +  0.5  =  2.5  i- 


N  =  2046  pounds, 
/  =  0.314; 


which,  substituted  in  expression  (115),  gives  for  the  r 
ment  of  friction, 


0.314  X  2046  X  0.2111  =  135.62. 

The  quantity  of  work  consumed  in  one  minute,  there 
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being  supposed  10  revolutions  in  that  unit,  will  be  found 
by  making    in  Eq.   (117),   as    before,   *  =  3.1416    and 


Q  =  2  X  3.1416  X  0.S14  X  2046  X  0.211  X  10         » 
=  8317.24; 

that  is  to  say,  friction  will,  in  one  unit  of  time,  consume  a 
quantity   of   work  which  would   raise   8517.24   pounds 
through  a  vertical   distance  of  one  foot.     The  quantity  n 
of  work  consumed  in  any  given  time  would  result  from  j. 
multiplying  the  work  above  found,  by  the  time  reduced 
to  minutes. 

|  225.. — The  friction  on  trunnions  and  axles,  which  we  f 
now  proceed  to  consider,  gives  a  considerably  less  co-  ^ 
efficient  than  that  which  a<;<:oiiipimi<!«  the  kinds  of  motion 
referred  to  in  the  tables  of  §  2.12.     This  will  appear  from 
the  following  table,  which  is  the  result  of  careful  experi- 
ment, viz. : — 

TABLE  IV. 
Friction  of  Tjiuhnioks  ib  their  Boxes. 


KINDS  OP  MATHUAJ..S. 

STATE  OF  SURFACES. 

p £ 5 wh  ji 

55 

as. 

Trunnions  of  cast  iron; 

ilTll]   l'l..^  I.'-  i.l|'i.-,l.-|.iliJl!. 

Trunnions  of  fast  iron 
mid  boxes  of  brass. 

Unguent*  of  olive  oil.  hogs' 
had,  and  tallow  -     -     - 

The  same  unguents  moist- 
ened with  wnter  -     -     - 

Uriifiient  of  asphilltuul    - 

Unetuous      -     -     -     -    - 

Unctuous  and  moistened 
with  water    -    -    -    - 

UrijruuiHs  ol  olivp  oil,  hogs' 
iiird,  and  tallow  -     -     - 

Unctuous 

Unctuous  and  moisienod 
wil.h  water      -     -     -     - 

Very  slightly  unctuous*  - 

m 

0.08 

o.o54 
o.i4 

o.io 

o.o54 

o.o54 
o.o54 

o.o54 
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KIN11S  OF   .HAT  K  Li  I  A.I,  S. 

STATE  OP  SU'KFACKS. 

Kauo  of  Mutton  to 
prewura  when  the 

HyUie 

,2'i=, 

Trunnions  of  cast,  inm 
and  bines  of  ligniiiii- 

'l'i-imnii.n.J   of  wrought 
iron  and  ljiwfi.J  ol'  nasi 

Trunnions  of  wrought 
iron    and    hoses    of- 

Tr  minions,  of  wrought 
iron  and  hoses  of  Vvi-  ■ 

Tiu-uii'.ins  ill'  brass  ntul 

boxes  of  brass. 
TrunuFfiiiH  of  brass  and 

boxes  ol  cast  iron. 
Trunnions   of    jisnutti- 

■vitiB    and    boxes    of 

Trmuufjtis    of    lignutn- 
ligm  mi -vitas. 

Witlmul  unguents*     -     - 
Unguents  of  olivo  oil  and  ) 
hogs'  lard  -----  J 
Unctuous     with     oil     and 

Uneiuous    with   a   mixture 
nf  hogs'  l:ird  and  plum- 
Unguents  of  olive  oil,  tal- 
low, and  bogs'  lard  -     - 

Uuffuuiit*  of  olive  oil,  hogs' 

lard,  and  tallow  -     -     - 
Old  unguonts  hardened    ■■ 
Unctuous     and    moistened 

with  water     -     -     -     - 
Very  slightly  unctuousf  - 
Uiisruurus    of  oil  or    hogs' 

laid- 

l.Ii  tet.  nous 

Unguent  of  oil  -     -     -     - 
Unguent  of  hogs'  lard-     - 
Unguents  of  tallow  or  of  i 

•!»•«  -■-•-! 

Uttgoonts  of  hogs'  Sard    - 
Unel.uo-.ia      

Unguent  of  hogs'  lard     - 

Is! 

0.19 
0.09 

o!i5 

o.o54 
0.07 

Let  us  now  examine  the  part  performed  by  friction  in 
j  connection  with,  the  forces  which  give  motion.  Wo  have 
seen  that  the  contact  of  the  trunnion  with  its  box  is 
along  a  linear  clement,  common  to  the  surfaces  of  both. 
A  section  perpendicular  to  its  length  would  cut  from 
the  trunnion  and  its  bos,  two  circles  tangent  to  each 
other  internally.     The  trunnion  being  acted  on  only  by 
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its  weight,   would,   when   at  reat,   give    this   tangential 
point  at  o,  the  lowest  point  of  the  section  p  o  q  of  the  box. 
If  the  trunnion  be  put  in  motion  by  the  application  of  a 
force,  it  would  turn 
around  the  point  of 
contact  and  roll  in- 
definitely along  the 
fuirfaee  of  the  bos, 
if    the   latter   were 
level;   but  this  not     _ 
being  Hit;  case,  it  will 
ascend  along  the  in- 
clined surface  op  to 
some    point    aa   m, 
where    the  inclina- 
tion of  the  tangent 
u  m  v   is   such,  that 
the  friction  is   just 
sufficient  to  prevent  the  trunnion  horn  sliding.     Here  let 
the  trunnion  be  in  equilibrio.     But  the  equilibrium  requires 
that  the  resultant  of  all  the  forces  which  act,  friction  in-  pt 
eluded,  shall  p;iss  through  the  point  m  and  be  normal  to  .^ 
the  surface  of  the  trunnion  at  that  point.  The  friction  is  ap- »» 
plied  at  the  point  m;  hence  the  resultant  JV"of  all  the  other 
forces  must  pass  through  m  in  some  direction  as  m  d;  the 
friction  acts  in  the  direction  of  the  ta.ngent ;  and  hence,  in 
order  that  the  resultant  of  the  friction  and  the  force  JV  shall  to 
be  normal  to  the  surface,  the  tangential  component  of  the  ^ 
latter  must,  when  the  other  component  is  normal,  "be  equal  u 
and  directly  opposed  to  the  friction. 

Take  upon  the  direction  of  the  force  N,  the  distance 
md  to  represent  its  intensity,  and  form  the  rectangle 
adbm,  of  which  the  side  mh  shall  coincide  with  the 
tangent,  then,  denoting  the  angle  dmaby  <p,  will  the  com- 
ponent of  N  perpendicular  to  the  tangent  be 


N .  cos  (p 
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and  the  friction  due  to  this  pressure  will  be 
/.  W.  cos  f. 

The  component  of  N,  in  the  direction  of  the  tangent, 
will  be 

N .  sin  p; 
and  as  this  must  be  equal  to  the  friction,  we  have 

f.  N.  cos.  <p  =  N.  sin?    .    .    (118); 


/  —  tan  tp ; 


that  is  to  say,  the  ratio  of  Hie  friction  to  the  j 
the  trunnion,  is  equal  to  the  tangent  of  the  angle  which 
the  direction  of  the  resultant  Ari  of  all  the  forces  except 
the  friction,  makes  will*,  ih.e.  normal  to  the  surface  of  the 
trunnion  at  the  point  of  conlucL  This  gives  an  easy  method 
of  finding  the  point  of  con- 
tact. For  this  purpose,  we 
have  but  to  draw  through 
the  centre  A,  a  line  A  Z,  par- 
allel to  the  direction  of  iVJ 
and  through  A  the  line  A  n, 
making  with  AZ  an  angle 
of  which  the  tangent  is/; 
the  point  m,  in  which  this 
line  cuts  the  circular  section 
of  the  trunnion  will  be  the 
point  of  contact, 

Because  madb,  last  fig- 
ure, is  a  rectangle,  we  have 


JVS  =  iVsCQS!<p  +  ^sm2r, 
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and,  substituting  for  N2  sins  9  its  equal  f2  N2  cos2  tp,  we  tt 
have  "  J 

N*  =  i^cosf?  +/siV3cos>  -  _ff3cos^(l  +Z3); 

whence 

if"  cos  e  —  if  X  — :      ; 

and  multiplying  "both  members  by  f, 

/.iy.coay   =   N-  -tL^.    .    (119);      u 


but  the  first  member  i.=  tin;  total  friction ;  whence  we  con- 
clude, that  to  find  the-  friction  upon  «  Ira-nniiM,  we,  have  hut  to 
multiply  the  resultant  of  the  forces  v.iiiieh  act  upon  it,  by  ihevc 
unit  rffrution.  found  in.  Table  I.V.  and  divide  this  product by 
the  square  root  of  the  square,  of  this  same  unit  increased  by 
unity. 

This  friction,  acting  at  the  extremity  of  the  radius  S  of 
the  trunnion  and  in  the  direction  of  the  tangent,  its  moment 
will  be 

N  .  „^L=^  x  R  .     .     .     (120).      » 

And  the  path  described  by  (lie  point  of  application  of  the 
friction  being  denoted  by  Esl}  the  quantity  of  work  of 
the  friction  will  be 


VTTT 


(121); 


in  which  s,  denotes  the  path  described  by  a  point  at  the 

uni.;;s  di-iLueo  iroi.i  the  cen.Lro  o;  die.  trunnion. 


)y  Google 


NATURAL    PHILOSOPHY. 

as  in  the  case  of  the  pivot,  the  number  of  revolutions  per- 
formed by  the  trunnion  in  a  unit  of  time,  say  a  minute,  by 
n;  the  quantity  of  work  performed  by  .friction  in  this  time 
by  Q, ;  and  making  *  =  3.1416,  we  have 


(122). 


VI  +  f 


When  the  trunnion  remains  fixed  and.  does  not  form  part 
of  the  rotating  body,  the  latter  will  turn  about  the  trun- 
nion, which  then  takes 
the  name  axle,  having  the 
centre  of  motion  at  A,  the 
centre  of  the  eye  of  the 
wheel;    in   this  ease,  the 

ion;  lever  of  friction  becomes 
the  radius  of  the  eye  of 
the  wheel.  As  the  quan- 
tity of  work  consumed  by 
friction  is  the  greater,  Eq. 
(122),  in  proportion  as  this 
radius  is  greater,  and  as  the  radius  of  the  eye  of  the  wheel 

.ler    must  be  greater  than  that  of  the  axle,  the  trunnion  has  the 

' '*  .  advantage,  in  this  respect,  over  the  axle. 

The  value  of  the  quantity  of  work  consumed  by  fric- 

sfor    tion  is  wholly  independent  of  the  length  of  the  trunnion  or 

j      axle,  and  no  advantage  is  therefore  gained  by  making  it 
shorter  or  longer. 

§  226.— If  we  examine  Eq.  (122),  we  find  that,  all  other 
things  being  equal,  the  value  of  the  work  consumed  by 
friction  will  depend  upon  the  radius  R  of  the  trunnion,  and 
iiomdthat  as  the  latter  diminishes,  in  the  same  proportion  will 
this  consumption  diminish.  The  trunnion  should,  therefore, 
be  made  as  small  as    possible,  and  of  the  hardest  and 
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t  material,  as  steel.  The  consumption  of  work  by  comnm 
friction  may  also  be  diminished  by  lessening  the  force  N ;  1"i^*lii': 
but  with  these  two  exceptions  there  is  no  way  of  avoiding  aiumus 
the  effects  of  friction  for  .'■'■' 

given  materials.  When 
the  trunnion  is  employed  to 
support  a  piece  which  sim- 
ply oscillates  through  an 
arc,  as  in  the  case  of  the 
pendulum  and  weighing- 
balance,  the  knife-edge 
may  be  used  to  great  ad-  o4v; 

vantage,  for,  in  that  ease,  the  radius  R  is  reduced  to  the 
smallest  conceivable  length,  and  the  work  of  friction  to 
almost  nothing. 


§  227.— There  is  ano- 
ther species  of  friction  yet 
to  be  mentioned,  via :  that 
which  arises  from  the  roll- 
ing of  one  body  over 
another.  As  the  surfaces 
of  contact  are  in  this  case 
applied  to  each  other,  and 
separated  in  a  direction 
perpendicular  to  that  of 
the  motion,  there  would, 
at  first  view,  appear  to  be 
no  friction,  nor  would 
there  if  the  surfaces  were 
perfect — -that    is   to    say, 

free  from  all  irregularities.     But  there  can,  in  practice,  be 
no  such  surface ;  when  bodies  are  brought  in  contact  in 
the  manner  here  referred  to,  the  slight  protuberances  on 
the  surface  of  one  will,  enter  into  the  corresponding  cavi-  bulimic 
ties  on  that  of  the  other,  after  the  manner  of  so  many  )t'^,[. 
wedges,  and  cannot  be  again  withdrawn  without  giving 
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rise  to  an  amount  of  friction  duo  to  their  dimension,  depth 
of  insertion,  and  nature  of  material.  Here  adhesion 
assumes  a  value  which  is  appreciable,  as  compared  with 
this  friction,  but  "both  together  arc  found,  in  practice,  to 
be  exceedingly  small,  Mini  generally,  adhesion  in  rolling,  as 
well  as  in  sliding  friction,  may,  without  much  error,  be  neg- 
lected. In  genera!  this3  friction,  called  frktion  of  the  second 
kind,  is  less  in  proportion  as  the  diameter  of  the  rolling 
body  is  less.  A  wheel  of  two  feet  diameter,  loaded  with 
a  weight  of  100  pounds,  and  .rolling  over  a,  piece  of  level 
and  smooth  ground,  only  gives  rise  to  a  friction  of  0.03 
of  the  pressure— that  is  to  say,  to  only  three  pounds.  The 
wheels  of  carriages  meet  often  with  considerable  resist- 
ance when  rolling  over  compressible  or  rough  ground,  hut 
this  is  because  the  carriage  must  be  raised  over  the  in- 
clined planes  formed  in  front  by  the  sbi.lcj.itg  of  the  wheels, 
or  over  obstacles  which  project  above  the  common  surface. 
The  little  resistance  to  motion  arising  from  friction  of  the 
second  kind,  is  well  illustrated  by  the  comparative  facility 
with  which  heavy  blocks  of  stone  are  often  transported 
upon  rollers  over  considerable  distances, 
is  first  usually  made  by 
placing  straight  pieces  of 
timber  along  the  ground 
to  prevent  the  rollers  from 
sinking  into  it ;  the  stone 
b  is  then  mounted  upon  the 
rollers,  which  are  placet! 
upon  these  pieces  at  right 
angles  to  their  length,  and 
drawn  in  the  direction  of 
the  road  by  the  applica- 
tion of  any  convenient  power.  As  fast  as  a  roller  is  de- 
tached from  behind,  it  is  brought  forward  and  interposed, 
in  time  to  prevent  the  stone  from  tipping  forward  in  con- 
sequence of  its  centre  of  gravity  getting  in  advance  of  the 
leading  roller.     The  quantity  of  work  necessary  to  con- 
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vey  a  stone  over  any  considerable  distance,  in  this  way,  is 
incomparably  less  than  if  it  were  to  rest  with  its  face 
t  the  ground. 


j-i'lljj:::  li> 
diminish  slidmjr 
friction  i 


§  228. — The  different,  kinds  of  friction,  may  be  so  com- 
bined as  to  diminish  both  its  intensity  and  the  quantity  of  Employ 
its  work  Tims,  let 
a  pair  of  wheels  CD 
be  mounted  upon  an 
axle,  and  suppose  a 
force  Ft  applied  to 
the  latter,  parallel  to 
a  level  plane  A  B,  to 
put  it  in  motion.  De- 
note the  weight  of  the 
axle  and  its  load  by 

W,  that  of  the  wheels  by  to.     Suppose,  for  a  moment,  that 
the  wheels  are  firmly  connected  with  the  axle  and  that  they  c; 
cannot  rotate,  but,  when  put  in  motion,  must  slide  along  c' 
AB;  the  force  Ft  requisite  to  impart  motion  and  keep  it 
uniform,  will  be  given  by  the  equation 


T,  =  (If  +  »)/ 


Mil): 


in  which  /  is  the  coefficient  of  sliding  friction  between  the 
wheels  and  plane  AB.  Next,  suppose  the  wheels  capable 
of  turning  about  the  axle,  and  the  force  requisite  to  keep 
the  motion  uniform  to  be  denoted  by  Flt.  This  force, 
acting  to  communicate  motion,  will  give  rise  to  friction 
between  the  circumference  of  the  wheel  and  the  plane 
AB,  and  also  between  the  axle  and  the  inner  surface  of 
the  eye:  tho  latter  will  yield  first,  and  the  whole  will 
move  forward,  the  wheels  having  a  rotary  as  well  as  a 
progressive  motion.  The  friction  at  the  axle  will,  Eq. 
(119),  be 


N ■  - 


J, 
V  l  +  /," 
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in  which  J]  denotes  the  codiident  of  friction  at  the  axle. 
The  weight  W  is  thrown  upon  the  axle  and  acts  vertically ; 
the  force  Fu  applied  also  to  the  axle,  acts  horizontally, 
and  hence 


N=  VW2  +  I>]?; 
and  the  friction  at  the  axle  becomes 

/, 


VFM7  k? 


Vl  +/,' 


Denote  the  radius  of  the  wheel  by  B,  and  that  of  its  eye 
by  r,  and  the  space  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  motion  by  s, ;  then  will  the  quan- 
tity of  work  of  the  Motion  be 

t, 


VW  +  F„'  x 


Vi  +  /• 


The  path  described  by  the  point  of  application  of  the 
power,  and  in  the-  direction  of  the  power,  will  be  equal  to 
the  development  of  the  are  of  the  circumference  of  the 
wheel  corresponding  to  the  arc  s„  that  is  to  say,  to  _5s„ 
and  hence  the  quantity  of  work  of  the  power  will  be 


whence  we  have 

PMB»t  =  VW2  +  F,; 

1  X     ,                 X  !■.»„■ 

vi  +/■ 

from  which  we  find 

K  =  W  ■/,  ■  ~ 

1 
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The  value  of/  being  a  small  fraction,  as  will  appear  from 
Tabic  IV..  the  fraction 


vV  +/■>(!  ~dj--w) 


will  differ  but  slightly  from   unity,   and  licn.ee  may  be 
replaced  by  unity,  which  will  give 


W:f,- 


(124).     p— ";•>;"• 

*         >         of  power  Lc  lo.n 


Dividing  this  by  Eq.  (123),  we  find 


(W  +  »)/      s 


(125). 


Here  W  is  less  than  W+  to;  /is,  by  the  tables,  less  than 
/,  and  r  is  usually  very  much  less  than  B,  so  that  the 
second  member  must  be  a  small  IV action,  and  Flt  conse- 
quently, much   greater  than  Fu.     This  is  the  theory  of  ti 
carriage- wheel?  of  every  kind,  of  castors,  rollers  for  smooth-  c 
nig  ground,. and  the  like. 

Example.  Suppose  a  carriage  with,  four  wheels,  whose 
joint  weight  is  50  pounds,  to  be  loaded  with  2040  pounds, 
the  weight  of  the  axle-trees  and  body  being  together 
equal  to  320  pounds.  Let  the  wheels  be  of  cast  iron,  the 
axles  of  wrought  iron,  the  radius  of  the  eye  half  an  inch, 
that  of  the  wheel  one  foot  and  a  half,  and  suppose  an  un-  C; 
guent  of  tallow  and  the  carriage  placed  upon  a  rail-track or 
of  wrought  iron.     Here 
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W  =  2040  +  §20  =  2360,i8' 
as. 
w  = 50, 

W  +  vi  = 2410,   " 

I  =  Table  IV.     .     .     .     0.08, 
/  =  Table  1 0.194, 

ft. 
r   = 0.042,  nearly, 

ft. 
B  = 1.5; 


and  Eq.  (125), 


2360        0.08  0.042 

2410  X   0.194  1.5 


that  is  to  say,  the  force  requisite  to  put  the  carriage  in  mo- 
tion when  its  wheels  tire  free  to  rotate,  is  only  about  one 
eighty-eighth  part  of  that  which  would  be  necessary  to 
drag  it,  were  its  wheels  locked. 

If  we  examine  Eq.  (125),  we  shall  find  that  by  biking 
/  equal  to  aero,  the  force  Fu  will  be  vastly  greater  than 
Fn  and  the  wheels  will  not  turn.  Now,  although  this 
extreme  case  can  never  occur  in  practice,  yel,  when  a  car- 
riage is  placed  upon  ice,  we  approximate  to  it ;  and  this  is 
why  runners  are  usually  substituted  for  wheels,  under 
such  circumstances.  The  same  equation  explains  why  it 
is  that  so  much  more  advantage  arises  from  large  wheels 
than  small  ones. 

Multiplying  both  members  of  Eq.  (124),  by  R  s„  we  find 


■K,  a ' 


W.f,. 
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the  second  member  is  obviously  the  wort  performed  by 
friction,  as  the  first  is  that  performed  by  the  power  Fu. 
Denoting  by  n  the  number  of  revolutions  performed  by 
the  wheels,  we  have 


liiilii  '[u.-.- 1 [:".■;',  Iiy 


which,  in  the  above  equation,  gives 

FnBst  =    W.f,   X  2«r.n. 
Denote  the  distance  travelled  by  d,  then  will 

-        d 
71  ~   2*  R' 


FiiBb1=   W-fr-~-d     .     .    (126).     ^ 

If  we  make  d  equal  to  one  mile  =  5280  feet,  and  take 
the  dimensions  and  other  elements  the  same  as  in  the  last 
example,  wo  shall  find  *» 


in  words,  the  work  expended  in  moving  the  carriage  one 
mile,  or  the  work  consumed  by  its  friction,  is  equivalent 
to  that  which  would  raise  27012  pounds  through  a  vertical 
height  of  one  foot. 

When  a  trunnion  is  destined  to  support  considerable  meihgd by »hiCh 
weight,  its  dimensions  must  be  proportionably  large ;  but  as  ^'^"^ '"' 
the  radius  of  the  trunnion  increases,  the  effect  of  friction  will  reduced ; 
increase  in  the  same   ratio.     To  avoid  the  inconvenience 
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that  would  arise  from  this,  when  great  freedom  of  motion 
is  desirable,  we  may  have  recourse  to  the  following  device. 
Conceive  the  trunnion  A  to 
rest  upon  the  circumference 

of  two  equal  wheels,  sap- 
ported  upon  smaller  trun- 
nions 0,  C",  whose  distance 
apart  is  slightly  greater  than 
the  radius  of  the  wheels. 
Eesolve,  by  the  parallelo- 
gram of  forces,  the  pressure 
upon    the    larger    trunnion 

into  two  components,  normal  to  the  circumferences  of  the 
wheels;  these  will  be  transmitted  to  the  smaller  trunnions 
0  and  0',  where  they  will  be  supported.  Denote  these 
components  by  N  and  N'.  If  the  wheels  could  not  turn, 
the  friction  between  their  circumferences  and  the  larger 
trunnion  would  be/A^ar.d/'A7' :  and  the  quantity  of  work 
consumed  by  this  friction  would  be 


(JN  +  fN')RlSl; 

in  which  B,  denotes  the  radius  of  the  larger  trunnion,  and 

s,  the  arc  described  by  a  point  at  the  unit's  distance  from 
its  axis.  If,  on  the  contrary,  the  wheels  may  turn,  the 
frictions  on  the  trunnions  6*  and  C  will  yield  before  that  at 
the  circumference  of  their  wheels,  and  from  what  has  just 
been  shown,  Eq.  (124),  the  frictions  there  b 


M" 


in  which  r  and  r'  denote  the  radii  of  the  smaller  trunnions, 
and  B  and  M'  the  radii  of  their  corresponding  wheels; 
and  thus  the  quantity  of  work  of  friction  will  become 


{Arf-i  +  !f'f'-£)-B>' 
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quantity    obviously    much 


than    that    obtained  a 


If  the  wheels  and  their  trunnions  bo  of  the  same  ~ize, 
and  the  trunnions  as  welt  as  their  boxes  be  of  the  same 
.,  the  above  expression  becomes 


/  •  C»"  +  N') 


R 


the  value  of  this  expression  may  be  made  as,  small  as  we 
please,  indeed  inappreciably  in  a  practical  point  of  view, 
by  selecting  surfaces  and  unguents  for  which  /  is  the  least 
possible,  and  making  r  very  small.     A  beautif  ul  applica-  u 
tion  of  this  principle  is  exhibited  in  Atwood's  machine,  ™ 
which  will  be  referred  Lo  li.crcafter. 


STIFFNESS     OP     COBTiAGl!, 


1 229. — Let  us  now  con- 
sider a  wheel  turning  freely 
about  an  axle  or  trunnion, 
and  having  in  its  circum- 
ference a  groove  to  receive 
a  cord  or  rope.  A  weight 
W,  being  suspended  from 
one  end  of  the  rope  while 
a  force  F  is  applied  to  the 
other  extremity  to  draw  it 
up,  the  latter  will  CKperleree 
a  resistance  in  conserjuenee 
of  the  rigidity  of  the  rope, 


■::,!.■,:,:,:  item 
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which  opposes  every  effort  to  bend  it  around  the  wheel. 
This  resistance  must,  of  necessity,  consume  a  portion  of 
the   work   of  the   force  F. 
The  measure  of  the   resist-  Fig-  244 

ance  due  to  the  rigidity  of 
cordage  has  been  made  the 
subject  of  experiment  by 
Coulomb;  and,  according  to 
him,  it  results  that  for  the 
same  cord  and  same  wheel, 
this  measure  is  composed  or' 
two  parts,  of  which  one  re- 
mains constant,  while  the 
other  varies  with  the  weight 
W,  and  is  directly  propor- 
tional to  it;  so  that,  designa- 
ting the   constant  part    by 

K,  and  the  ratio  of  the  variable  part  to  the  weight  W 
by  I,  the  measure  will  be  given  by  the  expression 

K  +  I .  W; 

in  which  K  represents  the  stiffness  arising  from  the  natural 
torsion  or  tension  of  the  threads,  and  /  the  stiffness  of  the 
same  cord  due  to  a  tension  resulting  from  one  unit  of 
weight;  for,  making  W=  1,  the  above  becomes 

K  +  I, 

Coulomb  also  found  that  on  changing  the  wheel,  the  stiff- 
ness varied  in  the  inverse  ratio  of  its  diameter ;  so  that  if 


be  the  measure  of  the  stiffness  for  a  wheel  of  one  foot 

uiiimei.er,  then  will 


be  the  measure  when  the  wheel  hn.s  a  di:meter  of  2  I'. 
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table  giving  the  values  of  JTand  I  for  all  ropes  and  cords  data  ftotn  which 
employed  in  practice,  when  wound  around  a  wheel  of  one  ^n*^ 
foot   diameter,   and  subjected  to   a  tension  arising  from  a  measure  of 
unit  of  weight,  would,  therefore,  enable  us  to  find  the  stiff- 
ness answering  to  any  other  wheel  and  weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  dif- 
ferent sizes  of  ropes  used  under  the  various  circumstances  of 
practice,  Coulomb  also  ascertained  l.lie  law  which  connects  these  data 
the  stiffness  with  the  diameter  of  the  cross-section  of  the  "l"ld&cd; 
rope.     To  express  this  law  in  all  cases,  he  found  it  neces- 
sary to  distinguish  1st,  new  wtul:-  rope,  cither  dry  or  moist; 
2d,  while  ropes  partly  warn,  eiilicr  dry  or  moist;    3d,  tarred  di in-™ t 
ropes;  4th,  packthread.     The  stiffness  of  the  first  class  he  k,nd9 of  mf6 ' 
found  nearly  proportional  to  the  square  of  the  diameter  of 
tho  cross-section ;   that  of  the  second,  to  the  square  root  of 
;':ic  cube  of  this  diameter,  nearly  ;   that  of  the  third,  to  the 
number  of  yarns  in  the  rope;   and  that  of  the  fourth,  to  the  laws  wWcii 
the  diameter  of  the  cross-section.     So  that,  if  S  denote  the  B0V,!m  them ' 
resistance  due  to  the  stiffness  of  any  given  rope ;   d  the 
ratio  of  its  diameter  to  that  of  the  table ;   and  n  the  ratio 
of  the  number  of  yarns  in  any  tarred  rope  to  that  of  the 
table,  we  shall  have  for 


JS'eti:  white  rope-,  dry  or  ■moist. 

,.     K+I.W 


(127, 


Hi  I  If  iii  rm  whi/i:  rape,  dry  o, 


s^l.t+il.   .   .   (128).    —,„ 


Tarred  rope. 

K+I.W 


I':-:-  li'trr!!-!. 

,      K+I.W 


(lid'. 


(130).      paBKtot 
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No.  1.  White  Ropes— new  and  dkv. 

.'''■v'p'Krs.i    liro/rtrli'Jili'.t  I'l  tit"-  ::<jl',t!ff  'if  til.':-  u~"mi.'.:!!:r. 


TfifiT 

Natural  stiltneas, 

?WS&Sf 

o.39 
0,79 
1.57 

3.i5 

0.4os4 

6^89 
a5.7553 

0 . 0079877 
0.0319501 

No.  2.    White  Hopes — sew  and  moibtened 

Stiffness  proportiniiiU  1,0  nquare-  of  dl.a-mcU 


Dim 

■Sffir 

Natural  nUBiicm, 

Stiffness  for  load  of 

o.39 

0.79 
i.57 
3.i5 

o!oo48 
3.2I04 

1  a. 8775 
5i.5iii 

0.0079877 

0!  1876019 
o.Siisoio. 

™.  T$'.' 

»»<* 

Sqmrea 

3o 
4o 
5o 
60 
70 

90 

3 
3 
4 

44 
69 

56 

a 

6r 

""ssfir*8 

or  vatut  of  K.  ' 

Stiffness  tor  load  of 
ltb.,or  value  of/. 

0.39 
0.79 

1.57 

3.i5 

0.40243 
i.i3Boi 

3,21844 

lis. 

0.0079877 
o.o5i5889 
0.0(1.38794 
0.1806573 

White  Ropes — HA1 


mT^^rpB 

iV.uu-itl  "L:Jmi.^: 

f£-ss: 

o.39 
0.79 

i.57 
3.r5 

0.8o48 

3.2761 
6.43a4 

0.0079877 

O.o5a588a 
0.0638794 
O.i8o6573 

Square  roots  of  fee 

of  diameters,  or  vol- 

Mi  Of  Cll 

Eatina  „ 

Power  |, 

d 

ore?  2. 

~ 

i!i54 

i.3i5 

3o 

1.485 

4o 

i.657 

So 

1.837 

2.024 

Mi5 

i 

yo 

2.619 
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No.  5.  Tarred  Ropes. 
,s  jiropoiitiiiiid  to  th':  i'V.mhr?  of  i/nms. 


[Tliefce  Topca  su'o  usually  m;n!n  ol  Hi 
iutliiiHaiiiii'iiLiimiEr.] 


No.  of  yai-ns. 

Weight  of  I  fooi  in 

"l-J?" 

"™* 

6 
i5 

3o 

0.0497 
i.oi37 

o.i534 
0.7664 
2.5297 

0.0085198 
0. 0198796 
0.04:1799 

For  packthread,  it  will  always  bo  sufficient  to  use  the 
tabular  values;  given  above,  corresuondiug  to  the  least 
tabular  diameters,  and  substitute  i.hem  in  Fq.  (130).  An 
example  or  two  will  be  sufficient  to  illustrate  the  use  of 
these  tables. 

Example  1st  Required  the  resistance  due  to  the  stiff-  raampie» 
ness  of  a  new  dry  white  rope,  whose  diameter  is  1.18  JJJ^fJ 
inches,  when  loaded  with  a  weight  of  882  pounds,  and 
wound  about  a  wheel  .[..(id  Icet  in  diameter. 

Seek  in  Table  No.  1  the  diameter  nearest  that  of  the 
given  rope ;  it  is  0.79  ;  hence 


d   : 


1.18 
"  0.79 


1.5  nearly ; 


and  from  the  table  at  the  side, 

d2  =  2.25. 

From  Table  No.  1,  opposite  0.79,  we  find 

K  =  1.6097, 

I    =  0.03195; 

which,    together   with  the   weight    W  =    ■ 
2  E  =  1.64,  substituted  in  Eq.  (127),  give 
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1.64 

which  is  the  true  resistance  due  to  the  stiffness  of  the  rope 
in  question. 

Example  2d  "What  is  the  resistance  due  to  the  stiffness 
of  a  white  rope,  half  worn  and  moistened  with  water, 
having  a  diameter  equal  to  1.97  inches,  wound  about  a 
wheel  0.82  of  a  foot  in  diameter,  and  loaded  with  a  weight 
of  2205  pounds?    . 

The  tabular  diameter  in  Table  No.  4,  next  below  1.97, 
is  1.57,  and  hence 


the  square  root  of  the  cube  of  which  is,  by  the  table  at 
tho  side, 

d*  =  1.482. 

In  Table  No.  4  we  find,  opposite  1.57, 

K  =  6.4324, 

I  =  0.06387; 

which  values,  together  with  W=  2205  lbs.,  and  %R=  0.82, 
in  Eq.  (128),  give 


0.82  '       ' 

which  is  the  required' resistance. 

E.':araph  ?>>.l  What  is  the  resistance  duo  to  the  stiffness 
of  a  tarred  rope  of  22  yarns,  when  subjected  to  the  action 
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of  a  weight  equal  to  4212  pounds,  and  wound  about  aesampicto 
wheel  1.8  feet  diameter,  the  weight  of  one  running  foot  of  w'T"6      ' 
the  rope  being  about,  0.6  of  a  pound  ? 

II)'  referring  to  Table  No  5,  we  find  the  tabular  number 
of  yarns  next  below  22  to  he  15,  and  hence 


n  =  -yg-  —  1.466  nearly. 

In  the  same  table,  opposite  W,  we  find 
K  =  0.7664, 
/    =  0.019879; 

ft. 

which,  together  with  W  =  4212,  and  2  R  =  1.3,  in  Eq. 
(129),  give 


e  4th.  .Required  the  resistance  due  to  the  stiff- 
ness of  a  new  white  packthread,  whoso  diameter  is  0.196  esampieto 
inches,  when  moistened  or  wet  with  water,  wound  about  a  ^  ^   thfl 
wheel  0.5  of  a  foot  in  diameter,  and  loaded  with  a  weight  packthread; 
of  275  pounds. 

The  lowest  tabular  diameter  is  0.39  of  an  inch,  and 
hence 

,        0.196         ..         , 

In  Table  No.  2  we  find,  opposite  0.39, 

K  =  0.8048, 
I  =  0.00798; 
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which,  -with  W  =  275,  and  2  B  =  0.5,  we  find,  after  sub- 
stituting in  Eq.  (130), 

s  =  0.5  °-8048  +  ^°5079a  x  m  =  £m. 


§  2S0. — The  resistance   just  found   : 
pounds,  and  is  the  amount  of  weight  which  would 
necessary  to  bend  any 


Kg.  i 


given  rope  around  a  ver- 
tical wheel,  so  that  the 
portion  A  E,  between 
the  first  point  of  con- 
tact A,  and  the  point  _E, 
where  the  rope  is  attach- 
ed to  the  weight,  shall 
be  perfectly  straight. 
The  entire  process  of 
bending  takes  place  at 

ike  bending  takes  this  first  or  tangential 

piaoe  at  the  Brst  pojnt  ^ ;  for,  if  motion 
be  communicated  to  the 
wheel  in  the  direction 
indicated  by  the  arrow- 
head, the  rope,  supposed  not  to  slide,  will,  at  this  point, 
take  and  retain  tlic  constant  curvature  of  the  wheel,  till 
it  passes  from  the  latter  on  the  side  of  the  power  F. 
When,  therefore,  by  the  motion  of  the  wheel,  the  point  m 
of  the  rope,  now  at  the  tangential  point,  passes  to  m',  the 
working  point  of  the  force  .8  will  have  described  in  its  own 

pain  described  by  direction  the  distance  AD.    Denoting  the  arc  described 

ibe  working  ^  a  p0;nt  a^  tne  un^'a  distance  from  the  centre  of  the 
wheel  by  s„  and  the  radius  of  the  wheel  by  B,  we  shall 
have 

AD  =  Bst; 

and  representing  the  quantity  of  work  of  the  force  8t  by 
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L,  wc  get 

L  =  S.Rb,; 
replacing  Shy  its  value  in  Eqs.  (127)  to  (130), 
K  +  I.  W 


■  Ba.d,  ■ 


•2M 


lLSL); 


in  which  d:  represents  the  quantity  d2,  d't  n,  or  d,  in  Eqs. 
(127),  (128),  (129),  or  (130),  according  to  the  nature  of  the 
rope. 

Example.  Taking  the  2d  example  of  §  229,  and  sup-  examples 
posing  a  portion  of  the  rope,  equal  to  20  feet  in  length, 
to  have  been  brought  in  contact  with  the  wheel,  after 
the  motion  begins,  we  shall  have 


■  20  x 


8,109  = 


jjfS^.-LS: 


that  is,  the  quantity  of  work  consumed  by  the  resistance 
due  to  the  stiffness  of  the  rope,  while  the  latter  is  moving  in  monis. 
over  a  distance  of  20  feet,  would  be  sufficient  to  raise  a 
weight  of  5322.18  pounds  through  a  vertical  height  of 
one  foot. 


WHliifiL     AND     PULLEY. 


1 231. — A  plane  wheel, 
free  to  turn  about  its 
trunnion  or  axle,  support- 
ed in  a  fixed  box,  may 
be  moved  in  either  di- 
rection by  two  forces  F 
and  Q,  which  act  in  its 
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plane,  and  tangent  to  its 
circumference  at  A  and  B. 
These  forces,  acting  in  the 
same  plane,  perpendicular 
>t     to  the  axle,  and  tending 
""s  to  turn  the  wheel  in  oppo- 
eof  site  directions,  will  he  in 
equilibrio  when  the   ele- 
mentary quantity  of  work 

developed  by  each  is  the  same  with  contrary  signs.  But 
the  points  of  application  A  and  B,  belonging  to  the  same 
circumference,  the  paths  which  they  simultaneously  de- 
scribe will  be  equal ;  and  since  the  product  of  these  paths 
at  by  the  forces  F  and  Q  must  be  equal,  it  follows  that  when- 
ever the  forces  arc  in  equilibrio,  tlieij  mud  also  he  equal.  . 

This  supposes  the  wheel  free  to  turn,  without  obstruc- 
tion of  any  kind.  But  if  we  consider  the  friction  at  the 
trunnion  or  axle,  then,  supposing  the  equilibrium  still  to 
exist,  but  the  wheel  on  the  eve  of  motion  in  the  direction 
of  the  force  F,  the  elementary  quantity  of  work  of  the 
11  is  latter  must  be  equal  to  that  of  the  resistance  Q,  increased 
16  by  that  of  the  friction ;  in  which  case  F  and  Q  will  not  be 
equal;  and  denoting  the  radius  of  the  wheel  by  B,  that 
of  its  trunnion  or  eye  by  r,  and  the  resultant  of  F  and  Q 
by  iV,  we  shall  have 


F2£s 


QRs,  +/N.r 


<l*Sr, 


in  which/is  the  coefficient  (.if  friction  at  the  axle  or  trun- 
nion, and  s,  the  arc  described  by  a  point  at  the  unit's  dis- 
tance from  the  axis  during  motion.  Dividing  by  3  s„  we 
find 


F =   Q + fN ■ 


(Jj::,. 


From  which  we  might  conclude  the  value  of  F,  but  that 
JV  is  unknown,  being  the  resultant  of  F  and  Q. 
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Now,  two  cases  may  arise,  via. :  either  the  value  of  r 
may  be  very  small  in  comparison  with  B,  or  it  may  not.  two  c 
In  the  first  case,  any  error  committed  in  the  determination 
of  N would  but  slightly  affect  the  value  of  F,  since  only 

the  small  fractional  portion  -=  of  N  is  taken.     We  may, 

tL.iirc.fore,  be  content  with  an  approximate  value  for  K 

To  obtain,  tins,  we  first  loHu 

omit  the  consideration  of 

friction,  which  will  make  F%'  M*  k»w 

/=  0,  in  the  above  equa-  m 

tion,    which  then  reduces 


by  <p  the  angle 
A  MB,  which  the  two 
forces  F  and  Q  make  with 
each  other ;  then,  from  the 
parallelogram  of  forces, 
will 


N  =   VTH   Q2  +  2  FQ.  cos  y; 
and,  because  i*'and  Q  are,  iu  this  ease,  equal, 


N  = 


Q  V2  +  2  cos?; 


N  =   Q  X  2  cos  |  <p ; 
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but  joining  A  and  B  by  a  right  line,  as  also  M  and  0,  we 
have  the  angle  A  M  0,  equal  to  \  rp,  and 


3^<p  =  ; 


:     R   ' 


which,  substituted  above,  gives 


sr=  q  ■ 


AJl 
B  ' 


since  t,  AD  =  AB.  That  is  to  say,  the  resultant  N  is 
obtained  by  multiplying  the  resistance  Q}  by  the  chord  of 
the  arc  between  the  tangential  points,  and  dividing  the 
product  by  the  radius  of  the  wheel.  This  value  of  M, 
Sqs.  (132)  and  (133),  gives 


IB,,  +/. 


(134), 


■+/-£ex 


-.     .    (135); 


the  first  of  which  will 
give  the  quantity  of  work 
of  the  power,  and  the 
latter  the  relation  of  the 
power  F  to  the  resistance 
Q,  necessary  to  produce 
an  equilibrium.  The  first 
shows  that  the  work  of 
the  power  is  equal  to  the 
work  of  the  resistance,  in- 
creased by  that  consumed 
by  friction. 

We  now  come  to  the 
second  case,  viz. :  that  in 
which '  r  is  not  very  small 
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in  comparison  with  E.    And  first  we  remark,  that  F  is  caw  in  which 
always  greater  than   Q,  and  that  the  resultant  obtained      .^. 
under  the  hypothesis  of  F  being  equal  to  Q,  is,  therefore, 
too  small.     Calling  iVj  this  latter  resultant,  we  have 

A  B  fro' 

jrt  =  Q  .  ±£  .     .     .     .     (136);      EpP™xlinali0n 

and  this  value,  substituted  in  Eq.  (133)  for  JSf,  gives 

F^  Q  +  ~  ■/-  N1  =  F,.    .    (137).     i™tion 

Now  if  Nx  be  too  small,  it  is  obvious  that  Fx  will  also  be 
too  small.  But  this  value  of  Ft  is  greater  than  Q,  and  if 
we  find  the  resultant  of  two  forces  each  equal  to  Fh  or 

n  =  *^-  =  $*  •   ■   ■   (188);    ^— <°* 

it  is  obvious  that  JVJ,  will  be  too  great,  and  so  of  the  value 

F  =  Q  +  ■£  -  /  ■  Na  =  Fa,  IppmiMiiM 

Thus  tne  true  value  of  #  is  greater  than  J^,  and  less  than 
Fs,  and  as  these  two  values  will  not  differ  ranch,  we  may 
Lake  tins  true  value  of  F  to  be  an  arithmetical  mean 
between  them,  that  is, 
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and  eliminating  iV,  and  iV"a  by  means  of  Eqs.  (136),  (137), 
and  (138),  we  find 

ST-        #-«+/j9^[i  +  i/i^)..ci«)i 

and  multiplying  each  member  "by  lis,, 
=«o,  j?fis,  =  flJJ.,  +fr>,Q^-  [l  +  i/ j  ^5]    .  .  (140). 

conclusion.         The  first  will  determine  the  condition  of  the  equilibrium, 
and  the  second  the  quantity  of  work. 

§  232. — The  pulley  is  a  small  wheel  having  a  groove 

pulley;  in  its  circumference  for  the  reception  of  a  rope,  at  one 

end  of  which  is  attached  the  power  F,  and  at  the  other 


oppljiu  j  Ilia 


the  resistance  Q.    The  pulley  may  turn  either  upon  trun- 
nions or  about  an  axle,  supported  in  what  is  called  a 
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block.      This  is  usually  a  so'; Id  piece  of  wood,  through  i<hV±: 
which,  is  cut  an  opening   large   enough  to  receive  the 
pulley,  and  allow  it  to  turn  freely  between  its  cheeks. 
Sometimes  the  block   is  a  simple  framework  of  metal. 
When  the  block  is  stationary,  the  pulley  is  said  to  be  flxsd  p«iie 
fixed.     The   principle  of  this  machine  is  obviously  the 
same  as  that  of  a  simple  wheel,  and  to  the   discussion  principle  i 
of  §  231  we  have  but  to  add  the  consideration  of  the  °™*^o1 
stiffness  of  the  rope,  to  have  all  the  circumstances  of 
its  action.    The  quantity  of  work  due  to  the  stiffness  of 
the  rope  is  given  by  Ef-js.  (127)  l.o  (J 30)  inclusive. 

Now,  when  the  motiota  is  uniform,  or  when  the  pulley 
is  about  to  turn  in  the  direction  of  the  power  F,  the  quan- 
tity of  work  of  the  latter  must  be  equal  to  the  work  of 
the  resistance  Q,  increased  by  that  of  the  friction  and  stiff- 
ness of  the  rope ;  and  denoting  the  radius  of  the  pulley 
by  R,  that  of  the  trunnion  or  eye  of  the  pulley,  as  the 
case  may  be,  by  r,  and  the  are  described  at  the  unit's  dis- 
tance from  the  axis  by  s„  we  must  have 


:  QBs,  +  d,  ■  — 


2B 


in  which  d,  denotes  either  d2,  dst  d,  or  n,  in  Eqs.  (127)  to 
(180),  according  to  the  kind  and  condition  of  the  rope ; 
and  iVJ  the  resultant  of  all  forces  except  friction. 
Dividing  by  Rs„  we  obtain 


2  B  J  B 


«  +  *■  Hit1  =  «- 

and  the  above  becomes 
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F=  e,  +  /£  •  ": 


and  replacing  N  by  its  value 


t  V  .Fa  +   fta  +  2  i''  <>,  cos  <p, 

in  which  ip  denotes  the  angle  A  MB, 
made  by  the  branches  of  the  rope 
not  in  contact  with  the  pulley,  and 
we  get 


F  =   Q,  +fi  V-F3  +   Q?  +  2  F  Q,  cos  <p, 


Q.,  squaring  and  solving  the  equation  with 
to  F,  and  we  have 


l-(fi) 


Taking  the  upper  of  the  double  sign,  because  the  motion 
takes  place  in  the  direction  of.F;  replacing  Q,  by  its  value, 
and  calling  the  angle  A  GB,  enveloped  by  the  rope,  6,  in 
which  case, 

cos  p  =   —  cos  3, 


we  finally  obtain 


-('£)• 


+/.  j:  yV-coseip-^/a+eoBfl)] 
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When  the  two  branches  of  the 
rope  are  parallel,  then  will 
&  =  180°  ;  cos  A  =  -  1 ;  and  the 
equati 


=  (g  +  &, 


1R     I 


(143).  „„„ 


If  the  rope  be  perfectly  flexible,  and  the  friction  be 
aero,  then  will  iT=  0,  /=  0,  /=  0,  and 


that  is,  the  power  v:i.U  always  equal  ike  resistance  in  the  Jkced 
pulhy,  when  tlu'/re  -in  neither  friction,  nor  eliffness  of  eordeiijc. 

To  obtain  the  quantity  of  wort,  multiply  both  members 
of  Eq.  (142)  by  Bs„  and  there  will  result 


*,  +  Wr+rg)», 


-C't) 


-('£ 


(144).  l^2"Z 


+/-£■  V,(i-<w«8)p-(/5)a(i+ 


In  finding  the  value  of  N,   the  weight,  of  the  pulley 
was  not  considered,  and  for  the  reason  that  in  practice 
it  is  usually  small;    the  friction    arising    from  its  action  weight  or  im 
may,  therefore,  in  general,  be  neglected.     Should  it  be  p"lley F*j™ 
desirable,  however,  in  any  case,  to  take  it  into  account, 
it  is  easily  done.     For  this  purpose,  find,  by  the  paral- 
lelogram  of  forces,  the  resultant  of  the  weight  of  the  j™tfimayt« 
pulley  and  the  force  Q,  both  of  -which  are  known,  and  ^*^™!°  *" 
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employ  this  resultant  instead  of  Q  in  finding  the  value 
ofF. 

Example.    Bequi- 
red  the  quantity  of  Fig.  261. 

work  necessary  to 
raise  500  pounds  of 
coal,  through  a  ver- 
tical elevation  of  50 
feet,  by  means  of  a 
rope  passing  over  a 
fixed  pulley,  in  such 
a    position    that   the 

c  power  F  shall  be  ap- 
plied in  a  horizontal 
direction ;  the  pul- 
ley, which  is  of  lig- 

num-vitffi,  is  1.25  feet  in  diameter ;  the  radius  of  its  eye  is 
0.05  feet ;  the  axle  of  wrought  iron,  lubricated  with  hogs' 
lard ;  the  rope  is  white,  half  worn,  and  has  a  diameter  of 
one  inch. 

•;       Here  6  =  90°,    and  cos  S  =  0;    in  Table  IV.  §  225, 

/=  0.11;    Table  No.  3,   §  221,  d,  =  d*  =  fJhsf  = 

(1.2)^  nearly  =  1.315;  K=  1.13801;  7=0.0525889; 
R  =  0.625 ;   r  =  0.05  ;   Rs,  =  0.625  X  s,  =  50 ;   whence 

,a  3i  =  ^_  _  80  feet;    Q  =  500  lbs. ;  and  /-£  =  0.0084. 

These  data  in  Bq.  (144)  give 


antityufwurk;      FJ!s,  =  (501l  X  S<l+  1 .315  -  - 


>i  (l-f-OJwe*V9    ■■:..i"'-!-l) 


FRs;  =  26250.1V. 


If  there  were  no  friction,  or  stiffness  of  cordage,  then 

would 
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FEs, 


QRs, 


200OU0 ; 


s  26250.17  -  25000  =  1250.17  is  the  loss  due  to 

:orda»'u-  ami  friction,  which  would  by  sufficient  insane  io 
to  raise  1250.17   pounds  through  1  foot  of  altitude,  or^^. 

— ■=£-—  —  25  pounds  through,  the  given  height  of  50  feet ; 

a  result  well  calculated  to  impress  us  with  the  necessity  of 
including  these  resistances  in  all  estimates  of  work. 


:   525  nearly. 


]  ig.   516!. 


§  233. — Thus  far  the  axis  of  the  pulley  is  supposed 
to  have  remained  immoveable.      Wc  shall  now  consider  w 
the  case  in  which  the  pulley  is  supported  upon  a  rope  in 
its  groove,  one  end  of  the  rope  being  attached  to  a  fixed 
hook  A,  while  the  other  is  acted  upon  by  the  force  F.    The  d. 
pulley  is  embraced  by  a  kind  of  iron  or  other  metallic 
fork  whose  prongs  are  per- 
forated near  the  ends  for  the 
reception   of  the  axle,  and 
whose  .shank  terminates  in  a 
hook  to  which  the    resist- 
ance   W  is   attached.     The 
pulley  is,  in  this  case,  said 
to  be  moveable.     Denote  the 
resistance  to   be    overcome 
and  put  in  motion,  by  W; 
the  tension  of  the  rope  be- 
tween the  fixed  hook   and 
tangential  point  S  by   Q; 
let  the  other  notation  be  the 
same  as  in  the  ease  of  the 
fixed  pulley. 

The  quantity  of  work  of  F  must  be  equal  to  that  of  the 
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i  Q,  increased  by  the  work  due  to  the  stiffness  of 
the  rope  and  friction ;  that  is, 


■iiMwii      ]TBs,  =  QSs,  +d, 


E+IQ 


Dividing  both  members  by  -Bs„ 


'  +  d< 


K  +  IQ 

2B 


rfW>,  ..(145). 


-fW. 


The  pulley  being  sup- 
posed either  on  the  verge 
of  rotary  motion  in  the  di- 
rection   of  F,    or    rotating 

■uniformly,  it.  is  obvious  tlii.it 
W  will  be  equal  and  di- 
rectly opposed  to  the  result- 
ant of  F  and  Q ;  and  that 
Q  -will,  bo  equal  and  directly 
opposed  to  ll.LC  resultant  of 
mj?  and  W.  This  latter  re- 
sultant being  found  by  the 
parallelogram  o:  forces,  Eq. 
(31),  and  in  its  value  that  of 
F,  in  last  equation,  substitu- 
ted for  F,  the  force  Q  will  be- 
come known  in  terms  of  W, 
tire  friction,  and  stillness  of 
cordage;  and  this  value  of 
Q,  being  substituted  in  Bq. 
(145),  will  give  the  work  in 
terms  which  are  known. 

The  method  here  indi- 
cated is  perfectly  rigorous, 
but  is  somewhat  long,  and 
may  be  avoided  by  resort- 
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ing  to  an  approximation  winch  in  practice  is  sufficiently 
accurate.  If  F  and  Q  "be  supposed  for  an  instant  equal, 
we  have  seen  that 

v  -    AB  ' 
which,  substituted  for  Q  m  Eq.  (145),  gives 


+  r.fW. 


.  (146);      o...i»y  of ..« 


dividing  by  R  s„ 


■-+f±-  w..  (147).  -':•;«■• 


If  we  suppose  the 
there  will  result 


of  the  rope  and  friction  zero, 


W    ::     R    :     AB; 


that  is  to  say,  the  poiocr  is  to  the  resistance  ax  the  radius  of  relation  of  p- 
the  pulley  is  to  the  chord  of  the  arc  enveloped  by  the  rope.  ""  "* ,li"" 

Example.  Let  the  pulley  be  of  cast   iron   and   turn  example; 
upon  a  wrought-iron  axle,  greased  with  tallow;  the  di- 
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ameter  of  the  pulley  1.3  feet,  and  that  of  its  eye  0.045 
feet ;  the  diameter  of  the  rope,  which  is  new,  white  and 
dry,  1.4  inches;  the  weight  W,  8462  pounds;  the  height 
40  feet,  and  let  the  chord  A  £  be  equal  to  the  diameter 
of  the  pulley. 

e  to  the  proper  tables,  we  find 


/  =  0.07 ;      d,  =  4'  =  (MJ  =  (1.8)"  nearly  =  3.24  ■ 

K  =  1.6097;      I  =  0.0319501 ; 
and  from  the  given  data, 

B  =  0.65;      r  =  0.0225;      AB  =  1.3;      Bs,  =  40; 

',  —  TlSr  =  61.538  nearly;       and   W  =  3462 ; 
0.65  J 

which,  substituted  in  Eq.  (14(i),  give 


aaincmi  with  neither  friction   nor  stiffness  of  conkcre,  the  quantity 

ngr&iotion-        of  work  would  be  simply 

TBs,  =-3462  •  SSS-  X  61.538  =  69239.5; 


the  difference  71279.35  -  69239.6  =  2039.85  is  the  : 
due  to  the  causes  just  named. 


..Google 


VIKCIIAXIOS    OP    SOLTDS. 


Tig.  2.M. 


§  234.— The  Muffle  is  a 
collection  of  pulleys  in  two 
separate  Mottles  or  frames. 
One  of  these  blocks  ia  at- 
tached to  a  fixed  point  A, 
by  which  all  of  its  pulleys 
become /m.".i7,  while,  lite  other 
block  is  attached  to  the  re- 
sistance Q,  and  its  pulleys 
thereby  made  moveable.  A 
rope  is  attached  at  one  end 
to  a  hook  h  at  the  extremity 
of  the  fixed  block,  and  is 
passed  around  one  of  the 
moveable  pulleys,  then  about 
one  of  the  fixed  pulleys,  and 
so  on,  in  order,  till  the  rope 
is  made  to  act  upon  each 
pulley  of  the  combination. 
The  power  F  is  applied  to  f^Q^\ 

the  other  end  of  the  rope,  1    ZjJ$  „, 

and  the  pulleys  are  so  pro-  tt 

portioned  that  the  parte  of 

the  rope  between  them,  when  a] 

stretched,    arc  parallel.      Now  suppose  the   power  F  to  pi 
communicate  uniform  motion  to  this  resistance  Q.    Denote  it 
the  tension  of  the  rope  between  the  hook   of  the  fixed 
block  and  the  point  where  it  conies   in  contact  with  the 
first  moveable  pulley,  by  tY ;  the  radius  of  this  pulley  by 
.&,;    that  of  its  eye  by  r±\   trie  coefficient  of  friction  on 
the  axle  by/;  the  constant  and  coefficient  of  the  stiffness  n< 
of  cordage  by  K  and  7,  as  before;  (hen,  denoting  the  ten- 
sion of  the  rope  between  the  last  point  of  contact  with  the 
first  moveable,  and  first  point  of  contact  with  the  first 
fixed  pulley,  by  tg,  the  quantity  of  work  of  the  tension  4 
Will,  Eq.  (145),  be 
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dividing  by  s, 


tension  on  flrat  £,  i?j  S,  =  i,  ii^  B,  +  d,  -77    ■■  #1  S,   +  /  (*i  +  ^)  '"j 

ascending  "  ■"! 


2^ 


Again,  denoting  the  tension  of  that  part  of  the  rope  which 
passes  from  the  first  fixed  to  the  second  moveable  pulley 
by  t3;  the  radius  of  the  first.  I'ixcd  pulley  by  J?a,  and  that 
of  its  eye  by  r%  we  shall,  in.  like  manner,  have 


t,B,  =  t,B,+  d,^±I±B,+ftt,  +  Qr,    ..(149). 


And  denoting  the  tensions,  hi  order,  by  t,  and  tg,  this  last 
being  equal  to  F,  we  shall  have 

^X° **"*        ^  =  4^  +  4  ^±^  ■  I?2  +  f(h  +  ti)  r, .  .  (150), 


FBt  =  t4S4  +  d,  ^~M^~   %  +  /(«,  +F)rt.  .  (151); 


so  that  we  finally  arrive  at  the  force  F,  through  the  ten- 
sions which  are  as  yet  unknown.  The  parts  of  the  rope 
being  parallel,  and  the  resistance  Q  being  supported  by 
their  tensions,  the  latter  may  obviously  he  regarded  as 
equal  in  intensity  to  the  components  of  Q;  hence 

h  +  h  +  h  +  tt*>  Q    ■    •    (152)  ; 

which,  with  the  preceding,  gives  us  five  equations  for  the 
determination  of  the  four  tensions  and  power  F.     This 
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would  involve  a  tedious  process  of  elimination,  which 
may  be  avoided  by  contenting  ourselves  with  an  approxi- 
mation which  is  found,  in  practice,  to  be  sufficiently 
accurate. 

If  the  friction  ;.ui(l  stiffness  be  supposed  zero,  for  the  method  oi 
moment,  Eqs.  (148)  to  (151)  become  """         '""' 

h  B1     =     (f^i! 
h  Bt     =     t3  Bo, 

from  which  it  is  apparent,  dividing  out  the  radii  Bu  B2!  the  legions 
B,,  &c,  that  b  =  £j,  k  =  k,h  =  k,  F=h\  and  hence,  Eq.  bec""'e e<1UDl ; 
(152)  becomes 

44  =   Q; 


the  denominator  4  being  the  whole  number  of  pulleys, 
moveable  and  fixed.  Had  there  been  n  pulleys,  then 
would 


"With  this  approximate  value  of  %  we  resort  to  Eqs.  (148) 
to  (151),,  and  find  the  values  of  t2,  *,,  *4,  &c.  Adding  all 
these  tensions  together,  wc  shall  find  their  sum  to  be 
r  than  Q,  and  hence  we  infer  each  of  them  to  be  too 
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large.  If  we  now  suppose  the  true  tensions  to  "be  propor- 
tional to  those  just  found,  and  whose  sum  is  ft  >  ft  we 
may  find- the  true  tension  corresponding  to  any  erroneous 
tension,  as  th  by  the  following  proportion,  viz. : 


or,  which  is  the  same  thing,  multiply  each  of  the  tensions 


cy  nearly.  The  value  of  tt  thus  found,  substi- 
tuted in  Eq.  (151),  will  give  that  of  F. 

Ex'jjmpk:.  Lev  the  radii  J:,'s.  J.ij.  J'L,  and  ./-'4,  be  respectively 
0.26,  0.39,  0.52,  0.65  feet ;  the  radii  r,  =  r2  =  rs  =  r4  of 
the  eyes  =  0.06  feet ;  the  diameter  of  the  rope,  which  is 
white  and  dry,  0.79  inches,  of  which  the  constant  and 
coefficient  of  rigidity  are,  respectively,  K  —  1.6097  and 
i"  =  0.0319501 ;  aud  suppose  the  pulley  of.'  brass,  and  its 
axle  of  wrought  iron,  of  which  the  coefficient  /  =  0.09, 
and  the  resistance  Q  a.  weight  of  2100  pounds. 

Without  friction  and  stiifhess  of  cordage, 

2400  '"*■ 


Dividing  Eq.  (148)  by  j?„  it  becomes,  since  d,  =  1, 


*  +  ^  +  i/»  +  * 


Substituting  the  value  of  Bx,  and  the  above  value  of  t„ 
and  regarding  in  the  last  term  ^  as  equal  to  if,  which 

we  may  do,  because  of  the  small  coefficient  -~±-  /   we 

find 
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1.6097  +  0.0319501   X   600 
2~3T(0.26) 


X  0.09  X  (600  +  600) 


Again,  dividing  Eq.  (149)  by  i?s,  and  substituting  this 
value  of  fla  and  that  of  /4>  we  hnd 


t,  =  673.69. 


Dividing  Eq.  (150)  by  i?..  iiml  substituting  this  value  of  (8, 
as  well  as  that  of  IL  lliere  will  result 


(,  =  709.82 ; 


Q1  =  t1  +  t2+ts  +  t1  : 


+  109.82 


=  2611.80;      fsn'tanl 


which  will  give  for  the  true  values  of 

4  =  0.919  X  600  =  551.100 

lj  =  0.919  X  628.39  =  577.490 

4  =  0.919  X  673.59  =  619.029 

I,  =  0.919  X  709.82  =  652.324 

2400.243 
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The  above  value  for  (4  =  652.324,  in  Eq.  (151),  will  give, 
after  dividing  by  E4  and  substituting  its  numerical  value, 


65?. 32  1 

1,6097  +  0.03195   X   652.324 
2   X  0.65 

0.06   , 


and  making  in  the  last  factor  F  =  tt  —  652.324,  we  find 
F  =  652*324  +  17*270  +  10.831  =  680.425. 


d.'scri[)!ii)[i  : 
: :  i  _ :  1  ~  1 1  ;....■;::  in 


Thus,  without  friction  or  stiffness  of  cordage,  the  intensity 
of  F  would  be  600  lbs. ;  with  both  of  these  causes  of 
resistance,  which,  cannot  be  avoided  in  practice,  it  becomes 
680.425  lbs.,  making  a  difference  of  80.426  lbs.,  or  nearly 
one  seventh ;  and  as  the  quantity  of  work  of  the  power  is 
proportional  to  its  intensity,  we  see  that  to  overcome  fric- 
tion and  stiffness  of  rope,  in  the  example  before  us,  the 
moter  must  expend  nearly  a  seventh  more  work  than  if 
these  sources  of  resistance  did  not  exist. 


:  §  235. —  Wheel  and  Axle  is  a  name  given  to  a  machine, 
which  consists  of  a  wheel  mounted  upon  an  arbor,  supported 
at  either  end  by  a  trunnion  resting  in  a  box.  The  plane 
of  the  wheel  is  at  right  angles  to  the  axis  of  the  arbor ; 
the  power  F  is  applied  to  a  rope  wound  around  the 
wheel;  the  resistance  Q  is  applied  to  another  rope,  wound 
in  the  opposite  direction  about  the  arbor,  and  also  acts  in 
a  plane  perpendicular  to  the  axis  of  motion.  The  power 
is  generally  applied  in  the  plane  of  the  wheel,  other- 
wise, being  oblique  to  the  axis,  it  would  be  necessary 
to  resolve  it  into  two  components,  one  perpendicular 
and  the  other   parallel  to  that  line ;    the  latter  compo- 
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ncnt  would  presa  the  shoulder  of  the  arbor  against  the  effect  of  m 
face   of  the  box,    and    increase  the   e  fleet  of  friction  bv  '"'■"l'K 
increasing  its  "lever  arm."     It  may  happen,  however,  that  or  tiie  power: 
the  particular  object  to  be  accomplished  will  sometimes 
make  it  inconvenient  to  process  wten 

Siltisfy  tllis  Condition  Of  powerdoesn, 

keeping    Uke   action  of  ',g'       '  wheel 

the  power  in  the  plane 
of  the  wheel,  in  which 
event,  it  will  be  easy  to 
find  the  pressure  arising 
from  the  parallel  com- 
ponent of  the  power  or 
resistance,  and  to  com- 
pute the  friction  by 
the  rules  already  given. 
Supposing  the  power 
and  resistance  to  act  in 
planes  at  right  angles  to 
the  axis,  we  remark,  that 
the  plane  of  the  wheel 
in  which  the  power  acts, 
and  the  plane  perpen- 
dicular to  the  axis,  through  the  direction  of  the  resistance, 
will  cut  from  the  arbor  equal  circles.  Through  the  point 
E,  at  which  the  rope  is  tangent  to  the  circle  in  the  latter  of 
these  planes,  and  the  axis,  conceive  a  plane  to  be  passed ; 
it  will  cut  the  circle  in  the  plane  of  the  wheel  on  the 
opposite  si.de  of  the  arbor  in  E',  and  the  line  joining  E 
and  E'  will  intersect  the  axis  in  /,  making  HI  =  E'  I. 
At  the  point  E'  apply  two  opposite  forces  ft  and  ft,  oonBlnil.tlon . 
parallel  avid  each  equal  to  the  resistance  ft  These  forces 
will  produce  no  effect  upon  the  system.  The  resultant  of 
the  two  equal  and  parallel  forces  Q  and  ft  will  be  equal 
to  their  sum,  will  pass  through  I,  will  he  resisted  by  the 
axis,  and  produce  no  wort",  except  what  may  arise  from 
the  friction  due  to  its  action  on  the  trunnion.    The  equi- 
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librium,  if  the  machine  be  at  rest,  or  its  uniform  motion, 
if  at  work,  must,  therefore,  bo  maintained  by  the  power  Ft 

m;  the  force  Qa,  the  friction,  and  the  stiffness  of  cordage.  To 
this  end,  the  resultant  of  F,  Q2-  find  stiffness  of  cordage 
must  intersect  the  axis.  At  the  point  of  intersection, 
conceive  this  resultant  to  be  replaced  by  its  primitive 
components,  and  there  will  then  act  upon  the  axis  the 
forces  F,  Q%  Q  +  Qu  and  the  resistance  due  to  stiffness  of 
cordage.  Each  of  these  forces  being  resolved  into  two 
parallel  components  acting  on  the  trunnions  A  and  _Z?, 

''  there  will  result  two  groups  of  forces,  one  applied  to  each 
trunnion.      Denote  the  roaullaiit  of  the  group  acting  on 

i  the  trunnion  A  by  M,  that  of  the  group  acting  on  the 
trunnion  B  by  M' ,  then  will  the  frictions  be  respectively 
fM  and/'itf"';  and,  employing  the  usual  notation,  the 
quantities  of  work  will  be  fM  r  st  and  /'  M'  r'  s„  the  radii 
of  the  trunnions,  and  their  friction  being  unequal. 

The  quantity  of  work  of  the  power  F,  must  be  equal 
to  that  of  the  resistance  Qg,  augmented  by  the  work  of  the 
stiffness  of  cordage  and  friction,  and  hence,  denoting  the 
radius  of  the  wheel  by  R,  and  that  of  (.lie  arbor  by  R\ 

F-Rs,  =  QtR'-  s,  +  d,  Kt^i',  -  R '  s, + fMr s,  +f'M' r' st ; 

but  if  the  trunnions  and  boxes  are  supposed  of  the  same 
size  and  material, 


=  QsR'i 


2 -ft' 


The  quantity  M  +  M\  being  the  sum  of  the  pressures 
upon  the  trunnions,  the  last  term  shows  that  the  friction  is 
the  same  as  though  the  resultant  of  all  the  forces  were 
applied  to  a  single  trunnion  in  any  arbitrary  position,  and, 
therefore,  at  the  centre  of  the  wheel.  But  this  would  re- 
duce all  the  forces  to  the  same  plane,  in  which  case  Q  would 
take  the  place  of  Qa,  and  Qx  and  Q„  would  disappear  from 
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the  system,  Hence,  demoting  the  resultant  of  the  entire 
system  of  forces  by  N,  and  writing  Q  for  its  equal  Q^  the 
■ihove  equation  becomes 

FEa,  =  Qii's,  +  d,  K%jli®  R'»,  +fN'  T's,--  (153);  q^tajot 

and,  dividing  by  Est, 

Now,  N  being  the  resultant  of  all  the  forces  of  the  system 
except  friction,  it  is  the  resultant  of  F,  Q,  and  d,      „  „, — ; 

or,  since  Q  and  d,  — op—  aot  ™  tQe  sarae  direction,  it  is 
the  resultant  of  F  and  Q  +  d,  -  9  „,    ■     To  find  N',  we  will 

pursue  the  method  explained  in  §  281. 

Make 

e  +  *.  ^4J£  =  a  •  •  (165);  ™~ 


(j:,i!,. 


If  we  neglect  the  consideration  of  friction  for  a  moment,  by 
and  find  the  resultant  Nx  of  FsjnA  Qh  or  of  ai)1"' 


we  shall  have,  do  not  Log  the  inclination  of  the  power  to  the 

3byq>, 
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and  this  for  N,  in  Eq.  (156),  gives 

f=Q^+fNl'^  =  Fl.     .     .     (158). 

Now  the  value  of  JVj  was  too  small  for  JV,  because  we 

omitted  t:lii! term  fN'--rr,  m  Ike  value  for  _F;  and,  hence,  i^, 

is  too  small  for  J*/  but  the  deficiency  is  less  and  less,  in 

proportion  as  the  fraction  /^  is  smaller  and  smaller.     In 

ordinary  practice  there  will  be  but  1  il.de  difference  between 
the  true  value  of  Fund  that  given  by  Eq.  (158). 

In  cases  wherein  r  Is  considerable  in   comparison  with 
B,  a  further  approximation  will  be  necessary;  and  to  ac- 


compnsn  mis,  we  renmrii, 

una 

:  /'j  16  gieatei  man  YrTT  ,  turn 

Q1  therefore  less  than  F 

yTl' 

;   and  that  if  this  latter  be 

combined  with  Fh  to 

obtain    a   second    re- 

sultant JV^,   this  last 

Fisr.  2S3. 

will  be  too  large,  and 

when  substituted    in 

Eq.  (156),  for  JVj  will 

/#,  \ 

give   a  value  FB  for 

F,  which  will  also  be 

too  large.     The  mean 

<Lr 

of  the  two  values  of 

Ft  and  F%  will  be  the 

V 

practical  value  of  F. 

The  value  of  N%  is  given 

by 

the  equation, 

«  =   ',  -Jl  +  Jp  (2L  +  2  ™S  ,).  .  (159); 

and 

K  =  ft 

S 
R 

+  /«£; 
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(160). . 


To  find  the  quantity  of  work,  multiply  both  me  nib  org 
by  Es,  replace  Qt  by  its  value,  and  we  have 


Kequired  the  quantity  of  work  necessary  to 
raise  two  tons  of  coal  from  the  bottom  to  the  top  of  a  pit 
which  is  80  feet  deep, 
by     means    of     the 

wheel  and  axle.   The  Pig.  251. 

diameter  of  the  wheel 
is  4  feet ;  that  of 
the  axle,  1  foot; 
that  of  the  trunnion, 
which  is  of  wrought 
iron,  working  in  cast- 
iron  boxes  and  lubri- 
cated with  hogs'  lard, 
1.5  inches;  that  of 
the  rope,  which  is 
white,  half-worn,  and 
dry,  1.5  inches ;  and 
the  power  acts  in  a 
horizontal  direction. 

Here   B=  2  feet;     R' 


=  0.5    feet ; 


0.07 


=  d?  = 


0.125  feet 

(1.9)*  =  2.619 

Q   =   4000    lbs. 

=   160  feet;    and  9  =  90' 

or  cos  <p  =  0. 

These  data,  substituted  in  Eq.  (155),  give 


/  = 

K  - 


0.79/ 

=  1.13801 ;      I  =   0.0525889  ; 
on 
=  80  feet;    s. 
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and  this,  in  Eq.  (157),  making  cos  <p  =  0,  and  substituting 
for  ■£-,  its  value  -jr  =  0.25  feet,  we  find 

1ft  =  4553.89  VT  +  (0.25^  =  4694.04. 

K 

Pt  =  4668*8  X  0,25  +  0.07  X  4694.04  X  0.0635  =  1159.008; 

i  with  the  values  of 
Eq.  (159),  gives 


^a  =  1159.008  Vl  +  (if  -  4778.68 ; 
hence, 

N  =  K  +  K  =  imM  ±  4"8'68  =  4736.36 ; 

which,  with  the  values  already  found  for  Qlt  inEq.  (160), 
gives 


Here  it  may  be  proper  to  direct  the  attention  to  the  slight 
difference  between  the  values  of  F  and  Fh  showing  that  the 
first  approximation,  as  given  by  Eq.  (158),  will  generally 
be  sufficient 


)y  Google 


MECHANICS    OF    SOLIDS.  41c 

Finally,  from  Eq.  (161),  we  obtain 

FBst  =  4000  x  8<f+  44311.20  +  6*53.07  =  364974.27.  ****«■«* 

The  first  term  of  tlio  second  member  =  820000,  is  the 
value  of  the  work  without,  any  resisLtiucc  from  friction  and 
stiffness  of  cordage ;  the  sum  of  the  remaining  terms 
=  44974.27,  is  the  work  of  friction  and  stiffness  of  rope ; 
hence  it  appears,  that  the  loss  arising  from  the  latter 
causes,  is  nearly  one  seventh  of  the  work  which,  without 
them,  would  be  required  to  accomplish  the  object.  This 
loss  would  be  suiiicimt,  without  the  u.iiidera.nci':  (Voiu  frio  ions  of  work  by 
tion  and  stiffness  of  cordage,  to  raise  more  than  a  quarter  JiSaess  of 
of  a  ton  through  the  given  height.  cordage. 

If,  in  Eq.  (154),  we  make  /  =  0,  and  disregard  the 
stiffness  of  cordage,  we  find 


X.      .       .       .       .       m); 


that  is  to  say,  in  the  wheel  and  axle,,  the  power  is  to  Hie 
resistance  as  the  radius  of  tlte  axle  is  to  that  of  tlie  wheel. 

§  236.— Wheels  are  often  so  combined  in  machinery  as  con.bii.ation  o 
to  transmit  the  motion  impressed  upon  some  One  of  them,  w  **' 
according  to  certain  conditions,  determined  by  the  object  motion 
to  be  accomplished.     This  is  usually  done  by  one  or  other  j££^£ 
of  the  following  means,  via, :  1st.  By  endless  ropes,  bands,  mpes,  una 
or  chains,  passing  around  cylindrical  rollers,  ca'led  drums,     J'n  ' 
mounted  upon  arbors;  2d.  By  the  natural  contact  of  these  by  natural 
drums;  3d.  By  projections  called  teeth  or  leaves,  accord-  !™1^'\'.,1,lh 
ing  as  these  projections  are  upon  the  surfaces  of  wheels  or 
arbors.     The  communication  of  motion  by  these  means  is 
always  accompanied  by  friction,  which  it  is  important  in 
practice  to  know,  since  it  may  not  be  d 
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g  237.— When  two 

0  wheels  axe  connected 

1  with  each  other  by 
means  of  an  endless 
band  or  rope  dc  be, 
passing  around  the 
drums  A  and  B, 
mounted  upon  the 
arbors  of  the  wheels, 
a  sufficient  force  _F  ap- 
plied to  one  of  them 

will  put  it  in  motion. ;  this  motion  will  be  communicated  to 
the  other  as  long  as  the  friction  between  the  bund  and  drums 
is  sufficient  to  prevent  the  former  from  sliding  over  the 
latter,  and  thus  a  resistance  Q,  applied  to  the  second  wheel, 
may  be  overcome.  The  motion  of  the  drum  B  is  ob- 
viously due  to  the  difference  of  the  tensions  in  the  two 
branches  dc  and  e  b  ;  and  applying  the  power  as  indicated 
in  the  figure,  the  tension  of  dc  must  be  greater  than  that 
of  e  b.  Denoting  the  first  of  these  by  T.  ami  the  latter  by  t, 
the  force  which  moves  the  drum  B  will  have  an  intensity 
equal  to  T  —  t;  and  the  quantity  of  its  work  must  be 
equal  to  that  of  Q,  increased  by  the  work  of  friction  on 
the  trunnions  of  the  common  arbor.  Denote  the  radius 
of  the  drum  if  by  R% ;  that  of  the  wheel  to  which  Q  is 
applied  by  R" ;  that  of  its  trunnion  by  r3 ;  the  are  de- 
scribed by  the  point  at  the  unit's  distance  from  the  axis  of 
motion  by  &%  &c.,  then  will 


{T-  t)Bt» 


2E"ea  +  /A>s5ji 


(103). 


The  action  of  the  force  F  produces  the  difference  of  ten- 
sion T  —  t,  and  its  work  must,  therefore,  be  equal  to  that 
of  T  —  t  augmented  by  the  work  of  friction  on  the  trun- 
nions of  the  arbor  of1  the  wheel  to  which  F  is  applied. 
Denote  the  radius  of  this  wheel  by  E\  that  of  its  drum 
by  _&!,  that  of  its  trunnion  by  rb  the  arc  described  at  the 
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unit's  distance  by  sl5  and  we  have 

FR'Sl  =  {T-  t)  SlSl  +/Nl.rlsI  .  .  (164). ££J 

Adding  these  equations  together,  we  get 

but  because  all  parts  of  the  band  have  the  same  velocity, 
the  circumferences  of  the  drums  must  move  at  the  same 
rate ;  hence 

^5B  =  .fljs,;  n,ed"" 

TOlodtJ 

which  will  reduce  the  above  equation  to 

FR'Sl=  Q£"s2  +fNira3a  +/Nlr1s1  .  .  (166).'^°! 

Whence  we  see  that  the  work  of  F  is  equal  to  the  work 
of  Q,  increased  by  that  of  the  friction  lijiok  the  two  sets  of  infer™ 
trunnions ;  and  the  same  may  be  shown  of  any  number  of 
wheels  thus  connected. 

In  this  equation,  M2  is  the  resultant  of  the  forces^,  .7', 
and  t;  and  Nt  of  F,  T,  and  t.  To  find  these-  resultants  it 
will  be  necessary  to  know  T  and  t. 

The  difference  T—  t  only  exists  while  the  system  is  in 
motion ;  when  at  rest,  and  the  force  docs  not  act,  this  dif- 
ference is  aero,  or  T  is  equal  to  t.  In  passing  from  rest 
to  motion,  we  may  assume  that  one  increases  just  as  much 
as  the  other  diminishes,  and  if  the  common  tension  at  rest 
be  represented  by  21,,  and  the  increment  of  the  one  and 
decrement  of  the  other  in  passing  from  rest  to  motion 
be  denoted  by  II,  then  will 

T=  21  +  II,     and     t  =  rt  -  S  .    .    (166);  ^Zl 


)y  Google 


NATUKAT,    PHILOSO  .IMS  Y. 

from  which  T  and  t  may  be  found  when  1\  and  II  are 
known 

The  tension  Ti  Is  entirely  arbitrary.  It  should  be  as 
small  as  possible,  to  product)  the  requisite  friction  between 
the  band  and  the  drums  to  ayoi.fl  sliding  during  the  mo- 
tion, for  if  greater  than  ibis,  it  will  only  increase  the 
pressure  and,  therefore,  the  friction  on  the  trunnions,  un- 
necessarily. In  general,  it  will  be  sufficient  if  this  friction 
be  great  enough  to  prevent  sliding  under  the  effect  of  Q, 
at  the  surface  of  the  drum  of  the  wheel  to  which  Q  is 
applied.  But  this  effect,  neglecting  friction  on  the  trun- 
nions and  stiffness  of  eordaixo.  is  Q  -,,-.  That  is  to  say, 
a  force  whose  intensity  is  given  by  this  expression,  when 
applied  to  the  surface  of  the  drum,  will  produce  the  same 
effect  as  Q ;  and  the  friction  between  the  drum  and  strap 
must  be  at  least  equal  to  this  force  to  prevent  sliding. 
The  branches  da  and  eh  of  the  band  are  solicited  respect- 
ively by  the  two  forces  Tx  +  H,  and  T-j  —  H;  and  these 
substituted  inEq.  (108),  the  first  for  J7  and  the  second  for 
W,  we  find, 

fi 
T,  +  #=  (2i  -  R)A; 

subtracting  1\  —  iT  from  both  members  of  this  equation, 
and  we  have 


2j  +  H-  (li  -  3)  =  (7*,  -  II)  ea*  -  (7J  -  II); 

the  first  member  reduces  to  277/  that  is  to  say,  to  the  dif- 
ference of  tensions  on  the  two  branches  of  the  band,  which 
must  be  equal  to  the  effect  of  Q  at  the  surface  of  the  drum ; 

wiieinic 


■£••■•  <1W>> 
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Qx =  (i;  - H)  (•*  -  o  ■ (i68)!  E™~ 

from  which  two  equations  we  may  compute  IT"  and  Tlt  and 
therefore,  Eq.  (166),  T  and  t;  and,  finally,  the  resultants 
JV2  and  N±  by  the  rules  for  tlie  composition  of  forces. 

tixam-pl.c.  liequired  the  tension  of  a  hand  necessary  to 
produce  friction  enough  to  move  a  wheel,  when  subjected 
to  a  resistance  of  1000  poancU,  the  radius  of  the  wheel  sample; 
being  0.5  foot,  and  that  of  the  drum  2  feet,  and  the  arc  of 
the  drum  enveloped  by  the  band  180°.  Let  the  baud  be 
of  black  leather,  and  tho  surface  of  the  drum  of  oat. 
Here  i^  =  2  feet;  M"  =  0.5  feet;  Q  =  1000  lbs.; 
/  =  0.265,  (see  Table  I,  §  212;)    »  =  «  R2  =  3.1416  S,; 

Q  ■  ^  =   1000  X~  =  250;' 


1       "  "       il"  ""   i:UlS2i^/w:*::-"'i;  -   1"       '■ 

[a*:  -  1) 

The  first  term  of  the  denominator  may  he  easily  found  by 
the  aid  of  logarithms,  as  follows : 

Log  [(2.7182818fe3S51]  =  Log  2.718281  x  0.83251 
=  0.4342942  X  0.83251 
-=  0.361554  nearly; 

the  natural  number  of  which  is  2.2991,  whence 


H-B-t-    2.2991  -  1    ""  OSH  ~  1SA4i 


v;:li:i-  l.iUi.i!  K- 
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Adding  27/=  250  lbs.,  we  have 

r,  +  m  =  r  =  44I44. 

The  arc  of  the  drum  enveloped  by  the  band  being  180°, 
the  tensions  T  and  (  must  be  parallel,  and  their  resultant 
Ta=  T+t=  634.88  lbs.,  which  being  combined  with  Q  = 
1000,  according  to  tar,  principles  of  the  composition  of 
forces,  will  give  N3,  and  with  F  will  give  JV"„  whence  every 
thing  required  to  determine  the  quantity  of  work  in  Eq. 
(165)  is  known. 

If  Eq.  (165)  be  divided  by  R's„  it  Y 


F=Q,^-^f-N'-isi+fNl-h 


wl.ioiii.-c 


and  by  substituting  above, 


E'  .  i?a   '  '       2    S    Bt    •J-  11" 

which  is  the  relation  subsisting  between  F  and  Q,  in  case 
of  an  equilibrium  bordering  on  motion  in  the  direction  of 
F,  or  in  the  direction  of  uniform  motion. 
If  we  disregard  the  friction,  then  will 

•  F  =  Q  ■  tftb; 
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When  the  motion  from  one  wheel  and  axle  is  communi- 1 
cated  to  a  second  machine  of  the  same  kind,  by  passing^ 
the  baud  about  the 
axle  of  the  wheel 
to  which  the  power 
F  is  applied,  and 
the  wheel  of  that 
to  whose  axle  Q  is 
applied,  then  will 
#j  be  the  radius  of 
the  first  axle,  and 
R,  that  of  tli.0  sec- 
ond wheel,  and  the 


gives  ns  this  rule, 


When  Hie  friction  is  so  small  thai-  it  'may  be  disregarded,  relation  of  powev 
F  will  be  to  the  resistance  Q,  as  the  product  of  the 
radii  of  the  axles  to  that  of  the  radii  of  the  -wh'ieh,  in  the  case 
of  an  equilibrium  or  -uniform  motion. 


%  238. — In  the  preceding  discussion,  no  mention  is  made  Rigidity  or 
of  the   resistance    arising  from,  the   stiffness   of  cordage.  nggto0^ 

When  the  connection  or  gearing  is  made  by  bands,  these 
are  so  thin  as  to  possess  considerable  lle.vihi.lity,  and  their 
opposition  to  bending  may,  in  practice,  ho  safely  neglected. 
If   the    connection 
be  made  by  an  end- 
less rope,  the   op- 
position to  motion 
takes  place  at  the 
points    where    the 
rope  bends  in  pass- 
ing on  to  the  drums, 
and  not  at  all  at 
the    points    where 
it  leaves  the  latter 
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and  becomes  straight.     Thus  at  the  point  a,  the  resist- 


at  the  point  b  it  is 


2-R* 


and  at  the  point  d  it  is 


and,  finally,  at  the  points  /  and  e  it  i 


These 
3  must  be  included  among  those  Lo  be  overcome 
by  the  power  F. 
rigidity  or  chains;       If  the  connection  be  made  by  an  endless  chain,  each 
link,  as  it  turns  in  the  next  one  in  order,  may  I 


as  a  trunnion  revolving  in  its  box ;  and  each,  as  it  comes 
to  be  applied  to  the  drum,  revolves  about  the  next  one 
through  an  angle  E'HE,  equal  to  I)  CD',  the  angle 
through  which  the  drum  revolves  to  produce  the  contact ; 
and  taking  the  sum  of  all  these  angles,  it  is  obvious  that, 
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although  each  link  revolves  through  a  very  small  angle, 
yet  this  sum  moat  be  equal  to  the  angle  through  which  the 
drum  has  turned  to  produce  it. 

Denoting  by  r  the  radius  of  the  inner  circular  arc  in  no 
which  the  end  of  each  link  is  shaped,  sH  the  arc  described 
by  the  point  at  the  distance  of  unity  from  the  axis  of  the 
drum  i?,  /  the  coefficient  of  friction,  and  T  and  t the  ten- 
sions on  the  two  brandies  of  the  chain,'  then  will  the  work 
of  friction  among  the  links  at  the  points  b  and /respec- 
tively, (figure  before  the  last,)  be 

/Trsz,       and      ftrs2;  •"> 

and  denoting  by  st  the  arc  described  by  a  point  at  the  dis- 
tance of  unity  from,  the  axis  of  the  drum  A,  the  work  of 
friction  at  the  points  e  and  d  will  be,  respectively, 

fTrsh       and      ftrs,;  * 

and  the  whole  amount  of  this  kind  of  work  will  be 

ft  (T  +()(■%  +  ■',)•  I 

Recollecting  that  the  points  on  the  surfaces  of  the  drums 
must  have  the  same  velocity,  viz. :  that  of  the  different 
links  of  the  chain,  we  have 

in  which  i?2  and  Bl  are  respectively  the  radii  of  the  drums 
B  and  A,    From  this  relation  we  find 


which,  substituted  above,  gives 


/r%(r+o(i  +  g).   ■   ■   (169).    "™8 
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Let  T  and  t  have  the  values  of  the  last  ex- 
ample, (that  of  the  strap,)  and  suppose  r  —  0.03,  the  chain 
of  wrought  iron,  for  which  we  find  in  the  table  of  §  225, 
(assuming  that/ is  the  same  lor  trunnions  of  wrought  iron 
in  boxes  of  the  same  material,  as.  for  trunnions  of  Wrought 
iron  and  boxes  of  cast  iron,)  /=  0.07 ;  also  let  the  radius 
of  the  dram  B  be  four  times  that  of  the  drum  A ;  then  will 
the  expression  (109)  for  a  single  revolution  of  the  drum  _B, 
in  which  case  sa  =  2  X  3.1416  =  0.2832,  become 


0.07  X  0.03  X  6.2832  (442.44  +  192.44)  (1  +  4)  =  41.88; 

that  is,  the  work  lost  in  consequence  of  the  friction  among 
the  links  of  the  chain,  during  one  revolution  of  the  drum 
of  the  wheel  to  which  the  resistance  in  applied,  is  sufficient 
to  raise  a  weight  of  nearly  42  pounds  through  one  foot  of 
vertical  height. 


§  239. — Let  us  now  suppose  the  circumferences  of  the 
leihun  wheels  to  be  furnished  with  teeth,  which,  interlock  with 
haeJa-  eac^  o&er-j  so  that 
a  force  being  im- 
pressed upon  one 
wheel,  it  cannot 
move  without  com- 
municating motion 
to  the  other. 

The  teeth  are 
usually  curved,  and 
so  shaped  as  to 
have  a  common 
normal  I)l  D2l  at 
is  of  their  point  of  con- 
tact to,  where  the 
action  of  one  and 

the  reaction  of  the  other  take  place ;    and  although  the 
point  of  contact  alters  its  position,  as  the  wheels  rotate. 
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yet    the    place    of  ^S-  ae3' 

this    normal    does  _,.- --..,_  / . 

not  change,  "but  re-  / 

mains     stationary, 
and  the  point  of       i  c*'~ 

contact    is    always         \  ""^  J  \       '"-■-.,v    "y'% 

on  it.    We  will  not  sv  ~s      \  *„ 

stop  to  explain  the  \ 

constructions       by 
which    this   is   ac- 
complished ;   it  will  be  sufficient  for  our  present  purpose 
to   be  assured  of  its;  practicability;  ;iud   that  we  may  pro- 
ceed on  the  supposition  that  it  h'.a  been  executed  in  the 
case  under  consideration. 

From  the  centres  C\  and  C,  of  the  wheels,  lot  fall  upon 
the  normal  B\  2)%,  the   perpendiculars   Ci  B1  and   C2  D%, 
The  points  jD,  and  Dt  must,  during  the  rotation  of  the  remise  v 
wheels,  have  the  same  absolute  velocity,  and  therefore  the  ""^T 
number  of  revolutions  of  the  wheel  whose  centre  is  Q,  in 
a  given  time,  must  be  to  that  of  the  wheel  whose  centre  ia 
(7a,  in  the  same  time,  inversely  as  the  perpendiculars  Ci-Mi 
and  <\  Ds ;  or,  because  of  the  similar  triangles  Qy  B  Z>,  and 
Cj-B-fl,  inversely  as  the  distances  Oi-B  and  C2R     The 
circles   described   about  (\  and   0%  as  centres,   with   radii 
C1B  and  C.2J>.  respectively,  are  culled  the  prhniava  circles,  primitive 
These  circles  and  their  radii  may  be  easily  found  from  the 
consideration  just  named.     It  will  be  our  object  to  find  a 
force  which,  applied  tangential ly  to  these  circles  at  B,  will 
produce  the  same  effect  as  friction  on  the  teeth. 

Denote  by  Q  the  resi.sta.nee  acting  at  the  distance  R 
from  the  axis  of  the  wheel  whose  centre  is  C2.  The  effect 
of  this  resistance  acting  at  ./)s,  in  the  direction  of  the 
normal  Dt  D2,  will,  from  the  principles  of  the  wheel  and 
axle,  be  Q1}  given  by  the  relation 


a  =  Q-^ff  ■  ■  ■  •  (MS)'; 
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and  this  §,  will  be  the  pressure  at  the  point  n 
tion  will  be 


acting  in  the  direction  qt  %  tangent  to  both  teeth  at  their 
point  of  contact.  The  elementary  quantity  of  wort  of 
this  friction  will  be 
equal  to  its  intensi- 
ty, multiplied  into 
the  elementary  dis- 
tance by  which  (.he 
nibbing  points  now 
at  to,  separate  in 
the  direction  of  this 
tangent;  which  dis- 
'  tance  is  obviously 
equal  to  that  by 
which    the    points 

gt  and  gs,  the  extremities  of  the  perpendiculars  let  fall 
from  C,  and  02  upon  the  common  tangent,  approach  to  or 
recede  from  each  other.  Denoting  the  elementary  path 
described  by  a  point  at  the  unit's  distance  from  <\  by  s„ 
and  that  described  at  the  same  distance  from  02  by  sa,  the 
paths  described  by  qt  and  &,  will  be,  respectively,  <\  j,  X  sh 
andt^g3  X  s2;  and  because  the  points  t/t  and  i[.z  must  move 
in  the  same  direction  when  the  tangent  q,_,  </,  passes  between 
the  centres  (7,  and  Glt  the  elementary  path  of  friction  will 
be  equal  to  the  difference  of  these  paths,  and  its  elemen- 
tary quantity  of  work  will  equal 

Designating  the  radii  of  the  primitive  circles  whose  cen- 
tres are  (\  and  Ga  by  /^  and  Ji.3,  respectively,  we  have, 
because  of  the  equal  velocities  of  the  circumferences  of 
these  circles, 
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whence  J 

Moreover,  drawing  through  the  point  B  the  line  %  Zj, 
parallel  to  the  tangent  q2qit  and  demoting  the  angle  mBG^ 
which  is  the  complement  of  the  angle  CsBxh  by  f>,  and 
the  distance  m  B  by  h,  we  find 

0aq2  =  B?  cos  ip  +  A, 

^  ?i  =  -^1 cos  P  —  ^  j 

these  values  of  sa  (7S<?2,  and  f^ft,  substituted  in  the  ex- 
pression for  the  elementary  work  of  friction,  give 


Denote  by  w  the  intensity  of  a  force  which,  applied 
tangentia.liy  to  the  primitive  circles  at  B,  will  produce  the 
same  effect  as  the  friction.  Its  elementary  work  will  be 
w  Bj  su  and  hence 


,  the  angle  B  (\  m  by  6,  In  practice,  the 
angle  mBOl  does  not  differ  much  from  90°,  and  we  may 
take 

h  =  E1t&aS; 
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and  because  A  is  gene;1  ally  very  small,  Uio  tangent  may  "be 
i  the  arc,  and 


:  i^fl; 


which,  substituted  above,  g 


L.!'::ri.iii  .1  1.H-1M' 


=/«- 


(171). 


The  value  of  a  varies  from  a  maximum  to  zero  on  one 
side  of  the  line  of  the  centres  i\  0.,,  and  iVoni  zero  to  a 
second  maximum  on  the  opposite  side  of  this  line;  the 
first  maximum  corresponds  to  thai  position  of  in  in  which 
any  two  teei.h  come  first  in  contact,  and  the  second  to  that 
in  which  the  contact  ceases;  the  i  etc  :■  mediate  or  zero  value 
occurs  when  m  is  on  the  line  of  the  centres.  The  quantity 
6  being  thus  variable,  it  must  be  replaced  by  a  constant, 
and  this  constant  must  lie  a  mean  of  all  the  values  between 
the  two  maxima.  Designating  the  first  of  these  by  fl„  and 
the  second  by  &s,  lay 
off  the  distance  A  E 

=  fl] ;    erect  at  A  the  Kg-  264. 

perpendicular  A  G  ~ 
fl( ;  draw  GE:  then 
will  the  ordinates  of 
this  line  which  are 
parallel  to  AG-  repre- 
sent the  different  val- 
ues of  6,  and  the  area 

of  the  triangle  EA  G  will  be  the  sum  of  all  the  values  of 
i  between  it  and  zero.  Again,  make  EB~62;  erect  at 
B  the  perpendicular  BG'"  =  &3;  draw  G'"E;  the  area 
of  the  triangle  EBG'"  will  be  the  sum  of  all  values  of 
6  between  zero  and  S2.     Make 


' 

/ 

x                    B 

1!  0 


et*  +  6 
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complete  the  rectangle  BO',  and  draw  A  0;  then  will  the  « 
triangle  ABO  he  equivalent  to  the  sum  of  the  triangles 
A. El?  and  EBG'",  and  therefore  equivalent  to  the  sum 
of  all  values  of  0  between  ix  and  62,  the  mean  of  which  is 
obviously  the  middle  ordinate. 


=  \B0 


kB  +  6z   _  ("j  +  *sf  -  2  '!i  4  _  a,  +  6e       6t  6. 


2(3,  +  ^)  2^  +  da)  2         h  +  62 

Neglecting  the  last  term  as  insignificant, 


Multiplying  by  i?(,  we  find  that  i^  (a,  +  ^)  is  the  interval 
between  the  place  of  the  first  and  last  point  of  contact  of 
the  same  pair  of  teeth,  estimated  on  the  circumference  of 
the  primitive  circle ;  denoting  this  interval  "by  a,  and  sub- 
stituting in  Eq.  (171),  we  find 


=  /ft 


/£  £  2        y  Vl  \  2  &    ^2  i?,  / 


Denote  the  number  of  teeth  on  the  wheel  whose  centre  is 
Cj  by  n,,  and  the  number  on  the  wheel  whose  centre  is  Cs 
by  Ji2 ;  then,  Localise  the  teeth  and  intervals  between  them 
must  be  the  same  on  each  circumference,  in  order  to  work 


2  *  .#!        2  *  E2 


which,  substituted  above,  gives 


Replacing  ft  by  its  value  given  in  Eq.  (1 69)',  and  recollect- 
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ing  that,  within  the  Incite  supposed,  C,  l).2  becomes  i?a,  we 
finally  have 

•-"■*■  £?£?)■  • (172)' 

To  find  the  quantity  of  work,  multiply  both  members  of 
this  equation  by  R2s^  which  will  give 

wi^Sa  =  /*hQS-VLt^i   .    .    (173). 

Example.  Required  the  work  consumed  in  each  revo- 
lution by  friction  on  the  teeth  of  a  wheel  whose  arbor  ia 
subjected  to  a  resistance  equivalent  to  1000  pounds,  the 
number  of  teeth  on  the  wheel  being  64,  and  that  of  the 
connecting  wheel  being  192 ;  let  the  teeth  be  of  cast  iron, 
and  suppose  the  radius  of  the  arbor  equal  to  0.8  foot. 

Here,  R  =  0.8 ;  Q  =  1000  lbs. ;  s,-2x  3-1416 ;  *  - 
8.1416 ;  /=  0.152 ;  ^  =  64 ;  «,  =  192  ;  and,  therefore, 

u  £u  sa  =  0.162  X  3.14X6  X  6.2832  X  1000  X  0.8  -----  ==  B0 ; 

that  is  to  say,  the  quantity  of  work  consumed  in  one  revo- 
lution by  friction,  on  the  teeth,  in  the  case  supposed,  is  suf- 
ficient to  raise  50  pounds  through  a  vertical  distance  of  one 


XX. 

THE     8  O  E  E  W. 

The  Screw,  regarded  as  a  mechanical  power,  is  a  device 
by  which  the  principles  of  the  inclined  plane  are  so 
applied  as  to  produce  considerable  pressures  with  great 
s  and  regularity  of  motion. 
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Fig.  1  <\r,. 


§  240. — To  form  a  clear  idea  of  the  figure  of  the  screw  somi 
and  its  mode  of  action,  conceive  a  right  cylinder  ah,  with  Bqi"" 
circular  base,  arid  a,  rectangle  a  l  a  m  having  one  of  its  sides 
ah  coincident  with  a  surface  element,,  while  its  plane  passes 
through  the  axis  of  this  cylinder. 
Nest,  suppose  the  plane  of  the  rect- 
angle   to    rotate    uniformly  about 
the  axis,   and  the  rectangle  itself 
to  move  also  uniformly  in  the  di- 
rection of  that  line ;   and  let  this 
twofold  motion  of  rotation  and  of 
translation  be  so  regulated,  that  in 
one  entire  revolution  of  the  plane, 
the  rectangle  shall  progress  in  the 
direction  of  the  axis  over  a  distance 
greater   than    the   side   ab,   which 
is  in  the  surface   of  the  cylinder. 

The  rectangle  will  thus  generate  a  projecting  and  winding 
solid  called  a  fillet,  leaving  between  its  turns  a  similarly  the  aiioi,  c: 
shaped  groove  called  the  channel     Each  point  as  m  in  the  au     fl  he 
perimeter  of  the  moving  rectangle,  will  generate  a  curve 
called  a  helix,  and  k-  is  obvious,  from  wbat  has  been  said, 
that  every  helix  will  enjoy  this  property,  viz. :  any  one  of 
its  points  as  m,  being  taken  as  an  origin  of  reference,  as 
well  for  the  curve  itself  as  for  its  projection  on  a  plane 
through  tb.is  point  and  at  right  angles  to  the  axis,  the  dis- 
tances d'm',  d"m",  kc,  of  the  several  points  of  the  helix 
from  this  plane,  are  respectively  proportional  to  the  circu-  properties 
lar  arcs  md\  md",  &c.,  into  which  the  portions  huh',  mm",  tell!t' 
&c.  of  the  helix,  between  the  origin  and  these  points,  are 
projected. 

The  solid  cylinder  about  which  the  fillet  is  wound,  is 
called  the  newel  of  the  screw;  the  distance  mm'",  between  newel; 
the  consecutive  turns  of  the  same  helix,  estimated  in  the 
direction  of  the  axis,  is  called  the  helical  interval.     The  heiicm  im* 
surfaces  of  the  fillet  which  arc  generated  by  the  sides  of 
the  rectangle  perpendicular  to  the  axis,  arc  each  made  up 
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of  a  series  of  helices,  all  of  which  have  the  same  interval, 
though  the  helices  themselves  are  at  different  distances  from 
the  axis.  The  inclination  of  the  different  helices  to  the 
axis  of  the  screw,  increases,  therefore,  from  the  newel  to 
the  exterior  surface  of  the  fillet,  the  same  helix  preserving 
its  inclination  un- 
changed throughout. 
The  screw  is  re- 
ceived into  a  hole  in 
a  solid  piece  B  of 
metal  or  wood,  called 
a  nut  or  burr.  The 
surface  of  the  hole 
through  the  nut  is 
furnished  with  a  wind- 
ing fillet  of  the  same 
shape  and  size  as  the 
channel  of  the  screw, 
which  it  occupies ; 
while  the  fillet  of  the 
latter  fills  tip  the 
channel  of  the  nut, 
formed  by  the  turns 
of  its  fillet,  whose 
inner  surface  is  thus 
"brought  in  contact 
with  the  newel. 

From  this  arrangement  it  is  obvious  that  when  the  nut 
of  is  stationary,  and  a  rotary  motion  is  communicated  to  the 
screw,  the  latter  will  move  in  the  direction  of  its  axis  ;  also 
when  the  screw  is  stationary  and  the  nut  is  turned,  the  nut 
must  move  in  the  direction  of  the  length  of  the  screw.  In 
the  first  case,  one  entire  revolution  of  the  screw  will  carry  it 
longitudinally  through  a  distance  equal  to  the  helical  inter- 
val, and  any  fractional  portion  of  an  entire  revolution  will 
carry  it  through  n,  proportional  distance;  the  same  of  the 
nut,  when  the  latter  is  moveable  and  the  screw  stationary. 
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The  resistance  Q  is  applied  cither  to  the  head  of  the  screw, 
or  to  the  nut,  depending  upon  which,  is  (lie  jnoveahie  ele- 
ment; in  either  case  it  acts  in  the  direction  D  G  of  the 
axis.     The  power  F  is  applied  at  the  extremity  of  a  bar  application! 

Gil  connected  with  the.  screw  or  nut.  and  acts  in.  a  plane  1,esiatanc* "" 

'  f  power; 

at  right  angles  to  the  axis  of  the  screw.  Denote  the  per- 
pendicular distance  of  the  line  of  direction  of  F  from  the 
axis  of  the  screw  hy  /',  and  the  helical  interval  by  h;  then 
will  the  quantity  of  work  of  the  power  F,  in  one  revolu- 
tion, supposing  it  to  retain  the  same  distance  from  the  axis. 


F  X  2«2t;  p< 

and  the  quantity  of  work  of  the  resistance  will  be 

Q  X  h.  * 

The  power  F  and  resistance  Q,  both  act  to  press  the  fillet 
of  the  screw  and  that  of  the  nut  together,  the  first  acting 
at  right  angles  to,  and  the  latter  in  the  direction  of  the 
axis.  To  find  the  work  of  friction  thence  arising,  it  will 
be  necessary  to  find  a  force  Fu  parallel  to  F,  whose  effect 
at  the  fillet  is  the  same  as  that  of  F,  acting  at  the  distance 
R  from  the  axis,  and  to  resolve  both  Ft  and  Q  into  two 
components,  one  normal  and  the  other  parallel  to  the 
common  surface  of  the  pressing  fillets.  But  the  surfaces 
being  warped,  the  normals  at  their  diilerei.it  points  will  be 
oblique  to  each  other,  and  so  inclined  to  the  axis  that  the 
normal  components  of  the  resistance  Q,  near  the  newel, 
will  be  less  than  those  towards  the  outer  surface  of  the  in 
fillet,  while  the  reverse  will  be  the  case  with  the  power  iq.  hl 
The  resolution  must,  there 'ore,  be  made  with  reference  to  a 
normal  at  a  helix  midway  between  the  newel  and  outer  sur- 
face. This  helix,  like  all  others,  is  situated  upon  the  sur- 
face of  a  cylinder  of  which  the  axis  coincides  with  that  of 
the  screw.     Denote  the  radius  of  this  cylinder  Ora"  by  r 
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Conceive  a  tangent  plant:  to  this  cylinder  at  any  point,  as 
mlv,  and  two  cutting-planes  normal  to  the  axis,  and  at  a 


Fig.  ; 


distance  from  each  other  equal  to  a  helical  interval,  and 
equally  distant  from  m".     If  we  now  develop  the  portion 
of  the  cylindrical  surface,  included  between  the  cutting- 
planes,    on   the   tan- 
gent plane,  the  sur- 
face of  the  cylinder 
will  become  a  rectan- 
gle whose  base  A  E 
is  equal  to  2  <k  r,  and 
whose  altitude  EB  is 
equal  to  h  ■  and  the 
helix  will  become  the 
diagonal   A  B.     De- 
note the  length  of  the 
,  helix  AB  by  I.   Then 
draw  the  normal  mlv  L,  and  resolve  Q  and  Fi  as  before 
stated.     Since  Q  =  m"  K  is  perpendicular  to  AE,  and 
L  m'v  perpendicular  to  A.  B,  the  angles  L  mlv  K  and  E  A  B 
are  equal ;  also,  since  F%  =  Im"  is  perpendicular  to  BE, 
the  angles  Imlv  L  and  ABE  are  equal,  and  the  triangles 
ABE,  lm"0,  and  LvifK,  being  right  arigled^are  similar, 
and  give  the  proportions 


I 


Q    :    Zm", 
Ft    :     m"0; 
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"whence 


B-  -  -T- 


mlv  Q  =    h.Fl  .  « 

'  pi 

and  the  total  pressure,  which  is  equal  to  the  sum  of  mlv  0 
and  m"  L,  becomes 

I         ^         I     '  p> 

and  the  friction 

f(2*rQ  +  hlQ.  „ 


and  since  in  one  revolution  the  path  described  by  this 
friction  is  the  diagonal  A  B  =  I,  its  quantity  of  work 
will  be 

f(2«rQ  +  KFfr  I 

and  because  the  work  of  the  power  F  must  equal  the 
work  of  the  resistance  Q,  increased  by  that  of  the  friction, 
we  have 


wiu-U  [it  friction  ; 

But  the  effect  of  F  and  Ft  being  the  same,  their  quantities 
of  work  must  be  equal,  and  hence 

2*RF  =  2*r^i; 
whence 

F,  =  F-; 
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which   substituted    in   the   preceding   general   equation, 
we  get 


and  finding  the  value  of  F, 

_  _  „    U  +  If 


Z*Rr-fRh' 


(174). 


Multiplying  both  members  by  2  *  R ;  then  adding  and 
subtracting  Qh,  in  the  second  member  of  this  equation, 
we  find 

2*.S.J'=gA+/ggy;l/^.    ■    (175), 

in  which  the  work  absorbed  by  friction  is  given  by  the 
hist  term ;  that  is  to  say,  by 


If  we  neglect  the  consideration  of  friction,  or  make  /  =  0, 
we  find,  from  Eq.  (174),  simply 


Q  X 


■lr.    W 


that  is,  the  power  is  to  the  resistance  as  the  helical  interval 
is  to  the  circumference  described  by  the  extremity  of  the 
perpendicular,  drawn  from  the  axis  to  the  direction  of 
the  power.  JVorn  which  it  is  obvious  that  the  power  of 
the  screw  may  be  increased,  either  by  diminishing  the 
distance  between  the  thread  or  fillet,  or  by  increasing  the 
distance  of  the  power  from  lhc  axis. 
If  we  examine  the  expression 
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we  shall  find  that  the  numerator  of  the  fractional  factor 
increases  more  rapidly  than    the   denominator    for    any 
increment  in  the  value  of  r,  the  radius  of  the  mean  helix. 
For  this  reason,  r  should  be  made  as  small  as  possible  ™>'"' 
consistently  with  sufficient  strength.  ™  *™ 

Let  b  0  be  the  radius  of  ™in 

the  interior  helix,  or  that 
of  the  newel,  and  a  0  that 
of  the  exterior  helix ;  it  is 
usual  to  make  the  projection 
a  6,  of  the  fillet,  equal  to  the 
thickness  ad,  measured  in 
the  direction  of  the  axis; 
and  for  facility  of  execution, 
the  dimensions  of  the  chan- 
nel are  made  equal  to  those 
of  the  fillet,  that  is  to  say, 
ab  is  made  equal  to  ad;  in 
which  case,  the  helical  in- 
terval a  a'  will  be  equal  to 
2  a d  =  2  ab,  when  there  is 
but  a  single  fillet.  Should 
there  be  two  fillets,  which 

are  often  employed  to  increase  the  helical  interval  without 
changing  the  size  of  the  newel,  and  therefore  of  r,  then  rule; 
will  the  helical  interval  be  4  a  b.  Considerations  affecting 
the  union  of  sufficient  strength  with  least  friction,  have 
suggested  this  general  rule  in  regard  to  the  projection  of 
the  fillet,  viz. :  make  the  projection  a  b  equal  to  one  third 
of  the  radius  0  b  of  the  newel,  or 


ab  =  \0b. 


This  will  give 
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and 

Ob  -f  \ab  =  r  =  'dab  +  \ab  =  \ab; 
and  because  h  =  2  a  b, 


which  substituted  for  r,  in  the  expression  for  the  friction, 
gives 


7 
expression  reduces  to 


to  which  it  is  very  nearly  equal,  the 


J  22 


To  apply  this  to  a  particular  example,  let  the  screw  be 
made  of  wrought  iron,  and  the  nut  of  brass,  and  suppose 
an  unguent  of  tallow,  in  which  case  /=  0.103,  see  Table 
III,  §  212 ;  hence  the  value  of  the  friction  becomes 

1.152   X    Qh; 

which,  substituted  in  Eq.  (175),  gives 

%*B.  F  =   Qh  +  1.152  Qh  =  2.152  Qh; 

whence  we  see,  that  friction  occasions  a  loss  of  work 
greater  than  the  whole  work  performed  by  the  resistance. 

|  241. — The  endless  screw  is  employed  to  transmit  a 
very  slow  motion,  and,  at  the  same  time,  to  overcome  con- 
stance.     It  is  a  short  screw,  with  square  fillet, 
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m;  -i'sre  ct';:;uih 


and  so  supported  as  to  revolve  freely  about  its  axis,  with  mm  and 
no  motion  of  translation.     It  is  usually  turned  by  means  d03C,iPtto11 
ofacrank.  Thenlletpass- 
es  between  teeth  on  the 
circumference  of  a  wheel  Kfj-  aTo. 

of  which  the  axis  is  per- 
pendicular to  that  of  the 
screw.  The  resistance  Q 
is  applied  to  the  circum- 
ference of  the  arbor  of  the 
wheel.  The  rubbing  faces 
of  the  teeth,  instead  of  be- 
ing parallel  to  the  axis  of 
the  wheel,  are  slightly  in- 
clined to  that  line,  so  as 
to  make  them  parallel  to 
the  surface  of  the  fillet 
when  the  latter  is  brought 
in  contact  with  the  teeth. 

A  rotary  motion  being  eoirmu mica. ted  to  the  screw,  its  fillet 
presses  against  the  teeth  of  the  wheel ;  and  as  the  screw 
can  have   no  longitudinal   motion,  the   wheel   must  turn 
about  its  axis.     As  the  teeth  are  withdrawn  towards  one  operation! 
end  of  the  screw,  others  arc  interposed  towards  the  other  ™'" llJ1' 
end,  find  thus  an  endless  motion  may  be  kept  up ;  hence 
the  name  of  the  machine. 
A   plane  through  the 
axis  of  tlieserew  and  per- 
pendicular to  that  of  the 
wheel,  will  cut  from  the 
rubbing    surfaces  of   the 
fillet  and  teeth  a  profile; 
and  if   we    confine    our- 
selves to  what  takes  place 
in  this  plane  during  the 
motion,  we  shall  find  that 
the  circumstances  will  be 


Fig.  iiU. 
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tlie  same  as  those  of  two 
sspf  wheels  acting  upon  one 
another  through  the  inter- 
vention of  teeth ;  for,  as 
the  screw  turns  about  its 
axis  to  bring  different 
parts  of  the  fillet  in  this 
cutting  plane,  the  section 
ab  will  move  in  the  direc- 
tion from  A  to  B,  driving 
the  section  h  e  of  the  tooth 
before  it. 

Let  Q,  be  the  force  applied  at  b  in  the  direction  A  B, 
which  is  tangent  to  the  circumference  whose  centre  is  on 
the  axis  of  the  wheel,  and  whose  radius  is  Oe  =  B„  and 
which  will  sustain  the  resistance  Q  in  equilibrio :  then  de- 
noting by  N  the  resultant  of  Q,  and  Q,  by  r  the  radius 
of  the  arbor,  and  by  r,  that  of  the  trunnion,  will 


<l  H,  -: 


Qrs,  +/iv>,S 


in  which  s,  is  the  arc  described  fit  the  unit's  distance  from 
the  axis  of  the  wheel. 
Dividing  by  M,  s„ 


'  l! 


+  f& 


■!'■: 


(176). 


Find,  by  theprocessoxplainedin  g2;H,  hlqs.  (157)  to  (160), 
the  value  of  Q,  and  N.  The  pressure  upon  the  tooth  at  b 
will  thus  be  know) i,  being  djuai  to  Q„.  This  pressure  pro- 
duces a  friction  upon  the  teeth  of  which  the  value  is 


■■=/«, 


4  +  ^ 


wherein  n  denotes  the  number  of  teeth  on  the  wheel  whose 
centre  is  C.  and  ri  the  number  on  the  other.     But  the  cir- 
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cumference  of  this  latter  wheel  being  a  right  line,  i. 
finite  as  well  as  the  number  of  its  teeth ;  hence 


and  the  foregoing  becomes 

/« ■ 


which  must  be  added  to  Q.  to  obtain  the  force  necessary 
to  turn,  the  wheel  and  to  obtain  tl  10  total  pressure  on  the 
fillet  of  the  screw.     This  sum,  which  is 


being  substituted  lor  Q  in  I0q.  (175),  will  give 

2,bf=  0,(1  +/i)h  +  /«,(i  +f$lXi-fhi 

or 
»,**  =  ft(l  +/1)  [l+/.|±±^]  .  .  (177).—?'"°* 

In  the  discussion  of  the  screw,  no  reference  has  been 
made  to  the  friction  on  the  pivots  and  collars  by  which  friction  on  pivots 
the  screw  is  kept  in  position.     It  will  always  be  easy  to  *"  j™,^™ 
find  this,  in  any  particular  case,  by  the  rules  for  finding 
the  friction  upon  pivots,  sockets,  and  shoulders  or  rings, 
explained  in  §  223. 
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THE    LETBE. 


§  242. — The  Lever  is  a 
solid  bar  A  B,  of  any  form, 
supported  by  a  fixed  point 
0,  about  -which  it  may  freely 
turn,  called  the  fulcrum. 
Sometimes  it  is  supported 
upon  trunnions,  and  fre- 
quently upon  a  knife-edge. 
Levers  have  been  divided 
into  three  different  classes, 
called  orders. 

In  levers  of  the  first 
order,  the  power  F  and  re- 
sistance Q  are  applied  on 
opposite  skies  of  the  ful- 
crum 0;  in  levers  of  the 
second  order,  the  resist  anew 
Q  is  applied  to  some  point 
between  the  fulcrum  0  and 
point  of  application  of  the 
power  F;  and  in  the  third 
order  of  levers,  the  power 
F  is  applied  "between  the 
fulcrum  0  and  point  of 
application  of  the  resist- 
ance Q. 

The  common  shears  fur- 
nish an  example  of  a  pair 
of  levers  of  the  first  order ; 
the  nut-crackers  of  the  sec- 
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ond;  and  fire-tongs 
of  the  third.  In  all 
orders,  the  conditions 
of  equilibrium  are  the 


.fig.  '>',:;. 


§  248.— When  the  lever  is  supported  upon  a  point,  the  Equiiibr 
equilibrium  requires  that  the  resultant  of  the  power  and  wMoll  n 
resistance  si i all   pass  through  this  point   in  order  to  be  fuerum 
destroyed  by  its  reaction ;  to  have  a  resultant,  the  power  p     ' 
and  resistance  must  -lie  in  the  same  plane,  and  as  the  re- 
sultant will  also  be  in 
this  plane,  the  power, 
resistance,    and    ful- 
crum, must  be  in  the 
same.     If  the  result- 
ant pass  through  the 
fulcrum,  its  moment 
taken     in     reference 
thereto  must  be  zero, 
which   requires   that 
the   moment   of   the 
power  shall  be  equal 
to  that  of  the  resist- 
ance.    That  is,  when 

a  lever  A  B  is  in  equilibrio  and  solicited  by  the  power  i'Vomeni 
and  resistance  Q.  0  being  the  fulcrum,  if  we  draw  from  ^'.'.'j'V,^, 
this  latter  point  Om  and  On,  perpendicular  respectively 
to  the  direction  of  the  power  arid  resistance,  then  will 


F  X   On 


Q  X    On. 


If  the  lever  turn  upon  trunnions,  then  will  the  moment  of  when  lever  i 
the  power  F,  be  equal  to  that  of  the  resistance  increased  ^^m,.01 
by  the  moment  of  the  friction  on  the  trunnion.     Designa- 
ting the  radius  of  the  latter  by  r,  then  will 
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'  X    On  +/IT.T 


i  which  N  is  the  resultant  of  F  and  Q. 
Multiplying  both  members  by  s„  we  have 


F  X    0 m  X  s,  =    Q  X    On  X  8,  +  fNr .  s, ; 

that  is  to  say.  Urn  quantity  of  work  of  the  power  F,  must  he 

equal  to  that  of  the  resistance  Q,  increased  by  the  quantity  of 
■work  of  the  faction, 

§  244. — The  lever  is  not  intended  to  produce  a  con- 
,s  tinuous  rotation,  but  is  usually  employed  to  move  a  heavy 
burden  or  great  resistance  through  a  abort  distance  during 
each  separate  effort  of  the  power. 

It  is  not,  therefore,  always  neceaaary  to  make  it  turn 
about  trunnions  which  generally  operate  to  disadvantage; 
since  these,  to  afford 


Tig.  -z-i. 


resistance. 
must  be  large,  which 
inereaaes  the  term 
fNrs,,  or  the  quan- 
tity of  work  absorbed 
by  friction.  If  the 
lever  be  laid  upon  a 
simple  knife-edge,  r 
becomes  zero,  and  the 
forego  i  ng  equation  be- 
comes 


-.■  .  .....  ...   >,.;v.,...^ ..    .. 


F  x   Om  x  ■ 


X    On   X   B„ 


making  the  quantity  of  work  of  the  power  equal  to  that 

of  the  resistance.     The  advantage  of  this  machine,  the 

uBOBiiy  the  lew  most  simple  of  all,  is,  that  it  transmits  without  loas,  the 

tranamit»wi    vt  W0Jfc  Qf  fae  pOWfir  to  the  resistance.     But  this  is  not  all, 

teaisiaaoa ;         a  simple  change  in  the  point  of  support  or  fulcrum,  which 
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may  be  made  at  pleasure,  gives  the  means  of  establishing 
any  desired  relation  between  the  power  and  resistance. 
If,  for  example,  the  point  of  support  0  is  placed  so  that 
the  distance  On  is  one  thousandth  part  of  Om,  then  will 

*■=-«_; 

1000  ' 

whence  we  see  that  with  a  very  small  power  we  may  hold  to  eriect  a  give: 
in  equilibrio  an  enormous  resistance ;  but  as  the  quantity  J^?™^*  of 
of  work  of  the  resistance  rims',  equal  that  of  the  power,  power  increase 
the  path  describe!:!  by  the  point  of  implication  of  the  latter1   pK   ' 
must  increase  in  the  same  proportion. 

To  give  an  idea  of  the  time  necessary  to  raise  a  heavy 
burden  through  a  moderate  height  with  the  lever,  suppose 
the  weight  to  be  raised  is  2000000  pounds,  and  that  it  is 
to  be  elevated  five  feet.  The  quantity  of  work  will  be 
2000000  lbs.  X  5  ft.  =  10000000  lbs.  Supposing  a  man  to 
act  by  his  weight  =  150  lbs.  at  the  end  of  a  lever,  he  would  example  to 

10000000     muattalelhLB; 

have  to  describe  a.  path  equal  m  length  to  — =-~tt = 

86666  feet,  nearly.  If  in  each  second  of  time  he  move  the 
point  of  the  lever  at  which  he  applies  his  weight,  through 

a  distance  of  0.2  ft.,  he  will  require       .„      =  3383S3 

seconds  nearly,  —92.6  hours  nearly,  —9.26  days,  suppo- 
sing the  man  to  labor  10  hours  a  day:  in  fact  a  man  left 
to  his  individual  efforts  would  never  accomplish  such  a 
task. 

This  example  shows  us  that  the  lever  is  only  useful  for  practical  use  o 
momentary  efforts,  and  when  the  burden,  being  considers- tlieleve1'- 
ble,  is  to  be  moved  through  a  very  small  distance. 
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atwood's  machine. 


§245. — We  shall  terminate  this  branch  of  c 
with  a  discussion  of  an  instrument  whoso  object  is  an  ex- 
perimental verification  of  the  laws  of  con-slant  forces.    This 
instrument  is  tin;  invention  of  A./;ia>o<Jf  an   Rnglish  philoso- 
pher, and  bears  his  name.     Before  proceeding  to  describe 
it,  let  us  first  find  the  circumstance  of  motion  under  the 
general  case  of  which  the  machine  in  question  is  but  a 
particular  instance.     For  this  purpose,  let  AJB  and  A  D  be 
two  inclined  planes 
having  a  common 
altitude    AE;    II 
and  II',  two  wheels 
of  different  diame- 
ters mounted  upon 
the  same  arbor,  to 
which     they     are 
firmly       attached, 
and  of  which  the 
axis    is    supported 
upon  trunnions  par- 
allel to    the   com- 
mon intersection  of 
the  two  planes ;  W 

and  W  two  weights  supported  upon  the  inclined  planes 
by  means  of  cords  c  andc'  wound,  the  first  about  the 
m  wheel  R  and  the  second  about  the  wheel  H',  the  cords  be- 
ing parallel  to  the  inclined  planes.  Now  if  the  weight 
W  be  made  sufficiently  heavy,  it  will  overcome  all 
opposition  to  motion  and  slide  down,  the  plane  A.B,  while 
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the  weight  W  must 

Fig.  2'iii. 

from  its  connection 

A 

move  up  the  plane 
AD,   It  is  required 
to  find  the  circum- 

ry      \f 

¥ 

stances  of  motion. 
Denote    the   angle 

f"\  I 

which    the    planes 

a ~fi 

A  B  and  A  D  make 

{  with  the  vertical  A  M,  by  <p  and  9' ;  the  radius 
of  the  wheel  H  by  M,  that  of  H'  by  R',  and  that  of  the 
trunnion  by  r.  The  pressure  of  W  upon  the  plane  A  B 
we  have  seen,  is 


W  sin  s : 

that  of  W  on  the  plane  AD  is  x 

1 

W  .  sin  9' ; 

and  the  friction  on  the  planes  A  B  and  ^  D  -will  be,  re- 
spectively, 

fW.smy,      and      /W'sin<p'.  t 

The  stiffness  of  the  cord  c',  which  alone  opposes  the  mo- 
tion since  the  cord  0  unwinds,  is,  §  229, 


,  f +J.(fl). 

2  # 


in  which  tf,  represents  <P,  d*>  n,  or  d  in  Eqs.  (127)  to  (130), 
inclusive,  according  to  the  cord  or  rope  used,  and  (Q) 
the  tension  of  the  cord  c'.  This  latter  is  equal  to  the 
component  of  W  parallel  to  the  plane  AD  —  TT'cos<p', 
increased  by  the  friction  due  to  its  normal  component 
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—  /  W  sin  if' ;  that  is  to  say, 

JZ«    (Q)=W'«,sr'+fW!int'=  H"(co.»>'  +  fin,'); 

which.  KiihsLitaiot'l  in  the  expression  above,  lot'  t!ic  .-.till tu: >■;•; 
of  the  cord  c',  gives 

,  K  +  I.  W'{cos<f'  +  f.&ntp') 

1  .        d' " 2R'  "         ~- 


k-iipt.Ii  0!  j)ri[l 

weights  ; 


At  the  instant  motion  be- 
gins, let  the  centres  of  grav- 
ity of  W  and  W  "be  at  <?' 
and  (?„  respectively,  and  in 

any  subsequent  instant  tit 
G"  and  (7„;  denote  the  dis- 
tance G'G"  by  x,  and  &',(?„ 
by  x\  then  will  x  and  x'  be 
the  paths  described  by  the 
centres  of  gravity  parallel  to  the  planes  in  the  interval; 
and 

x  cos  ip,       and      x'  cos  y', 
will  be  the  corresponding  distances  .In  the  direction  of  the 

weights. 

The  quantity  of  work  performed  by  W  will  be 

:;  Wx  COS  <p, 

and  that  performed  by  W  in  the  same  time, 
:J  —  Wx'  eos  p', 

and  the  total  quantity  of  work  of  both  will  he 
Wx  cos  if  —    W  x'  cos  <p'. 
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The  quantity  of  work  absorbed  by  friction  on  the  plane 
ABis 

f.W.xm*,  I 

p1 

and  that  n  bsorbed  by  friction  on  the  plane  A  D  is 

/.  W  x'  sin  $',  a 

and  the  total  quantity  absorbed  by  friction  will  be,  sup- 
posing the  unit  of  friction  the  same  on  both  planes, 

f{Wx  sin  <p  +  WW  sin  ip').  » 

The  quantity  of  work  absorbed  by  the  stiffness  of  the  cord 
c'  will  be 

,  K  +  I,  W'  (cos  m'  +  /"sin  a,')     , 

*• is  : 

The  work  consumed  by  friction  on  the  trunnions  will  be 

fir-'-:;  I 

in  which  N  is  the  resultant  of  the  tensions  of  the  cords  c 
and  c';  in  other  words,  is  (lie  diagonal  of  a  parallelogram, 
of  which  the  cuni.iguons  sides  have 

Wcos  v  —  f  Wem  9,     and     W  cos  •?'  +  f  W  sin  <p',     lh 

for  their  values,  and  p  +  9'  for  their  inclination  to  each 
other,    s,  is  the  arc  described  at  the  unit's  distance  from 

the  axis. 

The  work  absorbed  by  the  inertia  of  the  wheels  and 
arbor,  or,  which  is  the  same  thing,  half  the  living  force  of 
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Hie  wheels  and  arbor  will.  §  159.  Eq.  (60)",  be 

V'l   =    gV'l 
2  %g    ' 

m  which  Fj  is  the  angular  velocity,  and  /  the  moment  of 
inertia. 

Denote  by  Ftbe  velocity  of  the  body  whose  weight  is 
W,  and  by  V  that  of  the  body  whose  weight  is  W ;  the 
living  force  of  the  first  will  be 

wv2 


and  that  of  the  second, 

w  rfi , 
s     ' 

and  the  quantity  of  action  in  the  two  bodies,  will.be 
WV3  +   W'V'2 

The  quantity  of  wort  of  the  weights  produces  the 
living  force  of  the  bodies,  that  of  the  wheels  and  arbor, 
as  well  as  the  work  of  friction  and  that  of  the  stiffness  of 
cordage;  hence 

w  f3  +  w  F" 


The  variables  in  this  equation,  for  the  same  inclination  of 
the  planes,  are  F,  V,  Vi,  x,  x',  and  s, ;  but  these,  by  the 
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nature  of  the  system,  are  connected  "by  the  following  rela- 
tions, viz.: 


x  :  x1  :  :  B  :  S  .'.  x'  = 
1  ;  B  ::  s,  :  x  .;  s,  = 
R  :    V  : :    1    :  7,   .-.    Ft  = 


■   -    ■    (180),        ^onbe,. 

the  unguis 


.  .  (181),    •»■"■• 

.  .  (182). 


Those  values  of  Vu  V,  x',  and  s„  being  substituted  in 
iq.  (178),  will  give 


wr'  +  wv*- 


+  ■*, 

and  solving  this  equation  with  respect  to  V3, 

W.mt-W§  ■«»»' 
-/dConj-IP-  f  ■««»')         „,„,„ 

ir  irH-j.ip.(m>'+/.iii»')  "•'""" 


W+W-ls,  +  ,~i 


The  coefficient  of  x  containing  no  variable,  we  find 
that  the  space  described  by  the  body  on  the  plane  A  B, 
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varies  as  the  square  of  its  velocity.     Hence  the  motion  is. 
™iy  §  68,  Eq.  (8),  uniformly  varied ;  and  the  coefficient  of  x  is 
twice  the  velocity  which  the  force  producing  this  motion 
is  capable  of  generating  in  a  unit  of  time.     Making 


-/(TFsinf  ~W'W- 


-/.JIT. 
the  foregoing  ecj  nation  may  "be  written 
F2  =  x.  ZA    . 


.     (183). 


Since  the  motion  is  uniformly  varied,  if  T  denote  the  time 
of  describing  the  space  si,  then  will  Eq.  (7)  become 


(!S4,; 


writing  A  for   Vh  and  x  for  s:  substituting  this  for  x 
above,  we  find 


AT 


.     (185). 


Eqs.   (183),    (184),    and   (185),  give  the  laws  of  rnii- 

L-uiiy  formly  varied  motion,  or,  as  it  is  usually  expressed,  the 

''     laivs  of  constant  forces.    These  laws  are,  1st.  The  velocities 

are  to  each  other  as  the  timesin  whicii  the  f«r<:<:  produces  tlicm; 

2d.  The  spaces  described,  are  to  each  other  as  the  squares  of 

■dred  in  describing  ffiem;  or  as  Hie  squares  of 

%  which  they  are  described. 
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O 


Any    device     that    will 
make  the  time  in  which  the 
motion    takes    place    com- 
paratively great,   while    the 
velocity   acquired   shall    be 
small,    will    enable    us    to 
verify  these  laws  from  ob- 
servation.     For    this    pur- 
pose, A  must  be  small.     By     ® 
reference  to  Eq.  (182),  we  -„  — ■ 
■find  that  A  may  be  citmin-   =Qr= 
ished  at  pleasi 
ing  the  angle  <f 

tp' ;  this  will  increase:-  the 
effect  of  friction,  winch  op- 
pose?, while  it  will  diminish 
the  com]- (orient  of  W.  which 
aids  the  motion.  Or  A  may 
be  diminished,  by  diminish- 
ing the  angles  <p  and  ip', 
the  difleren.ee  between  the 
weights  TFaud  W  and  that 
between  R  and  R'.  Owing 
to  the  uncerJainty  of  friction 
it  is  better  to  accomplish  the 
object  by  the  latter  method, 
and  this  .Atwood  has  done. 

His  machine  consists  es- 
sentially of  a  fixed  pulley 
II,  over  which  passes  a  cord 
haying  attached  to  each  ex- 
tremity a  basin  s,  for  the 
reception,  of  weights;  a  ver- 
tical graduated  scale  r  of 
equal  parts,  say  inches,  to 
measure  spaces :  and  a  pen- 
dulum clock  k  which  beats 
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seconds,  to  mark  the  time. 
Tin:  basins  are  short  cylin- 
ders of  brass,  having  a  wire 
e  coincident  with  the  axis 
and  projecting  some  three 
or  four  inches  beyond  the 
upper  bases ;  the  cord  is  at- 
tached to  the  ends  of  these 
wires.  The  weights  arc  cither 
circular  plates  m,  or  bar's  n, 
of  greater  or  less  thickness, 
depending  upon  the  purpose 
forwhich  they  are  employed. 
Both  are  perforated  at  the 
centre,  and  a  channel  is  cut 
from  the  hole  to  the  margin 
to  permit  the  cord /to  enter, 
that  the  weights  may  be 
dropped  upon  the  basins, 

The  scale  piece  r  is  pro- 
vided with  three  sliding 
stages,  two  of  which  a  and 
a'  are  rings,  and  the  third  c 
is  plane.  The  rings,  whose 
diameters  are  less  than  the 
length,  of  the  bar- weights, 
serve  to  take  the  latter  from 
a  descending,  or  to  add  them 
to  aii  ascending  basin.  The 
office  of  the  plane  stage,  is 
to    arrest    the    motion   of  a 


A  fourth  and  revolving 
stage  o,  connected  by  an  arm 
d  with  an  arbor  /c,  in  front, 
is  used  to  support  the  basin 
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;  tlie  greater  load  opposite  the  aero  point  of  the  dence  for 
scale.    The  arbor  is  also  connected  "by  means  of  a  second  3^JgHieea, 
arm  with  die  escapement- wheel  of  the  clock.     This  Stage  ofsmie: 
may  be  thrown  from  under  the  basin  when  the  seconds' 
hand  reaches  a  particular  point  on  the  dial  plate;   thus 
causing  the  motion  to  begin  at  a  particular  instant,  and 
from  the  zero  of  the  scale. 

If  we  examine  the  value  of  A,  wo  shall  find  that  for 
Atwood's  machine,  <p  and  (p'are  both  zero,  and  there ibre 

sin  <p  =  0 ;       sin  <p'  =  0 ;       cos  <p  =  1 ;       cos  9'  =  1 :   en™^™  ^ 

mqreover  S  is  equal  to  Ji ',  and  hence  machine ; 


The  cord  is  very  line,  and  usually  made  of  raw  silk  but 
slightly  twisted,  so  that  the  term  involving  the  stiffness  of  oi 
cordage  has  no  appreciable  value,  and  may  be  neglected. 
The  arbor  of  tin:  pulley  or  wheel  rests  upon  circumferences 
of  four  other  wheels  of  large  radii  compared  with  the  radii 
of  their  trunnions,  after  the  maimer  explained  in  §  228,  so 
that  the  term  involving  the  friction,  on  the  trunnions  may 
also  be  neglected  without  appreciable  error. 

Making  the  foregoing  substitutions  and  omissions  in  the 
value  for  A,  we  find 


W-    W 
A  =  g  • 


W  +  W  +  9 -j 


The  circumference  of  the  wheel  has  the  same  velocity 
as  the  points  of  the  cord,  and  therefore  the  same  as  the 
basins.  Designate  by  M",  the  mass  which  if  concentrated 
in  the'  circumference  of  the  wheel  would  Lave  a  moment 
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of  inertia  equal  to  that  of  tine  wheel,  then 

M"  R2  =  I; 

whence 

M"  =  I; 

and  this,  substituted  above,  gives 

W  -   W  W 


A  =  , 


W  +  W  +  gM"    '  *  W  +    W  +   W" 


in  whieh  W"  denotes  the  weight,  of  the  ujass  M", 

This  value  of  A,  substituted  in  Eqs.  (184)  and  (18o), 


W  +  W  +  W 

w  -  w 

w  +  w  +  w 


-,-<jT.     .     (187). 


Before  proceeding  l.o  verify  the.  Luvs  expressed  by  these 
equations,  it  will  be  necessary  to  determine  the  constant 
weight  W".  For  this  purpose  load  the  machine  by  placing 
'  the  same  number  of  circular  weights  in  each  basin;  then 
add  a  bar-weight  f.o  the  basin,  which  moves  in  front  of  the 
scale.  The  basins  being  of  the  same  weight,  the  difference 
W-  W  will  be  the  weight  of  the  bar ;  the  sum  W+  W, 
will  be  the  sum  of  the  weights  of  the  basins,  increased  by 
that  of  the  circular  weights  added,  and  that  of  the  bar,  all 
of  which  are  known.  Now  place  the  basin  which  carries 
the  bar  at  the  aero  of  the  scale,  by  means  of  the  revolving 
stage ;  set  the  clock  in  motion,  and,  supposing  the  bar  to 
commence  its  descent  at  a  particular  beat  of  the  clock, 
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note  whether  the  bar  is  taken  off'  by  the  upper  ring  stage, 
comcidently  with  any  subsequent  beat  of  the  clock ;  if  it 
is,  then  the  distance  of  the  ring  below  the  zero  of  the  scale 
being  substituted  for  a,  and  the  number  of  seconds  elapsed  toe  experiment 
from. the  beginning  of  motion  till  the  bar  is  removed,  "be-  '^oidence  of 
ing  substituted  for  T  in  Eq.  (186),  will  enable  us  to  find  W",  °i°<*  beat  with 
since  all  the  other  quantities  in  that  equation  are  known,  igo^^a; 
If  the  removal  of  the  bar  and  the  beat  of  the  eloek  be  not 
coincident,  the  ring  stage  must  be  shifted,  and  the  experi- 
ment repeated  till  the  eoiueiiler.ee  Is  obtained. 

Example.     Let  each  basin  weigh  il  units,  and  suppose 
14  units  of  weight  to  be  placed  in  each  basin,  and  a  bar  example; 
weighing  1  unit  to  be  added  to  the  basin  in  front  of  the 
.scale,  then  will 

W  -     W    =    1,  data; 

W  +  W  =  51; 

making  g  =  32  feet  —  3S4  inches ;   J-;/ =  192  inches.     Sub- 
stituting these  values  in  Eq.  (186),  we  find 


whence 


Now  supposing  the  bar  to  be  removed  at  the  end  of  the 
third  second,  and  thi.it  we  find  a,  or  the  space  described  by 
the  bar  to  be  27  inches,  then  will 


-,. ^-64-61  =  13: 


■,  the  moment;  o:  inertia  of  tin:  wheel  will  have 
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the  same  effect  to  resist  motion  as  the  inertia  of  thirteen 
units  of  weight  placed  in  the  basins. 

Substituting  this  value  for  W"  in  Eqs.  (186)  and  (187), 
they  become 


w-w    VT. 

■    (188), 

W+  W  +  13""        " 

W—  w 

.    (189) 

and,  loading  the  machine  as  before, 

x  =  fa  x   192  X   T*  =  3  T\ 

7  =  jL  X  384   X    T    =  $T. 

Making  T  equal  to 

1,     2,     3,     4,     Sec  seconds; 

the  corresponding  spaces  will  he 

3,     12,     27,     48,     &c.  inches ; 

and  the  corresponding  velocities, 

6,     12,     18,     24,     &c  inches. 

Place  the  bnsin  with  the  bar-weight  at  the  aero  of  the 
scale,  and  connect  with  the  clock ;  adjust  the  ring  so  as 
to  remove  the  bar  when  its  basin  reaches  the  3  inch 
mark,  and  place  the  plane  stage  at  the  9  inch  mark 
=  3  +  6.  The  clock  being  put  in  motion,  the  bar  will 
strike  the  ring  at  the  first  beat  of  the  clock  after  it  begins 
to  descend,  and  its  basin  will  strike  the  plane  stage  at  the 
second  beat.     The  bar  being  removed,  there  will  be  no 
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excess  of  weight  in  either  basin,  and  the  motion  will  be-  moiionnnii 
come  uniform,  there  being  no  reason  why  it  should  be^J^." 
accelerated  rather  than  retarded.     To  show  that  the  motion 
will  be  uniform,  repeat  the  experiment,  placing  the  piano 
stage  first  at  1  foot  S  inches,  then  at  1  foot  9,  then  at 
2  feet  3  inches,   and  so  on,  adding  8  inches  each  time, 
and  it  will  be  found  that  the-  basin,  will  be  arrested  at  the  itapi™r; 
third,  fourth,  fifth,  &a,  beats  of  the  clock  after  its  motion 
begins;  thus  showing  that  the  .spaces  described  are  pro- 
portional to  the  times,  which  is  the  characteristic  of  uni- 
form motion.     Next  adjust  the  ring  so  as  to  remove  the 
bar  when  ite  basin  reaches  the  12  inch  or  1  foot  mark,  and 
place  the  plane   stage  at   the  2  feet  mark,    it   will  be  repetition  o 
found  that  the  bar  will  strike  the  ring  at  the  second  beat  e"i|6"n"!nl 
after  its  motion  begins,  and  that  the  scale  will  be  arrested 
at  the  third  beat.     That  the  motion  is  uniform  after  the 
removal  of  the  bar  may  be  shown,  as  before,  by  repeating 
the  experiment,  and  adding  12  inches  each  time  to  the 
space  to  be  described  after  the  bar  is  arrested.     In  the 
same  way  all  the  other  results  may  be  verified. 

If  a  bar-weight  be  placed  upon  the-  second  ring,  and  the  wnsimtion 
latter  be  so  adjusted  that  the  ascending  basin  shall  take16"1'  e  m' 
it  up  at  the  moment  the  bar  on  the  descending  basin  is 
removed,  the  motion  will  become  retarded,  and  we  shall 
have  the  case  of  a  body  projected  vertically  upward  from 
rest  with  a  velocity  equal  to  that  of  the  basins.     The 
plane  stage  being  placed  at   a  distance  from  the  ring 
which  takes  up  the  descending  bar,  equal  to  that  through 
which,  the  latter  lias  descended,  it  will  be  found  that  the  niniieinws 
scale  will  just  reach   this  stage  at  the  instant  the-  motion  J^."^"!^, 
is  destroyed  by  the  action  of  the  ascending  bar.     All  the  bodies  msy 
laws  which   regulate  the  fall  of  heavy  bodies  may  be  mMaaBmJ 
verified  by  means  of  Atwood's  instrument. 


)y  Google 


S"  A  rl'  U  I!  A  I.     I'  II I  n  0  S  O  r  J  J.  Y. 


through  the  centres  of  grav- 


XXIII. 

IMPACT    OP    BODIES. 

,;  §  246. — When  a  body  in  motion  cornea  into  collision 
with  another,  either  at  rest  or  in  motion,  an  impact  is 
said  to  arise. 

We  have  seen,  §  204,  that  the  action  and  reaction 
which  take  place  between  two  hodi.es,  when  pressed  to- 
gether, are  exerted  along  1.1  io  same  right  line,  perpendicu- 
lar to  the  surfaces  of  both,  at  their  common  point  of 
contact. 

When  the  motions  of  the  centres  of  gravity  of  the  two 
bodies  are  parallel  to  this  normal  before  collision,  the  im- 
pact is  said  to  be  direct. 

When  this  normal  passes 
ity  of  two  bodies  which  come 
into   collision,  and  the  mo- 

ni  tions  of  these  centres  are 
aim///  that,  line,  the  impact  is 
said  to  be  direct  and  ceiUral 

When  the  motion  of  the 
centre  of  gravity  of  one  of 
the  bodies  is  along  the  com- 
mon normal,  and  the  normal 
.  does  not  pass  through  the 
centre  of  gravity  of  the  oth- 
er, the  impact  is  said  to  be 

t;  direct  and  eccentric. 

When  the  path  described 
by  the  centre  of  gravity  of 
one  of  the  bodies,  ni  alios  an 

i  angle  with  this  normal,  the 
impact  is  said  to  be  oblique. 
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Bodies  resist,  by  their  inertia,  all  effort  to  change  <m 
either  the  quantity  or  the  direction  of  their  motion. 
When,  therefore,  two  bodies  come  into  collision,  each  will 
experience  a  pressure  from  the  reaction  of  the  other;  and 
as  all  bodies  are  more  or  less  compressible,  this  pressure 
will  produce  a  change  in  the  figure  of  both;  the  change 
of  figure  will  increase  till  the  instant  the  bodies  cease  to 
each  other,  when  it  will  have  attained  its 
d  the  bodies  will  have  the  same  velocity. 
The  molecular  spring  of  each  will  now  act  to  restore  the 
former  figures,  the  bodies  will  repel  each  other,  and  finally 


In  the  impact  of  bodies,  three  periods  must  therefore  tn™ 
be   distinguished,  viz.;  1st.,   that  occupied  by  the  process'1"011 
of  compression;  2d.,  that  during  which  the  greatest  com- 
pression exists,  and  in  which  it  is  obvious  the  bodies  have 
the  same  velocity;  oil,  Uiat  occupied  by  the  process,  as 
far  as  it  extends,  of  restoring  the  figures.     ¥e  are  also 
carefully  to  distinguish  the  force  of  restitution  from  the  force  i;>™ 
of  distortion;  the  latter  denoting  the  reciprocal  action  ex-  ^v 
erted  between  the  bodies  in  the  first,  and  the  former  that 
exerted  in  die  third  period. 

The  greater  or  less  capacity  of  the  molecular  springs 
of  a  body  to  restore  to  it  the  figure  of  which  it  has  been 
deprived  by  the  application  of  some  extraneous  force 
when  the  latter  ceases  to  act,  is  called  its  elasticity.  etastu 

The  ratio  of  the-  force  of  distortion  to  the  force  of  resti- 
tution, is  the  measure  of  a  body's  elasticity.     This  ratio  is 
sometimes  e;.l'ed  the  eo'fjklent  of  ehmcil'j.      When    these  oj.nm- 
two  forces  are  equal,  the  ratio  is  unity,  and  the  body  is  ':k''" 
said,  to  bo  j:ii' rfei :!';/  clastic;  when  the  ratio  is  zero,  the  body  p.^:,.: 
is  said  to  be  non-elastic.     There  are  no  bodies  that  satisfy  i»j.e: 
these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

§  247.— Suppose  two  bodies  A  and  B  to  move  in  the 
same  direction,  the  body  A.  to  overtake  U,  and  the  impact 
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to  "be  direct.  The  forces  of  distortion  and  of  restitution, 
arising  as  they  do  from  the  reciprocal  action  of  the  bodies 
upon  each  other,  are  real  pressures,  measurable  in  pounds, 
and  are  capable  of  generating  in  each  body,  in  a  given 
time,  a  certain  quantity  of  motion.  Denote  the  intensity 
of  this  force,  at  any  instant  of  the  impact,  by  F;  the 
small  velocity  lost  by 
the  body  A,  in  the 
short  time  during 
which  F  may  be  re- 
garded as  constant, 
by  v ;  and  the  small 
velocity  gained  by  J5, 
in  the  same  time,  by 
the  action  of  the  same 

force,  by  v';  also  denote  the  mass  of  A  by  M,  and  that  of 
B  by  M' ;  then  will  F,  which  may  "be  called  indifferently 
the  action  of  ono  body  or  the  reaction  of  the  other,  be 
measured  by  Mv,  or  M'  v' ;  and,  because  of  the  equality 
of  action  and  reaction, 

MY  =  M>  V. 

That  is  to  say,  the  nv..o;nJHy  of  motion  lost  or  gained  by  each  of 
the  bodies,  during  ei  lion  of  time,  wiU 

be  equal  to  each  other  ;  and  if  we  take  the  sum  of  all  the 
quantities  of  motion  lost  or  gained  by  each  of  the  bodies, 
we  shall  have  the  whole  quantity  of  .motion  gained  or  lost 
by  the  one,  equal  to  that  gained  or  lost  by  the  other. 
Denoting  the  entire  gain  or  loss  of  velocity  of  the  body  A 
by  V„  that  of  the  body  B  by  V,„  we  shall  have 

MV,  =   M'V„. 

But  the  force  F  acts  in  opposite  directions  upon  the  two 
bodies,  and  hence,  if  we  give  the  positive  sign  to  the 
velocity  generated  in  one  body,  that  of  the  other  must  be 
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negative;  that  is,  if  Vl  be  counted  positive,  V„  must  1 
;,  which  will  make 


u  y,  =  -  Jf  ?;„ 


JfF,  +  if'  7„  =  0. 

That  is  to  say,  the  ahebraic  ■;<«;;.  w  i/it  '(■:■/< ;</:  o>m-ntiiy  of  quantity  or 
motion  lost  and  gained  will  be  zero  ;  and  in  every  stage  of  the  ^°tcm  constant 

impact  the  quantil-j/  of  motion  in  the,  entire  system-  wiU,  there- 

§  248. — -At  the  instant  the  bodies  have  ceased  to  ap-  To  nnd  the 
proaeh  each  other,  they  will  have  attained  their  greatest a™™*^™ 
compression,  and,  considering  their  condition  before  the  #«"«*' 
retrocession    begins    under    the    action    of    the   molecular 
springs,  it  is  obvious  that  they  may  be  regarded  as  a  single 
body,  having  a  common  velocity.    Denote  this  velocity  by 

U;  also  denote  the  velocity  of  the  body  A,  before  the 
impact,  by  V;  that  of  the  body  B,  before  the  impact,  by 

V,  the  masses  being  M  and  M'  as  before.  The  whole 
quantity  of  motion  before  the  impact  will  be 

MV  +  M'V\ 

and  that  at  the  instant  of  greatest  compression  will  be 
{M  +  M')  U,  But  these,  by  the  last  article,  must  be 
equal,  or 


■  M')U  =  MV  +  M'V; 


That  is  to  say,  when  two  bodies  moving  in  the  : 
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direction  have  a  direct  impact,  the  common  velocity,  at  the 
instant  of  greatest  comprecticn.,  i*  eiju.nl  to  the  sum.  of  the  quan- 
tities of  motion  before  the  impact,  divided  by  the  sum  of  the 
•masses. 

If  the  bodies  moved  hi  opposite  directions,  either  Tor 
V  would  "be  negative,  say  V,  and 


§  249. — The  velocity  lost  by  the  body  A,  up  to  the 
instant  of  greatest  compression,  is  obviously  equal  to 

V-   U, 

and  that  gained  by  the  body  B  is  equal  to 

U-    V; 
the  force  of  distortion  will,  titer  el  ore.  be  measured  by 

M{Y  -    U), 
or  by 

M'(U-    V). 

Denote  by  Y,  the  velocity  which  A  loses  by  the  force 
of  restitution ;  and  by  Y„,  that  which  B  gains  by  the 
action  of  the  same  force ;  the  force  of  restitution  will  be 
measured  by 

MY,     or    M'YN; 

and  if  e  denote  the  coefficient  of  elasticity,  (hen,  from  the 
delhutiou 

MY^ 

wxy  -  o)  "  e' 
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M'V„ 

M'(U-V) 

T,    =  e(V  -    U)      . 

■     •     (182), 

V„  =  e(JT  -   7')     . 

.     .     (193). 

That  is  to  say,  the  velocity  which  A  loses  by  the  force  of 
restitution,    is    equal   to    the    coefficient   of'  elasticity,   into    the  iheanmc 
velocity  which  it  lost  by  th-.  fonx  of  distortion ;  and  the  i:ebcitye^TeaaBdi 
f/o.mcd  bit  J!  by  tfi-c  tame  force,  it:  equal  to  that  which  it  gained 
by  the  force  of  distortion,  into  the  coefficient  of  elasticity. 

The  total  loss;  of  velocity  which  A  will  experience  by 

the  impact  will  be 

V-   u+e(V-   V);  STSS 

and  the  entire  gain  of  B  will  he 

V-    V  +  e(U  -    V).  pin*** 

Denote  by  v  the  velocity  retainer]  by  A,  and  by  v'  that 
which  B  has  after  the  impact ;  then,  since  the  velocity 
retained  by  A,  must  he  eqnal  to  that  which  it  had  before 
the  impact,  diminished  by  its  loss, 

v  =  V-V+  U-  e(V-  U)  =  (l  +  e)  V-  eV; 

and  as  B   must,   after  the  impact,    have  its   primitive 
velocity  increased  by  its  gain, 

v'  =  V'+  U  -V'+e{U-V')  =  (l  +  •)  U-  eV; 

and  substituting  for  U  its  value  in  Eq.  (190),  we  have 

n    ,    .MV+M'W        v  ,10.,    T*** 
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Thus,  the  velocity  of  either  body  after  impact,  is  equal  to  tlw 
coefficient  of  elasticity  mere/ued  by  unity,  multiplied  into  t/w 
common  velocity  at  Cue  inntatri  if  './reutesl  compression,  and 
this  product  diminished  by  ih«-  product  of  the  coefficient  of 
elasticity  into  the  velocity  of  the  body  before  impact, 

If  the  body  B  move  to  meet  the  body  A,  its  velocity 
will  be  negative.  and  the  above  reduce  to 

|  250. — If  the  body  B  be  at  rest  when  the  body  A 
impinges  against  it,  then  will  V  be  aero,  and 

-C  +  'lCT-7'    •   <198>. 
"'  =  <1  +  «>jSt  •   ■   •   '   <199>' 

From  the  last  equation  we  find 

and  when  the  masses  of  the  bodies  are  equal,  or  M—  M', 

e  =  ~~l     .    .    .    .    (201); 

which  suggests  a  very  easy  method  of  rinding  the  co- 
efficient of  elasticity  of  any  solid  body.     For  this  purpose, 
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turn  a  pair  of  spherical  balls  of  1-1  ic  same  weight  from  the  experiment 
body  whose  eocflicient  of  eksticity  js  to  bo  found ;  suspend  ^^["' 
them  by  silken  strings,  so  that  when  the  latter  are  vertical  elasticity; 
the  balls  shall  just  touch  each  other,  be  upon  the  same 
level,  and  have  their  centres  opposii.e  the  zeros  of  two  cir- 
cular graduated  arcs  whose 
centres  of  curvature  are  at 
the    points    of    suspension. 
The   body  A    being   drawn 
back  to  any  given   degree 
upon  its  scale  and  abandon- 
ed, will  descend  ami  hnpinge 
against  the  body  B  with  a 
velocity    due    to    a    height 
equal  to  the  versed  sine  of 
the   arc  which  it   describes 
before  the  impact ;  the  body 
B  will  ascend  on  the  oppo- 
site arc  to  a  height  due  to  the  velocity  with  which  it 
leaves  A ;  this  height  will  be  the  versed  sine  of  the  arc 
described  by  B  before  it  begins  to  descend  again.     The 
arcs  being  known,  their  versed  sines  are  easily  computed 
from  the  properties  of  the  circles.     Denoting  these  versed 
sines  by  h  and  h',  then  will 


which,  substituted  in  the  value  of  e,  gives 


W<2). 


Example.  Two  ivory  balls  of  equal  weights,  and  there- 
fore of  equal  masses,  were  made  to  collide  in  the  manner 
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above  described.  One  descended  through  an  arc  of  20 
example  of  two  degrees,  and  the  other  aseisndiid  through  an  arc  of  18 
ivory  bills,  ^egrees  am\  30  minutes ;  required  the  value  of  e. 

By  tables  of  natural  sines  and  cosines,  wo  find 


nat  cos  20°  =  0.9 
versed  sin  20°  =  1  -  0.9396926  =  0.0603074; 


and  denoting  the  radius  of  the  circular  scale  by  R,  we 
have 


ll^lL,";  " 

h  =  0.0603074  B. 

bCdjj 

Asdii. 

nat.  cos  18°  30'  =  0.9483236; 

versed  sin  18°  30'  =  1  -  0.9483236  =  0.0516764 

height  due  to  i 

V-'ri.H'iiy  "1  111'.: 
buiLy  j'.r'.i'.-li  : 

U  =  0.0516764  R; 

and 

unuflalTrt. 

•    .-2/°!16I»"     1-WS2     1-0.851! 

whence  we  conclude  that  the  coefficient  of  elasticity  of 
the  specimen  of  ivory  employed,  is  about  0.85;  that  of 
glass  will  be  found  to  be  about  0.93,  and  that  of  steel 
about  0.56. 

H-xximvfik.  Two  ivory  hal's,  whoso  masses  arc  repre- 
unpjeofiiie  sented  by  6  and  4,  move  in  the  same  direction  with 
lB.™  y<"7  velocities  of  10  and  7  feet  a  second  respectively.  What 
is  the  velocity  of  each  after  impact?  The  conditions 
of  the  question  require  that  the  larger  mass  6  shall  over- 
take the  smaller  maas  4,  because  the  former  has  the  greater 
velocity.    Hence 
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It 


10; 


M'=  i;       7'=    7; 
These  data,  ill  Eqs.  (194)  and  (195),  give 

w  =  l.8560+_28._  0.85X10  = 

.  _  -  fit.  60  +  28  _ 


10 


■  0.85  x  7  . 


Mcample.    Let  the  same  balls  move  in  opposite  direc-  unoti 
tions  so  as  to  meet,  each  with,  the  same  velocity  as  before. 
The  same  data,  substituted  in  Eqs.  (196)  and  (197),  give 


10 

.60-28 


10 


+  0.85  x  7  =  11.87. 


§  251. — "Not.-  suppose  the  bor'ics  A  and  B  to  move,  obifqaam 
the  lirst  with  a  velocity  V  in  the  direct ion  from  E  towards 
F,  and  the  second  with  a 
velocity  V  in  the  direction 
from  O  towards  D;  and  let 
the  collision  take  place  at  II 
Through  the-  point  U,  draw 
the  common  normal  HN, 
and  resolve  each  of  the  ve- 
locities V  and  V  into  two 
components,  one  in  the  di- 
rection of  the  normal  and 
the  other  in  the  direction  of 
the  tangent  plane  at  7/.  For 
this  purpose  designate  the  an- 
gle FON  by  <?,  and  DO,N 
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22  by  ip' ;   the  components  in  the  direction  of  the  normal, 
wiil  be 

Fcos  ip,      and       V  cos  p' ; 

and  those  parallel  to  the  tangent  plane,  will  be 

Fsin  (p,      and       V  sin  9'. 

If  the  bodies  were  animated  by  these  last  velocities 
alone,  they  would  not  collide,  but  would  in  general  move 
by  one  another  without  exerting  any  pressure ;  and  hence 
the  impact  wdl  be  wholly  due  to  the  components  in  the 
direction  of  the  normal ;  but  those  acting  along  the  same 
line  perpendicular  to  the  surfaces  at  their  common  point 
of  contact,  wdl  give  rise  to  a  direct  impact,  and  denoting 
the  velocities  of  the  bodies  A  and  B  after  impact  by  v  and 
v',  and  the  angles  which  their  di reel-ions  make  with  the 
normal  by  0  and  &',  respectively,  we  shall  have,  from  Eqs. 
(194)  and  (195), 


ma  or           ( 

,  cose  =  (!  +  *) 

31  v  n- 

B  0  +  W  V  cos  ?' 

oompone 

M+W 

direction 

uftho 

»» 

'  ra  f  =  (1  +  « 

MVa 

>s  *  +  W  V  coe  / 
MA-M' 

Moreover,  because  the  effects  of  the  impact  arising  from 
the  components  of  the  velocities  in  the  direction  of  the 
normal  will  be  wholly  in  that  direction,  the  components 

of  the  velocities  of  each  body  before  and  after  the  impact 
at  right  angles  to  the  normal,  will  be  the  same,  and  hence 

v  sin  6    =    V  sin  f      .     .     .     (205), 

v'mn'fl'  =   F'smp'    .    .    .    (206). 

Squaring  Eqs.  (203)  and  ("205),  adding,  extracting  the 
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square  root,  and  raludng  by  the  relation, 
cos3  d  +  sin2  6  =  1, 


»vfi 


.'.!/",  Vr.s    '"I-   .1/'  r'.,:-: 


M+XP 
treating  Kqs.  (204)  ;nn]  (206)  in  the  same  way, 


•'=Vi> 


JfKcosft  +  M'V'ct 


Again,  dividing  Eq.  (205)  "by  Eq.  (203),  we  kavo 


M+  M 
,  dividing  Eq.  (206)  by  (204), 
,,  V  sin  a' 


•  (21°)-  l™d!h 


/  +  ~M! 


The  Bqs.  (207)  suv!  (20S)  will  make.  k.r_own  the  velocities, 
and  (209)  and  (210)  will  give  the  directions  in  which  the 
bodies  will  move,  after  the  impact. 

Now  suppose  the  body  B  at  rest,  and  its  mass  so  great  mpp™ 
that  the  mass  of  A  is  insignificant  in  comparison,  th;m  ^1!_1'! 
will   V  be  zero,  M'  may  be  written  for  M  +  M',  and 
M_ 
W 

which  it  enters  as  a  factor  may  be  neglected.     Applying 
s  to  Eq.  (207),  we  find 

■velocity  of  Iho 

_^__^___ impiiifiiiig  body 

:     V  V  t?  COS2  <p    +    Sill2  f  J  utter  impact; 
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and  to  Eq.  (209), 


(2H) 


The  tangent  of  0  being  negative,  nhows  that  the  angle 
NIIK,  which  the  direction 
of  A's  motion  makes  with 
the  normal  NN'  after  the  Eg-  884. 

impact,  is  greater  than  90 
degrees ;  in  other  words, 
'  >s  that  the  "body  A  is  driven 
back  or  reflected  from  B. 
This  explains  wiry  it  is  lliat 
a  cannon-ball,  stone,  or  oth- 
er body  thrown  obliquely 
against  the  surface  of  the 
earth,  will  rebound  several 
times  before  it  comes  to  rest. 

If  the  bodies  be  non- elastic,  or.  which  is  lire  same  thing, 
if  e  be  zero,  the  tangent  of  D  becomes  infinite  ;  that  is  to 
say,  the  body  A  will  move  along  the  tangent  plane,  or  if 
the  body  JB  were  reduced  at  the  place  of  impact  to  a  smooth 
plane,  the  body  A  would  move  along  this  plane. 

If  the  body  were  perfectly  clastic,  or  if  e  were  eqnal  to 
unity,  which  expresses  this  condition,  then  would  Eq. 
(211)  become 

tan  6  =  -  tan  <f  .     .    ,    .     (212) ; 

which  means  that  the  angle  NHF—EIIN''  becomes  equal 
to  KHN'.  The  angle  EIIN'  is  called  the  angle  of  inci- 
dence, the  angle  KHN',  commonly,  the  angle  of  reflection. 
a  Whence  we  see,  that  when  a  perfectly  elastic  body  is 
thrown  against  a  smooth,  hard,  and  fixed  plane,  the  angle 
of  incidence  will  be  equal  to  the  angle  of  reflection. 

If  the  angles  <p  and  ip'  be  aero,  then  will  cos  (p  =  1,  cos 
?'  =  1,  sin  9  =  0,  and  sin  9'  =  0,  and  Eqs.  (207)  and  (208) 
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M  +    M' 


M  V  +  M'  V 
'~H  +  M' 


the  same  as  Eqs.  (194)  and  (195);  and  passing  to  the 
limits,  non-elasticity  on  the  one  hand  and  perfect  elasticity 
on  the  other,  wo  have,  in  thu  'first  ease:,  e  =  0,  and 


(215), 


M  +  If 

,    Mr  +  if  v 

°  ~       M  +  M' 
and  in  the  second,  e  =  1,  consequently 


M  V  +  M' 

V 

M  +  M' 

MV  +  IT 

V 

(lil.-O, 


§  252. — The  equations  which  have  just  been  deduced, 
are  sufficient  to  make  known  the  circiun stances  of  motion  obnqueand 
of  the  centres  of  gravity  of  the  colliding  bodies,  for  we  °    * 

have  seen,  {$  J4G,  that  whenever  a  body  i.s  acted  upon  in  a 
direction  normal  to  its  surface,  its  centre  of  gravity  will 
move  as  though  the  force  were  applied  directly  to  that 
point.     But  we  have  also  seen,  in  the   same  article, 
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that  when  the  direction  of 
Minirfo  the  force  does  not  pass 
ip  bodies  trough  ^e  centre  of  grav- 
ity, which  is  the  ease  in 
tl ic  eccentric  impact,  the 
body  will  also  have  a  ro- 
tary motion. 

Employing  the  same  no- 
tation as  before,  and  sub- 
tracting Eq.  (203)  from  the 
identical  equation, 

V  cos  9  —   V  cos  9, 


i.fvrjk.cilyof 
body  In 


S  <p  —  V  COS  0  =  {1  - 


M-i 


the  first  member  is  the  loss  of  velocity  of  the  body  A  in 
the  direction  of  the  normal,  during  the  impact ;  and  mul- 
tiplying both  members  by  (.lie  maws  of  A.  =  M,we  have,  for 
the  quantity  of  motion  lost  in  the  direction  of  the  normal, 


M(  Fcos  9  —  v  cos  6)  =  (1  +  e) 


MM' (Vcosy-  V'c 


M+  , 


£ 


If  the  force  of  which  either  member  of  tins  equation  meas- 
ures the  intensity,  and  of  which  the  direction  coincides 
with  the  normal,  does  not,  pass  through  the  centre  of  grav- 
ity, it  will  give  rise  to  rotary  motion.  From  the  centre  of 
gravity  (?',  of  the  body  B,  let  fall  the  perpendicular  G'C 
upon  the  normal,  and  denote  its  length  by  b  ;  also  denote 
the  angular  velocity  of  the  body  B  by  s(,  and  its  moment 
of  inertia  with  reference  to  an  axis  through  the  centre  of 
gravity,  and  perpendicular  to  the  plane  of  the  normal  and 
centre  of  gravity,  by  /[ ;  then,  because  the  angular  velocity 
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I.  equal  to  the  moment  of  the  impressed  force  divided  by 
the  moment  of  inertia, 

Also  let  fall  from  the  centre  of  gravity  Q  of  the  body  ,4, 
the  perpendiei.il a r  G  0  upon  (he  normal,  and  call  its  length 
a.  Since  the  reaction  of  the  body  B,  which  is  equal  to  the 
action  of  A,  docs  not  pass  through  the  centre  of  graijity 
of  the  latter,  it  will  communicate  a  rotary  motion ;  and, 
denoting  the  angular  velooity  of  A  by  su,  we  shall  have, 


M+M'  I{ 

in  which  //  is  the  moment  .of  inertia  of  the  body  A,  in 
reference  to  an  axis  through  its  centre  of  gravity  and 
perpendicular  to  the  plane  containing  tins  point  and  the 
normal. 

In  what  precede-,  no  reference  is  made  to  friction,  but  ti 
it  is  obvious  that  this  principle  cannot  be  wholly  dis-  ™ 
regarded;  for  the  bodies  acting  upon  each  other  in  the 
direction  of  the  normal  with   a  pressure  of  which  the 
measure  is 


this  pressure  will  give  rise  to  friction,  whose  intensity  is 
measured  by 


and  this  acting  in  the  direction  of  the  tangential  com- 
wnents  of  the  velocities  will  acctlc-ratc  the  one  and  retard 
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the  other.  Let  Ul  denote  the  tangential  velocity  lost  by 
the  body  A;  then,  the  force  exerted  to  overcome  the 
friction  will  be  measured  by 

MTTr 

Now  if  the  tangential  velocities  be  equal,  it  is  obvious  that 
the  bodies  will  move  tojn_ahcri:i  the  direction  of  the  tangent, 
MJJt  will  be  zero,  the  friction  will  not.be  called  into  action, 
and  the  bodies  will  not  rotate  from  friction.  If  the  tan- 
gential velocities  differ  by  a  quantity  that  will  make  MU, 
equal  to  the  friction,  then 
will  the  whole  of  the  latter 
be  exerted  to  produce  ro-  Kg.  285. 

tation.     If  the  tangential  F<.    , 

velocities  be  such  as  to 
give  to  MIX,  any  value 
between  these  limits,  a 
part  only  of  friction  will  be 
exerted,  and  this  part  alone 
will  determine  the  rotation. 
If  the  diiferencc  of  the  tan-  . 
gential  velocities  be  such 
as  to  mate  M  IX,  greater 
than  ths  friction,  the  bodies 
will  slide  aioiiff  each  other 
and  rotate  at  the  same 
time;  the  latter  motion 
being    due    to    the  entire 

friction,  and  the  former  to  the  excess  of  MIX,  over  the 
valne  of  this  force. 

Denote  by  n,  the  ratio  of  the  friction  to  MU„  then  will 


MIX,  =nf(l  +  e) 


MM' 


(Tcos  if  —  V  cos  ip'). 


Let  fall  from  the  centres  of  gravity  of  the  two  bodies  the 
perpendiculars   67  T  and   Q'  T\  upon  the  tangent  T  T' ; 


)y  Google 


denote  tie  length  of  the  first  by  bt  and  that  of  the  second 
by  ar     Then  will  the  angular  velocity  of  the  body  B, 

produced  by  friction,  be 

Fcos  <p  —  V  eos<p'  _  ■ 


'  M  +  M' 
and  that  of  the  body  A, 


I  +  M' 


whence  the  whole   angular  velucitiea  of  the   two  bodies 
will  become 


"»  =  (!+•)■  WTTe -f ~  ■ ("  +  "'*> 

If  the  balls  be  spherical  and  homogeneous,  the  normal 
will  always  pass  through,  the  centre  of  gravity,  b  and  a 
will  reduce  to  zero,  and  the  roti.it ion  will  be  due  to  friction 
alone.  If  the  impact  be  direct,  then  9  and  u?'  -will  be  aero,  puumiiu 
there  will  be  no  tangential  components  of  the  velocities  °  muB' 
MU„  and  consequently  n  will  reduce  to  zero,  and  the 
rotation  will  be  due  to  the  eccentricity  of  the  impact. 
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INTRODUCTORY    REMAKKB. 

§  253. — AV~c  have  seen.  §  1.2,  thr.t  the  physical  condition 
of  every  body  depends  upon  the  relation  subsisting  among 
>;  its  molecular  forces.  "When  the  attraciio'.is  prevail  greatly 
over  the  repulsions,  she  particles  are  held  firmly  together, 
and  the  body  i«  called  a  .y.Aii.1.  In  proportion,  as  the  differ- 
ence between  these  two  sots  of  forces  becomes  less,  the  body 
is  softer,  and  its  figure  yields  more  readily  to  external 
pressure.  When  these  forces  are  equal,  the  particles  -will 
yield  to  the  slightest  force,  the  body  will,  under  the  ac- 
tion of  its  own  weight,  and  the  resistance  of  the  sides  of  a 
vessel  into  winch  it  is  placed,  readily  lake  the  figure  of  the 
latter,  and  is  called  a  liquid,  h'inally,  when  the  repulsive 
exceed  the  attractive  forces,  the  elements  of  the  body  tend 
to  separate  from  each  other,  and  require  either  the  applica- 
tion of  some  extraneous  force  or  to  be  confined  in  a  closed 
vessel  to  keep  them  together ;  the  body  is  then  called  a 
gas  or  vapor,  according  to  the -greater  or  less  pertinacity 
with  which  the  repulsive  retain  their  ascendency  over  the 
attractive  forces.  In  the  vast  range  of  relation  among  the 
molecular  forces,  from  that  which  distinguishes  a  solid  to 
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that  which  determines  a  gas  or  vapor, 


liquids,  and  liquids  into  g 

bodies  founded  on  their  physical  ]  i  roper  lies  alone,  must,  of 

necessity,  be  arbitrary. 

§  254.— Any  body  whose  elementary  particles  admit  of  Deimitiu 
motion  among  cacii  other,  is  called  ixjluid — such,  as  water,  a  mum 
wine,  mercury,  the  air,  and,  in  genera],  liquids,  gases,  and 
vapors;  all  of  which  are  distinguished  from  solids  by  the 
great  mobility  of  their  particles  among  themselves.     This 
distinguishing  properly  exists   in.  cUdbrom  degrees  in  dif- 
ferent liquids — it  is  greatest  in  the  ethers  and  alcohol ;  it 
is  less  in  water  and  wine;  it  is  still  less  in  the  oils,  the 
sirups,  greases,  and  melled.  m.eLals,  thai  flow  with  difficulty, 
and  rope  when  poured  into  the  air.     Such  .fluids  are  said 
to  bo  viscous,  or  to  possess  viscosity,     .h'iual'y,  a  body  may  visions  .- 
approach  so  closely  both  a  solid  and  liquid,  as  to  make  it 
difficult  to  assign  it  a  place  among  either  class  of  these 
bodies,  as  posit,  pv.Uy,  avid  the  like.  paste;  ] 

§  255. — Fluids    are    divided  .  in   mechanics    into   two  OmoMo 

classes,  viz.:  comju-amibk  and  iacompressibh.     T  lie  term  in- fl     s' 
compressible  cannot,  in  strictness  of  propriety,  be  applied  mmpres 
to  any  body  in  nature,  all  being  more  or  less  compressible ;    ™mp' 
but  the  enormous  power  required  to  change,  in  any  sensible 
degree,  the  volumes  of  liquids,  seems  to  justify  the  term, 
when  applied  to  them  in  a  restricted  sense.     The  gases  and 
vapors  arc    highly  compressible.     .All  liquids  will,   there-  liquid, 
fore,  be  regarded  as  incompressible:  the  (pises  and  vapors 


§256. — -There  are  many  fluids  that  readily  pass  from 
the  compressible  to  the  incompressible  class,  when  sub- 
jected to  moderate  increase  of  pressure,  and  reduction  of 

teniperalu re.     These  are  called,  vapors,  and  are  such  as  arise  vapors; 
from  the  application  of  heat  to  liquids,  particularly  when 
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confined  in  closed  vessels,  as  in  the  instance  of  steam  in 
boilers.  Vapors  are  generally  invisible,  and  must  not  be 
confbundcd  with  the  mists  and  clouds  which  are  often  seen 
suspended  above  the  sur'isce  of  the  earth,  and  which  are 
nothing  more  than  water,  in  the  form  of  small  vesicles 
filled  with  air,  and  supported  by  the  buoyant  action  of  the 
atmosphere.  Others  of  the  compressible  fluids  are  more 
permanent,  .requiring  very  great  pressure  and  reduction  of 
temperature  to  bring  them  to  a  liquid  form.  All  such  fluids 
are  called  gasas.  Tim  most  fairiiar  instance  of  this  class 
of  bodies  is  the  atmosphere  which  surrounds  us  on  every 
side  and  in  which  we  live.  It  envelops  the  entire  earth, 
reaches  far  beyond  the  tops  of  our  highest  mountains,  and 
pervades  every  depth  from  which  it  is  not  excluded  by  the 
presence  of  solids  or  liquids.  It  is  even  found  in  the  pores 
of  these  bodies.  It  plays  a  most  important  part  in  all 
natural  phenomena,  and  is  ever  at  work  to  influence  the 
motions  and  to   modify  the  results  of  machinery.     It  is 

i;  essentially  composed  of  oxygen  and  mtirs/m,  in  a  state  of 
mechanical  mixture.  The  former  is  a  supporter  of  com- 
bustion, and,  with  the  various  forms  of  carbon,  is  one  of 

>  the  principal  agents  employed  in  the  development  of  me- 
chanical power. 

The  existence  of  air,  gases,  and  vapors,  is  proved  by  a 

es.  multitude  of  facts.  Contained  in  a  flexible  and  imperme- 
able envelope,  they  resist  pressure  like  solid  bodies.  The 
gas  in  an  inverted  glass  vessel  plunged  into  water,  will  not 
yield  ins  place  to  the  liquid,  unless  some  avenuo  of  escape 
i.s  provided  for  it.  Those  winds,  hurricanes,  and  tornadoes 
which  uproot  trees,  overturn  houses,  and  devastate  entire 
districts,  are  but  air  in  motion.  Air  opposes,  by  its  inertia, 
the  motion  of  solid  bodies  through  it,  and  this  opposition 
is  called  ita  resistance.      Finally,  we  know  that  wind  is 

r.  employed  as  a  moter  to  turn  windmills  and  to  give  motion 
to  ships  of  the  largest  kind. 

§  257. — Many  bodies  take,  successively,  the  solid,  liquid, 
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or  vaporous  state,  according  lo  tin;  lica.t  to  which  tliey  are 
subjected.     Water,  for  instance,  is  solid  in  the  state  of  ice  ciuuigeof 
and  snow,  liquid  in  its  ordinary  condition,  and  vapor  when 
heated  in  a  closed  vessel.     The  process  by  which  a  body- 
passes  from  a  solid,  l.o  a  liquid  stale,  is  eaLed.  lMj"-.fr<Murt,  or  liqucinctic 
fusion;  from  a  liquid  to  a  state  of  vapor,  vaporization  or  vaporization 
volalihhuion ;  that  by  which  a  vapor  returns  to  a  liquid,  coMensation 
condensation ;  and  a  liquid  to  a  solid,  solidification  or  congela- 
tion.   Some  bodies  appear  l.o  take  but  two  of  these  states, 
while  others  constant!  y  present  themselves  only  under  one, 
which  is  the  ease  with  the  infusible-  solids  and  permanent 
gases,  including  among  the  latter,  the  atmospheric  air;  but 
the  number  of  these  bodies  is  constantly  diminishing  in 
the  progress  of  physical  science. 


§  258. — The  subject  of  the  meeliani.es  of  fluids,  is  usual- 
ly divided,  as  before  tcrnar^cd,  into  h/Uros(o:iics  and  hydro- 
dynamics, the  former  treating  of  the  equilibrium  of  fluids, 
and  the  latter  of  their  motions ;  and  not  mifrequcntly  the 
compressible  fluids  are  discussed  under  a  separate  head 
called  pneumatics.  In  the  present  ins  Lance,  these  divisions 
will  not  be  adhered  to,  as  it  is  believed  the  whole  subject 
may  be  presented  in  a  manner  more  connected  and  per- 
spicuous by  disregarding  them.  And  in  the  discussions 
which  are  to  follow,  the  fluid  will  be  considered  as  with- 
out viscosity;  that  is  to  say,  the  particles  will  he  supposed 
to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  a  fluid  is  said  to  be  perfect.  The  results  deduced 
upon  the  hypothesis  of  perfect  fluidity  will,  of  course, 
require  modification  when  applied  to  .fluids  possessing 
sensible  viscosity.  The  nature  and  extent  of  these  modi- 
fications can  be  known  only  from  experiments. 
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§  258. — From  the  nature  of  a  fluid,  it  is  obvious  that 
when  a  force  is  applied  to  any  one  of  its  particles,  the  latter 
must  move  in  the  direction  of  the  force,  unless  prevented 
by  the  reaction  of  the  surrounding  particles  ;  hut  these 
being  equally  free,  can  only  react  to  prevent  motion,  by 
being  supported  or  acted  upon  by  opposing  forces.  From 
this  arises  a  general  law,  viz.:  that  when  a  fluid  is  in 
equilibrio,  its  free  surface  is  always  normal  to  the  re- 
sultants of  the  forces  which  solicit  each  of  its  s 
particles.  For  if  the  result- 
ant OF  of  the  forces  which 
act  upon  any  one  of  these 
particles  0  were  oblique  to 
the  surface  ABt  this  result- 
ant might  be  resolved  into 
■■  two  components,  one  0  F' 
normal,  and  the  other  OF" 
tangent  to  the  surface;  the 

former  woidd  be  destroyed  by  the  reaction  of  the  fluid 
mass  supposed  in  equilibrio,  while  the  latter  would  move 
the  particle  along  the  surface,  and  with  the  greater  facility 
in  proportion  as  similar  components  tend  to  move  the 
particles  to  which  they  are  applied  in  the  same  direction. 
Hence  the  supposition  of  an  oblique  resultant,  is  inconsist- 
ent with  the  equilibrium.  This  free  surface  which  every 
fluid  in  equilibrio  presents  in  a  direction  normal  to  the 
resultant  of  the  forces  wliich  act  upon  each  of  its  surface 
particles,  is  called  a  level  surface.     Hence  every  heavy 
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fluid  upon  the-  earth's  surface  in  a  state  of  repose,  r. 
its  upper  or  free  surface  normal  to  the  direction  of  the  level  surface  of 
force  of  gravity.     If  the  earth  did  not  rotate  about  an    lvr  "'    ' 
axis  PP\  thus  giving  rise  to  a  centrifugal  force,  every 
such  surface  would  lie  a  portion  of  th.e  surface  of  a  sphere, 
having  its  centre  at  the  centre  of  the  earth ;  but  its  cen- 
trifugal force  if  C.  combined 
with  the  weight  M  Q  of  each 
element,  giving  rise  to  a  re-  Pig-  287. 

sultant  At  A'  slightly  oblique 
to  the  direction  of  the  weia  lit. 
every  free  surface  is  in  strict- 
ness a  portion  of  the  surface 
of  a  spheroid  of  revolution, 
flattened  at  the  poles  and 
protuberant  at  the  equator. 

The  great  size  of  the   earth,  and  the  limited  field   that 
may  be  brought  under  observation  at  the  same  instant, 
will  scarcely  permit  us  however  to  distinguish  any  visible  visible pm-tic 
portion   of    fluid   surface   from   a  plane.      Instance,    the  aeus    ' p  ™ 
ponds,  lakes,  ocean.     The  same  is  true  of  the  atmosphere. 
This  fluid  being  clastic,  its  elements  tend  to  recede  from 
each  other  and  from  the  earth's  surface;  in  proportion  as 
it  expands,  the  repulsive  action,  becomes  less:  the  weight 
of  the  elements  tends  to  draw  them   towards  the  earth; 
at  the  upper  surface  of  the  atmosphere  these  opposing  com  of  the 
forces,  which  act  towards  and  from  the  centre  of  the  earth,  Ri""'^  ere- 
become  equal,  and  the  further  retrocession  of  the  particles 
is  impossible.     The  atmosphere  would,  under  the  opera- 
tion of  these  causes  alone,  come  to  a  state  of  rest,  and 
present  an  exterior  boundary  similar  to  that  of  the  earth. 

§  260.- — Let  the  vessel  A  BD  0  contain  a  heavy  fluid, 
or  a  fluid  acted  on  only  by  its  own  weight ;  the  upper 
surface  BS  will,  from  what  we  have  seen,  be  horizontal 
when  at  rest;  and  it  is  obvious  that  this  position  of  the 
surface  will  not  be  disturbed,  or  in  the  least  altered,  if  the 
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portion  of  the  fluid  indicated  by  the  shaded  parts  of  the 
second  figure  were  to  become  solid,  leaving  the  fluid 
portions  E  T,  F  H, 
H-Q;  communicating 
freely  with  each  oth- 
er ;  that  is  to  say,  the 
surfaces  at  E,  E,  and 
0,  of  the  communi- 
cating fluid  would  be 
upon  the  same  level. 
Whence  we  conclude, 

that  a  heavy  fluid,  as  ,^5—  — '—  F<-f 

water     or     mercury,  S\  1j    B^M 

poured  into  several  ves-  %:-■  ^    ^  y/"~j 

eels    which   cowmuni-  V'-'^dJlP 

cafe  freely  with   each 
other,   will,    when   in 

equilibria,  have  its  upper  surface  m  all   the  vessels    on   the 
same  level     This  important  feet  is  easily  illustrated  by 
experiment.     A  is  a 
vessel  at  the  bottom 

of  which  is  a  horizon-  Fig.  28B. 

tal    tube    connecting 


B  and  C,  and  having 
a  stop-cock  E  inter- 
posed, so  that  the  con- 
nection may  be  inter- 
rupted ox  established 
at  pleasure.  Fill  A 
with  water,  the  stop- 
cock being  closed. 
When  the  water  in  A 
is  at  rest,  open  the 

cock  E;  the  water  will  descend  in  A  and  ascend  in  B  and 
0  till  it  comes  to  the  same  level  in  all. 

If  the  vessel  C  be  broken  off  at  E,  the  water  will  orer- 
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flow  at  this  point  till  it  sinks  in  the  vessels  A  and  B  to 
the  level  of  E. 

To  the  operation  of  this  principle  we  are  indebted  for  ti> 
the  transfer  of  water  from  remote  locations  to  artificial  J 
reservoirs  for  the  supply  of  cities  and  towns.     Springe  *° 
also  owe  their  existence  to  it.     The  greater  part  of  the  n 
solid  crust  of  the  earth  consists  of  various  strata  ranged 
one  above  another;  many  of  these  are  of  a  loose  and  po- 
rous nature  and  are  penetrated  with  clefts,  whilst  others 
are  more  dense  and  free  from  flaws.     Throngh  the  former 
of  these,  rains  and  melted 
snows  find  their  way  to 
the  latter,  where  their  fur- 
ther progress  is  for  a  time 
checked,   till  the  water 
accumulates  in  suificient 
quantity  to  force  its  way 
through  the  sides  of  hills 
and  mountains,  and  often 
at  points  of  considerable 
elevation.       When     the 

harder    and   impervious    strata    form  the  onter  crust  of 
mountain  ranges,  they  often  force  the  water  to  take  an 
oblique  underground  course  through  porous  strata,  that 
extend    to     considerable 
depth   and  reach  to  re-  K    291 

mote     districts.        HeTe,  „ 

if   a  channel    be  provi-  A 

ded    for    the   water    by  §--~~~--\ 

boring  through  the  hard 
crust  which  confines  it,  it 
will  spout  forth  or  over- 
flow, in  its  effort  to  gain 
the  level  of  its  source 
in  the  distant  mountain. 
This  constitutes  an  Arte- 
sian well  a  name  derived 
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from  the  French  province  Artois,   where,    according  to 
account,  they  were  first  e 


%  261. — From  the  principle  of  fluid  level,  it  is  easy  to 

'  pass  to  that  of  equal  pres- 
sure. Suppose  a  vessel, 
A  BD  OFE,  in  which  the  Fig.  B92. 

branches  EF  and  BD  0 
have  a  free  communica- 
tion with  the  part  AB; 
then  if  water,  mercury, 
wine,  or  any  other  fluid,  be 
poured  in  either  at  E,  A, 
or  0,  and  the  whole  be 
suffered  to  come  to  rest, 
the  surface  at  IK  of  the 

:  fluid  in  the  part  A  B,  at 
L  in  the  branch  EF,  and 
at  M  in  the  branch  BD  0, 
will  be  upon  the  same 
level. 

Through  the  point  .A\  ta.ken  at  pleasure  below  the  sur- 
face of  the  fluid,  conceive  a  horizontal  plane  to  be  passed. 
It  is  obvious  that  the  weight  of  the  fluid  contained  in  the 
vessel  below  PN~Q  can  contribute  nothing  to  the  support 
of  the  columns  LP,  10,  and  MQ,  since  this  weight  acts 
downward;  and  the  equilibrium  would  obtain  if  the  fluid 
contained  in  the  part  of  the  vessel  below  PNQ  were 
without  weight.     This  fluid  may  therefore  be  regarded  as 

.  solely  a  means  of  com  muni  cation  between  the  columns 
LP,  10,  and  MQ,  in  such  manner  that  it  will  transmit 
the  pressure  resulting  from  the  weight  of  the  columns 
LP  and  MQ  to  support  the  weight  of  10,  and  recipro- 
cally. If  now,  instead  of  the  columns  LP,  LO,  and  MQ 
of  the  fluid,  pistons  were  applied  to  the  surfaces  at  P,  N~  0, 
and  Q,  and  were  separately  urged  downward  by  pressures 
respectively  equal  to  the  weights  of  these  columns,  the 
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equilibrium  would  manifestly  obtain  in  like  manner.     Or 

if  a  pressure  equal  to  that  arising  from  the  column  MQ^taguot 

be  applied  to  the  surface  Q.  while  tin;  columns  LP  and  col"nm°°fflu 

1  r  "'  replaced  by 

10  remain,  the  equilibrio  will  still  subsist,  and  this,  praam™ upo; 
whatever  be  the  directions  and  sinuosities  at  D,  F,  &c.  p'aonS! 
The  weight  Wof  the  column  Q  M  is  measured  by  b.h.d.g; 
in  which  b  is  the  area  of  the  base  at  Q,  h  the  height  Q  M, 
d  the  density  of  the  fluid,  ami  ;/  the  force  of  gravity.  The 
weight  W  of  the  column  10  is  measured  by  b'.h.d.g,  in 
which  b'  is  the  area  of  the  base  JV  0,  the  other  quantities 
being  the  same  as  before.  Dividing  the  latter  by  the 
former,  we  find 

Z^   -   h'  ■  h  ■  d  •  i  -  ¥_.  ma\-       "^'oT 

W  b.h.d.g  b       "      '     K        >'       columns  Ufeq 

hence,  the  weights  arc  to  each  other  as  the  bases  V  and  h. 
Now  these  weights  act  in  the  same  direction,  and  are 
unequal;  they  cannot,  therefore,  maintain  each  other  in 
equilibrio,  unless  the  pressure  arising  from  the  column 
10  were  transmitted  by  the  fluid  down  the  vessel  NB,  up 
the  sinuous  vessel  BD  Q  to  Q,  and  there  diminished  in 
the  ratio  of  the  base  NO  to  that  at  Q.  In  like  manner, 
the  pressure  .from  the  column  MQ  must  be  transmitted  by 
the  fluid  down  the  tube  Q.DH,  up  the  vessel  BN  to  the 
base  N~0,  and  there  increased  in  the  proportion  of  the  base 
at  Q  to  that  at  N. 

That  is,  the  forces  applied  to  two  pistons  in  a  vessel  filled  tones  en  two 
with  fluid,  will  be  in  equilibrio  when  their  intensities  are  di-  j'^™^^ 
o  the  areas  of  the  pistons  to  v.;hkh  they  are  propm-Honm  i 
If  the  areas  b  and  b'  of  the  pistons   .*t0™.90 
become  equal,  the  forces  will  be  equal,  and  this,  whatever 
be  the  actual  dimensions  of  the  pistons.     Whence  we  con- 
chyle,  I.JnU  iJuifui-M'  inlyTQSS.cd  UpOV.  «  jlwill,  is  k 

it  equally  in  all  directions ;  and  that  every  surface  e 
the  fluid  will  receive  a  pressure  which  is  directly  proportional  '  -n 
to  its  extent.  Moreover,  this  pressure  will  be  perpendicular  iiircciio™ 
to  the  surface,  for  if  it  were  oblique,  it  might  be  replaced. 
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by  its  two  components,  one  normal,  tin;  other  parallel  to 
the  surface;  the  former  would  lie  i.l cst.roYc.il  by  the  resist- 
ance of  the  surface,  while  tin;  hitter  would  give  motion  to 
the  fluid,  which  is  contrary  to  the  supposition  that  the 
fluid  is  in  equilibrio. 

From  Eq.  (219)  we  find 


W 


(22  ft): 


whence  we  have  this  rale  for  finding  the  amount  of  pres- 
sure transmitted  to  any  surface,  viz. :  Multiply  Ike  intensity 
of  the  pressing  force  iii.lo  the  ratio  obtain®!  by  dividing  the  area 
to  vdvich,  the  j/ressv.-re  is  iraiisiniltcd,  by  ttui.t  to  whkh  the  force 
is  directly  applied.  Makiag  l>  =  1,  W  will  be  the  pressure 
upon  the  unit  of  surface,  and  Kq.  (220)  becomes 


ir 


W.b' 


(2211; 


whence  we  have  this  second  rule  for  finding  the  pressure 

transmitted  to  any  given  surface,  viz, :  Multiply  the  intensity 

of  the  force:  applied  to  the  unit  of  surface  by  the  area  of  the 

surface  to  which  the  pressure  is  transmitted. 

The  truth  of  these  deductions  is  finely  illustrated  by 

the   Anatomical  Siphon.     A  short 

cylindrical    vessel    A,    made    of 

metal,   and  open   at  one   end,   is 

connected  with  an  upright  glass 

tube  fh,  say  half  an  inch  in  diame- 
■nbyihater,  open  at  the  top.  The  vessel 
3-1         is  filled  with  water,    and   closed 

by   tying  over  it   a  bladder,   on 

which  a  plate  of  wood  or  metal 

is    laid   to    receive  weights    W, 

Water  is  now  poured  down   the 

glass  tube  fh;    the   water   in  A, 

with  its   superincumbent  weights 

W,  will  be  raised  by  the  pressure 
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arising  from-  the  weight  of  that  portion  of  the  fluid  in 
the  glass  tube  above  the  level  of  the  bladder.     Let  this 
difference  of  level  be  50  inches,  then  will  the  volume,  in  ai 
eubic  feet,  of  the  pressing  water,  be 

*£*  x  50        8.1416  X  (0.25)ax  60        n*ft™ 
1728        =  ~~ 1728 =  °'00°68- 

Now  one  cubic  foot  of  water  weiglis  sixty-two  and  a 
half  pounds,  whence  the  weight  of  the  pressing  column  or 
W  becomes,  in  pounds, 

W  =  62.5  X  0.00568  =  oHfes.  v; 

The  area  of  a  section  of  the  glass  tube  is 

b  =  *It*  =  3.1416  x  (0.25)s  =  0.198;  * 

or,  in  square  feet, 

I  -  ^H^  =  0.00136,  nearly. 

144  J 

Let  the  diameter  of  the  vessel  A  be  one  foot  then  will        b 

V  =  3.1416   X   (0.50)a  =  0.7854; 

and  these  values  of  W,  b,  and  b',  substituted  in  Eq.  (220), 
give 


that  is  to  say,  the  trifling  weight  of  three  tenths  of  a  pound 

sustains  in  equilibrio  it  weight  of  more  than  two  hundred  hydro 
and  four  pounds;  a  result  usually  dcnoriri.ua ted  the  hydro-  l""":"~u 
static  paradox. 
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iddnr  If  the  bladder  were  removed,  and  the  vessel  extended 

i-wouid  upward  to  the  line  ed,  on  a  level  with  the  fluid  in  the 
ie  larger  tube,  the  water  would  rise  in  it  to  that  height,  when  it 

would  come  to  rest.     The  volume  of  the  added  water,  in 

cubic  feet  would  be 

^  X   0.7854  =  3.272 ; 

and  allowing  62-^-  pounds  to  each  cubic   foot,  the  weight 
of  distilled  water  at  60°  Fah.  gives 


:  .204.5,  nearly, 


WORK   OF   THE  POWER  AND    OP  THE  RESISTANCE. 

§  262.— It  follows  from  'Eq.  (220),  that  a  given  power 

10f  may  be  multiplied  at  pleasure  by  this  principle  of  equal 
transmission   of  pressure.     It   will   be  sufficient  for   this 


vessel  fbi  the  reception  of  a 
fluid,  and  to  connect  with  it 
a  pair  of  pistons  whose  sur- 
faces bear  to  each  other  any 
desired  ratio;  the  power  F 
being  applied  to  the  smaller 
piston  b  will  be  transmitted 
to  the  larger  V  and  made  to 
hold  in  equilibrio  or  over- 
come almost  any  given  re- 
sistance E  applied  to  the 
latter.     But  wo  arc  not.,  tfiere- 
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fore,  to  infer  that  there  is  any  gain  in  flic  quantity  of  work  »< 
performed,  for  if  we  multiply  Bq.  (220)'by  the  distance 
211=  s'  through  which  the  larger  piston  may  have  been 
moved  by  the  pressure   transmitted    to  it,    we  have,  by 
willing  .11  Cor  W,  and  F  for  W, 


Rj 


"■'1 


(•li'l). 


The  product  s'b',  being  the  area  of  the  larger  piston  into 
the  distance  SI,  is  the  measure  of  the  volume  of  fluid 
which  has  passed  into  the  chamber  CI'l  by  the  action  of 
the  power  F  upon  the  smaller  piston  ;  and  if  we  regard  the 
water  as  incompressible,  this  must  be  equal  to  the  volume 
of  fluid  which  has  been  pressed  out  of  the  chamber  AB. 
Supposing  the  smaller  piston  to  have  been  depressed  to  I', 
and  denoting  the  distance  H'  I'  by  s,  this  latter  volume 
will  be  measured  by  sb,  and,  therefore,  from  what  has  just 
been  remarked, 


which,  substituted  above,  giv 


Be' 


(;2-2X). 


The  first  member  of  this  equation  is  the  work  performed 

by  the  resistance,  the  second  thi.it  performed  by  the  power, 
whence  we  conclude,  that  in  hydraulic  machines  depending  coueMon: 
upon  $ie  transmission  of  'pressure,  as  in  other  machines,  ike 
v:ork  of  ili e  power  is  equal  fa  Unit,  of  the  resistance. 

If  the  friction  of  the  pistons  against  the  sides  of  their  Motion  ano 
respective  chambers  and  the  viscosity  of  the  fluid  be  taken  ™cos' y " 
into  the  account,  the  work  of  these  must  be  added  to  the 
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term  Us',    which  would  make  the  effective  quantity  of 
work,  measured  by  Rs',  actually  less  than  the  work  of  the 

'  power.  What  then  is  gained?  The  answer  is  the  same 
as  before,  viz.:  the  machine  give?  to  a  feeble  power  the 
ability  to  perform,  by  a  succession  of  efforts,  an  amount 
of  work  which  it  could  not  accomplish  by  a  single  one. 
It  would  be  quite  within  the  physical  capabilities  of  an 
individual  to  raise  to  the  summit  of  a  walla  ton  of  bricks, 
by  taking  a  few  bricks  at  a  time,  wnereas  an  effort  to  ele- 
vate the  whole  at  once  by  Ms  unassisted  strength  would 
prove  an  utter  failure.     And  this  is  true  of  all  kinds  of 

-.  machinery;  whenever  a,  given  amount  of  work  is  accom- 
plished by  the  application  of  a  dim  i  nisi  Led  power,  the  space 
through  which  Hie  latter  is  exerted  must  be  proportionally 
increased. 

Had  this  principle,  together  with  the  uicom  press  ibility 
of  the  fluid,  been  assumed  at  the  outset,  it  would  have 
been  an  easy  matter  Lo  deduce  ')■)■].  (220),  and  therefore  the 
principle  of  the  equal  transmission  of  pressure;  for,  the 
volume  of  the  fluid  remaining  the  same,  we  should  have 


and  the  quantity  of  work  of  the   power   and  resistance 
being  equal,  gives 


dividing  the  first  of  tlu^e  equations  by  the  second,  we  find 

v_  _  b_ 


that  is  to  say,  the  pressures  are  directly  proportional  to 
the  areas  of  the  pistons  to  which  they  are  applied,   when 
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there  is  an  equilibrium)  or  when  the  pistons  have  a  uniform 
motion. 


—One   of  the    most   interesting   and   important 
of    the   principle    of   equal    transmission    of 
pressure  is  exhibited  by  the  Hydraulic  or  Br  amah's  Press.  ti).i( 
The  main  features  of  this  machine  are  the  following ;  A 
large    and    small 
metallic    cylinder 
A     and     a,    are 
made  to  commu- 
nicate freely  with 
each  other  by  a 
duct-pipe  r.    Wa- 
ter stands  in  both 
of  the  cylinders, 
and  each  is  provi- 
ded with  a  strong 
piston.     The  pis- 
ton -S'  of  the  larger 
cylinder  carries  a 
strong  head-plate 

P,  which  works  in  a  frame,  so  as  to  move  directly  towards 
or  from  a  plate  B  which  is  stationary.  The  substance  to 
be  pressed  is  placed  between  thow.;  two  plates.  The  piston 
in  the  small  tube  a  is  worked  by  a  lever  c  d,  of  the  second 
order,  having  its  fulcrum  at  c,  the  piston-rod  being  attached 
at  b,  while  power  i.s  applied  at  d.  The  pressure  exerted  by 
.the  smaller  piston  on  the  water  h.  transmitted  by  the  latter 
to  the  piston  S. 

Let  the  diameter  of  the  cylinder  a-  be  half'  an  inch,  that  u 
of  the  larger  200  inches,  then  will  e 


100000 ; 


and  suppose  the  distance  erf  to  be  equal  to  50  inches,  and 


)y  Google 


NATURAL    PHILOSOPHY". 

c  b  to  be  one  inch,  and  let  a  man  throw  his  weight,  say 
150  pounds,  on  the  point  d;  then  from  the  property  of 
the  lever  will  Hie  force  I1)  applied  Lo  the-  smaller  piston,  be 
given  by  the  proportion 

1     :     50     :  :     150     :     F; 
whence 
1  F  =  150  X  50  =  7500." 

Substituting  these  values  for  F  and  ■=-  in  Eq.  (222),  and 
omitting  the  common  factor  s',  we  find 

£  =  7500s' X   160000  =   1200000000s; 

thus  an  effort  equal  in  in.  tensity  to  a  weight  of  one  hundred 
and  fifty  pounds  applied  at  d,  is  capable  of  holding  in 
equilibria  a  power,  or  of  maintaining  in  uniform  motion  a 
body  subjected  to  a  constant  resistances,  equal  to  one 
billion  two  hundred  million  pounds. 

Dividing  both  members  of  lOq.  (223)  by  F,  we  find 


substituting  tins  above  values  for  .A'  and  F.  and  suppose  the 
piston-head  to  have  been  raised  through  the  distance  of 
one  foot,  we  have 


and  because  the  power  applied  at  d  must  pass  over  50 
times  this  distance,  we  find 

160000  x  50  =  8000000, 
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d 0000 00 

"5280" 


for  the  distance  described  by  the  power  to  compress  the 
.  resistance  one  foot,  or  to  raise  a  weight  equivalent  to  the 
resistance  through  that  height.  The  hydraulic  press  is 
used  in  the  arts  to  press  paper,  cloth,  hay,  to  uproot  trees, 
to  test  the  strength  of  ropes,  chains,  building  materials,  ,„ 
and  guns;  and  two  were  recently  employed  with  success  h; 
to  raise,  through  a  vertical  height  of  more  than  one 
hundred  feet,  the  great  iron  viaduct-tube,  weighing  up- 
ward of  eighteen  hundred  torts,  over  the  Mcjiai  Straits. 


PRESSURE!    OF    HEAVY    FLUIDS. 

§  264.— Let  ua  now  examine   the   pressure   which   an 
heavy  fluid  exerts  on  the  base  of  a  vessel  in  which  it  is  ' 
contained.     For  this 
purpose,  let  ABB  0 

be  a  vessel  containing  Kg-  396. 

a  heavy  fluid,  as  wa- 
ter, in  equilibria  Tho 
upper  surface  A  B  of 
the  fluid  will  be  hori- 
zontal.     Conceive   a 
horizontal  plane  6?  H 
to  be  passed,  and  sup- 
pose the  fluid   below  this  plane,   or  that   contained  in  the  fluid  below 
the  portion   GCDH,  to  be  devoid  of  weight ;  then  it  is  ^^XvoL 
obvious,  from  our  previous  principles,  that  the  weight  of  of  weight; 
any  slender  vertical  column,  as  EI,  will  exert  a  pressure 
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at  I,  which  is  distributer!  equally  in  sill  directions  through 
the  fluid  GCDH,  and  that  this  pressure  acta  equally 
upward  to  oppose  the 
descent  of  the  other 
columns  which  stand  ^' 

3  vertically  over  the 
plane  OH;  the  col- 
umn EI  alone  keeps, 
therefore,  in  equi- 
librio  all  the  other 
columns  of  the  mass 
AG  H  B  ;  conse- 
quently, the  mass  GCDH,  being  still  supposed  without 
weight,  there  will  result  no  pressure  upon  the  base  CD, 
except  that  winch  arises  fVo:ri  the  weight  of  a  single  fila- 
ment EI,  which  being  transmitted  equally  to  all  the 
points  of  the  base  01).  the  pressure  on  the  latter  will  be 
given  by  Eq.  (220) ;   that  is,  by 


W  =    W 


in  which  W  is  the  weight  of  the  column  EI,  i  the  area 
of  its  base,  ti  the  area  of  the  base  OD,  and  W  the  pressure 
which  it  sustains. 

Denoting  the  height  of  the  column  EI  by  h,  its  weight 
W  will  be  given  by 

.  W  =  h.b.D.g; 

in  which  D  denotes  the  density  of  the  fluid,  and  g  the  force 
of  gravity. 

Substituting  this  above  for  W,  we  find 


W 


h.V  .D.g 


em). 


If  now  the  plane  GIT  he  depressed  so  as  to  leave  all 
the  heavy  fluid  above  it,  this  plane  will  coincide  with 
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the  bottom,  /  will  come  to  I',  and  h  will  "become  the  ver- 
tical height  EI'  of  the  surface  of  the  fluid   above  the 


Ha-.   297. 


But  the  product  7/  h  is  obv iously  the  volume  CO  0'  D  w 
of  the  fluid  contained  in  a  right  cylinder  or  prism  having  a 
for  its  base,  the  base  of  the  vessel;  D.b'.  h  is  the  mass  of  this  pi 
cylinder  or  prism,  and  D  .V  .h  .  g  is  its  weight.      Whence 
we  conclude,  that  the  pressure  exerted  by  a  heavy  fluid 
upon  the  horizontal  base  of  a  vessel  containing  it,  is  equal 
to  the  weight  of  a  column  of  this  Jlu/id,  v:h.<m  base  is  the  base 
of  the  vessel,  and  ii:h.n?,e  altitude  w  equal  to  the  deptli  of  this 
base  behw  the  surface  of  the  fluid. 

In  this  measure  for  the  pressure  on  the  base  of  a  vessel 
containing  a  heavy  fluid,  there  is  nothing  at  all  relating  p 
to  the  figure  or  actual  volume  of  the  vessel,  and  we  are,  jj, 
hence,  to  infer  that  this  pressure  is  wholly  independent  of  m 
both,  and  will  always  be  the  same  whenever  the  area  of  fl 
the  base  and  altitude 
of  the   fluid  are  the 
same.    The  right  cyl- 
inder,   inverted    and 
ereet  truncated  cones, 
having  equal  inferior 
bases   B,  B,  B,    and 
the   same  altitude  h, 
will,  when  filled,  con- 
tain    very     different 
volumes  of  fluid,  yet 
the    bases    will    all 
experience  the  same 
amount    of   pressure 
from  the  weight   of 
the  fluid,  if  it  be  the 
same  in  kind,  or  of 
the  same  density. 

The   experimental, 
verification     of     this 
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apparent  paradox  is  easy.  AD  OB  is  a  glass  tube,  of 
which  the  ends  are  open  and  bent  upward;  the  end 
B  is  furnished  with 
a  brass  ferrule  upon 
which  a  screw  is  cut 
for  the  reception  of  a 
mate-screw  IT  around 
the  bottom  of  the  ves- 
sels F,  F',  and  F", 
also  open  at  both 
ia  ends.  On  the  end  A 
16  is  a  sliding  ring  of 
metal  or  wood.  At 
F,  is  a  short  wire  that 
may  be  moved  up  and 
down,  and  is  held  in 
any  desired  position  by  friction. 

Pour  mercury  in  either  end  of  the  bent  tube  till  it  rises 
to  any  desired  level,  say  that,  of  the  dotted  line ;  next,  screw 
either  of  the  vessels,  say  F.  on  its  place  at  />',  and  fill  it  with 
water.  The  water  passing  freely  through  to  the  surface  of 
the  mercury  will  press  upon  the  latter  by  its  weight  and 
force  it  up  the  end  A.  When  both  fluids  come  to  rest, 
move  the  ring  on  the  end  A  to  a  level  with  the  mercury  to 
mark  its  place,  and  press  the  wire  F  down  to  the  surface 
of  the  water  to  determine  its  height.  Now  draw  off  the 
water  by  the  stop-cock  G,  remove  the  vessel  F  and  replace 
it  by  F',  and  fill  with  water  as  before;  when  the  level 
of  the  water  reaches  the  end  of  the  wire  /'J,  the  mercury 
will  be  found  to  have  reached  the  ring  on  the  end  A, 
The  experiment  being  repeated  with  the  slender  vessel 
F",  not  even  half  as  thick  as  the  tube  AD  OB,  the  mer- 
cury will  again  be  found  at  the  ring.  In  all  these  ex- 
periments, the  base  pressed  is  the  same,  being  a  section 
of  the  bent  tube  at  the  level  of  the  mercury;  and  the 
altitude  is  the  same,  being  the  difference  of  level  of  the 
mercury  in  the  end  B  and  lower  extremity  of  the  wire  F, 
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when  the  mercury  in  the  end  A  stands  at  the  level  of  the 
ring.     The  quantities  of  water  employed  in  the  three  cases  concu 
are  very  different,  and  yet  the  pressures  exerted  by  their 
weights  are  the  same. 

§  265.— The  pressure  of  a-  heavy  fluid  upon  a  horizon-  Presm 
tal  plane,  enables  ua  to  pass  to  that  on  a  plane  inclined  ^"^ 
under  any  angle  whatever  to  the  horizon,  and  thence  to  Burfac 
the  pressure  on  a  curved  surface. 

Let  A  B  I)  0  be  a  vessel 
with  plane  or  curved  sides, 
and  filled  with  a  heavy  fluid;  Fig"  m 

suppose  G  H  and  6f  H'  to  \  ■■   ■ ■£- P 

be  two  horizontal  planes  in-  g\     ~]  ■——//*' 

definitely  near  each  other.  ^ — -~~o 

The  layer  of  fluid  between 
these  planes  may  be  consid- 
ered as  without  weight,  and  as  transmitting  the  pressure 
of  the  superincumbent  fluid  to  the  snrlkee  of  the  vessel 
with  which  this  layer  is  in  contact;  and  the  pressure 
upon  this  surface  will  be  the  same  as  though  it  were  in 
either  of  the  two  planes  in  question.  Designating  the  ex- 
tent of  this  elementary  surface  by  b',  and  the  depth  _Z?i~  by 
h',  the  measure  of  this  pressure  will' be 


D.g.b'.h';  i 

in  which  D  and  g  denote  respectively  the  density  of  the 
fluid  and  force  of  gravity.  In  like  manner,  the  pressure 
upon  any  other  elementary  portions  b",  b"\  b"",  &c,  of 
the  surface  at  distances  h",  h"\  and  h"",  &c,  respectively, 
below  the  upper  surface  of  the  fluid,  will  be 

D  .  g  .  b"  .  h",       D  ,  g  .  V"  .  h'",  Ac. ;  a 

and  the  pressure  upon  the  entire  surface  will  obviously  be 
the  sum  of  these ;  or,  if  the  total  pressure  be  denoted  by 
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P,  tlien  will 

P  =  Dg{Vh' 


h"  +  V"V"  +  &c). 


But  if  we  tfilte  "the  upper  surface  of  the  fluid  as  a  plane 
of  reference,  and  denote  by  b  the  entire  area  of  which 
V,  b",  &c,  are  the  elements,  and  of  which  the  distance  of 
the  centre  of  gravity  from  this  pia.no  of  reference  is  h,  then, 
from  the  principle  of  the  centre  of  gravity,  will 


■■  b'h'  - 


b"k"  +  b"'h'"  +  i 


which,  substituted  above,  gives 


:  D.g.h.h. 


(2i-jl 


that  is  to  say,  the  pressure  exerted  by  a  heavy  fluid  against 

the  surface  of  any  vessel  i-ii  wlnvJi,  %t  is  contained,  is  measured 
by  the  weight  of  a  coiv.mii  of  the  fluid  huvlrnj  for  its  base  the 
surface  pressed,  and  for  its  altitude,  the  d<:pth  of  the  centre  of 
gravity  of  this  surface  below  ihe  upper  level  of  tlte  fluid, 

Example  1st.  liequired  trio-  pressure  against  the  inner 
surface  of  a  cubical  vessel  filled  with  water,  one  of  its 
faces  being  horizontal.  Call  the 
edge  of  the  cube  a,  the  area,  of  each. 
iii.ee  will  be  of,  the  distance  of  the 
centre  of  gravity  of  each  vertical 
face  below  the  upper  surface  will  be 
£  a,  and  that  of  the  lower  face  a ; 
whence,  the  principle  of  the  centre 
of  gravity  gives, 


!-":,'.   -!00. 
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and  these,  substituted  in  Eq.  (225),  give 

P  =  D.g.b.h  a  D.g.SaK 


Now  Dg  X  l3  —  Dg,  is  the  weight  of  a  cubic  foot  of  water 
=  62.3  lbs. 


P  =  62.5  X  3  a3.  m pounds; 

Make  a  =  7  feet,  then  will 

P  =  62.5  x   3   X  (7)3  =  27562.5.  1*£T**' 

The  weight  of  the  water  in  the  vessel  is  62.5  a3,  yet  the 
pressure  is  62.5  X  3  a3,  whence  we  see  that  the  outward 
pressure  to  break  the  vessel,  is  three  times  the  weight  of  conclusion; 
the  fluid. 

]<hxi.-!h-ph  2'X  Let  Uic  vessel  be  a 
sphere  filled  with  mercury,  and  let  Eg.  sol. 

its  radius  he  B.  Its  centre  of  grav- 
ity is  at  the  centre,  and  therefore 
below  the  upper  surface  at  the  dis- 
tance R.  The  surface  of  the  sphere 
being  equal  to  that  of  four  of  its 
great  circles,  we  have 

b  =  i«Rs; 
whence 

h.  h  =  4*5°;  * 

and,  Eq.  (225), 

P  =  Iv.D.g.BK 
The  quantity  Dg  X  l3  =  Dg,  is  the  weight  of  a  cubic  foot 
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of  mercury  =  843.75  lbs.,  and  therefore,  substituting  the 
value  of  9  =  3.1416, 

P  =  4x  3.1416   X  843?75  .  Bz. 

Now  suppose  the  radius  of  the  sphere  to  be  two  feet,  then 
will  J?' =8,  and 

P  =  4  X  3.1416  X  843'.75  X  8  =  84822.4. 

The  volume  of  the  sphere  is  |*.ffi8;  and  the  weight  of  the 
contained  moTaiiry  v/lLl.  tlicxoibre  ijo  ■',  *  R :l  <j'D  =  W.  Di- 
viding the  whole  pressure  by  this,  we  find 


P_ 

W  ' 


3  the  outward  pressure  is  three  times  the  weight  of 
the  ifluid. 
loihird;  Example  3d.  Let  the  vessel  be  a  cylinder,  of  which  the 

radius  r  of  the  base  is  2,  and  altitude  I,  6  feet.     Then  will 

J. ft  =  «rl(r  +  I)  =  3.1416  X  2   X   6  X   8; 

which,  substituted  in  Eq.  (225),  ..-..:. 

*,  P  =  301.5936  x  Dg, 

and 

ttrtAi  W  =  3'1416  X  2a  x  6  X  -Off  =  75.398  X  Dg; 

whence, 


MWk 

P    _  801.5936  X  Dg 

W           75.3984  .Dg 

..Google 
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that  is,  the  pressure  against  the  ' 
weight  of  the  fluid. 


s  four  times  the 


§  266.— Although    the  pressure  of  a  heavy  fluid  de-  Centre  of 
pends  upon  the  position  of  the  centre  of  gravity  of  the  preHSUre; 
surface  pressed,  yet  the  resultant  of  all  the   elementary 
pressures  passes  through  a  different  point,  the  position  of 
which  for    a  plane   surface 
may   be    thus  found.     Let 
ETF  be  any  plane,  and  MN 
the  intersection  of  this  plane 
produced    with    the    upper 
surface   of  the   fluid  which 
presses   against  it.     Denote 
the  area  of  any  elementary 
portion  n  of  the  plane  FIF 
by  V ;  and  let  m  he  the  pro- 
jection of  its  place  upon  the 
upper  surface  of  the  fluid; 
draw  mM  perpendicular  to 

MN,  and  join  n  with  M  hy  the  right  line  n  M,  the  latter 
will  also  be  perpendicular  to  MN,  and  the  angle  nMm 
will  measure  the  inclination  of  the  plane  MIF  to  the  sur- 
face of  the  fluid.  Denote  thin  angle  by  <?,  the  distance 
mn  by  h\  and  Mn  by  / ;  then  will 

el 
h'  =  r'  sin  tp.  p> 

The  pressure  of  the  fluid  upon  the  element  n  will,  Eq. 
(225),  be 

D.g.V  .h'  =  Dgb'r'sm?;  £ 

and  its  moment,  in  reference  to  the  line  MNns  an  axis, 

Dgb'  r   simp;  it 

and  for  any  other  elements  of  which  b",  V",  &c,  denote  the 
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areas,  we  have,  in  like  manner, 

Dgb"r"  sin  9, 

Dgb'"r"   sinip, 

&c,  &c. 

Denoting  by  h  the  depth  of  the  centre  of  gravity  of  the 
area  EI F  below  the  surface  of  the  fluid,  and  by  r  the  dis- 
tance of  that  point  from  the  line  MiY,  wo  shall  have 

k  =  r  sin  <p  ; 

and,  for  the  total  pressure  upon  FIF, 

;  P  —  D.g.b.k  =  D  g  b  r  sin  ip, 

in  which  b  denotes  the  area  of  EIF ;  and  if  x  denote  the 
distance  of  the  point  of  application  of  this  pressure  from 
the  line  MN,  its  moment  will  be 

D  g  b  r  sin  ip  .  x. 

But  the  moment  of  the  entire  pressure  must  he  equal  to 
the  sum  of  the  momenta  of  the  partial  pressures,  and  hence 

Dgbrx  sin  ip  =  Dgsm  <p(6VB  +  b"r"a  +  b"'r"fi  +&c); 
whence 

,  =  '■^^■n-^th  . .  (m) 
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The  numerator  of  the  second  member,  is  the  moment  interpretation  of 
of  inertia  of  the  plane  EIF;  the  denominator  is  the  ■»«««rtta,i 
product  of  the  area  of  She  plane  itself  by  the  distance  of 
its  centre  of  gravity  from  the  axis,  and  as  a  similar  ex- 
pression would  result  if  the 
pressures  were  referred  to  any 
other  line  in  the  plane  EIF 
as  an  axis,  it  follows  from 
§  184,  Eq.  (86),  that  the  result- 
ant pressure  passes  through 
the  centre  of  percussion  of 
the    surface   pressed.      This 
point  is  called  the  centre  of 
pressure.     It  is  that  point,  in 
thi}  Mrjme  to  which,  if  a  sinr/k 
force  la  applied  in  a  direction 
con i-rar//  arid  vjuol  to  the  total 
pressure  exerted  upon  it,  the  su 
librio. 


■remain    m   cc/ut-  .. 


§267.,— The  principles  which  have  now  been  explained,  a 
are  of  high  practical  importance.     It  is  not  only  interest-  "" 
ing,  but  necessary,  often  to  know  the  precise  amount  of 
pressure  exerted  by  fluids  against  the  sides  of  vessels  and 
obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimensions  of  the  latter  as  to  give  them  sufficient 
strength    to    resist.      Reservoirs   in   which    considerable 
quantities  of  water  are  collected  and  retained  till  needed 
for  purposes  of  irrigation,  the  supply  of  cities  and  towns, 
or  to  drive  machinerj' ;    dykes  to  keep  the  sea  and  lakes 
from   inundating    low    districts ;     artificial    embankments  oi 
constructed  along  the   shores    of    rivers  to  protect  the  ^h 
adjacent  country  in  times  of  freshets ;  boilers  in  which  are 
pent  up  elastic  vapors  in  a  high  state  of  tension,  to  be 
worked  off  at  pleasure  to  propel  boats  and  ears,  and  to 
give  motion  to  machinery  generally,  are  examples. 
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Let  A  B  CD  be  a  section  or 
profile  of  the  wall  of  a  reser- 
voir, MN  the  upper  surface  of 
the  water,  and  MB'  the  bottom. 
Denote  the  length  of  the  wall 
by  I,  the  depth  N~B  of  the  water 
against  its  face,  supposed  verti- 
cal, by  d;  then  will  the  surface 
pressed  be  measured  by  Id;  the 
distance  of  the  centre  of  gravity 
of  this  surface  from  the  upper 
level  of  the  water  will  be  \d, 
whence  the  whole  pressure  will  be 


D.g.l.d* 


in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.  The  inner  surface  of  the  wall  being  vertical,  this 
pressure  is  exerted  in  a  horizontal  direction,  and  must  be 
resisted  by  the  wall.  Now  the  wall,  if  it  move  at  all,  may 
either  slide  along  Us  base  I)  (]  or  turn  about  the  horizontal 
1  edge  passing  through  G.  First,  let  us  suppose  it  slides, 
i  the  depth  of  the  face  A  D  by  d\  the  mean  thick- 
s  mn  by  (;  then  will  the  weight  of  the  wall  be 


D'.ff.l.d'.t; 


and,  denoting  the  coefficient  of  friction  between  the  wall 
and  earth  by  J',  the-  whole  friction  will  be 


f.D'.g.l.d'.t, 


in  which  D'  is  the  mean  density  of  the  wall;  and  the 
condition  of  stability  will  be  satisfied  as  long  as  we  have 
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from  which  we  find 


D'   ~  2fdT  a 

The  density  of  water  is  usually  taken  as  unity,  and  on 
ordinary  earth,  the  value  of  j]  for  masonry,  does  not  vary 
much  from  L  whence 


2.1)     d  onliimry  cases; 

The  thickness  is  the  only  unknown  quantity,  since  d  and 
d'  must  result  from  the  capacity  of  the  reservoir. 

If  the  wall  tend  to  turn  about  the  edge  0,  then  must  suppose  the  wan 
the  moment  of  its  weight  be  equal  to  the  moment  of  the  l^ft™*^*0?' 
pressure  when  both  are  taken  in  reference  to  that  Sine,  its  base; 
Let  G  be  the  centre  of  gravity  of  the  profile  A  B  OD, 
and  denote  the  distance   CO  of  its  projection  upon  the 
base  of  the  wall  from  0,  by  r.     Then,  from  the  assumed 
figure  of  the  profile,  wo  shall  have 


in  which  n  is  known ;  and  the  moment  of  the  weight  of 
the  wall  will  be 

D'  .g  .l.d'  ,t*.n.  ™ 

The  centre  of  pressure  0',  being  that  of  a  rectangle  of 
which  the  side  through  Ar  is  horizontal,  is  at  a  distance 
-  bolow  N  equal  to  \  of  NE,  or  from  the  bottom  point  M 
equal  to  \d;  and  adding  the  distance  ED  denoted  by 
a,  the  moment  of  the  pressure,  in  reference  to  C,  will  be 


«); 
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and,  to  insure  stability,  we  must  have 


/  1        n 


■-■  ■  <_ 


If  the  water  come  to  the  bottom  of  the  \ 
reservoir  be  full,  then  will 


v    on      1) 


Nest,  let  ABC  be  a.  sec- 
tion of  a  cylindrical  water- 
pipe  or  boiler  perpe: idioula r 
to  the  axis,  the  inner  surfaei) 
of  which  is  subjected  to  a 
pressure  oi'p  pounds  on  each 
superficial  unit.  Denote  by 
E  the  radius  of  the  interior 
circle,  and  by  I  the  length  of 
the  pipe  or  boiler  parallel  So 
the  axis ;  then  will  the  sur- 
face priced  be  measured  by 

and  the  whole  pressure,  by 

2  *  8  lp. 
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If,  in  virtue  of  this  pressure,  the;  pip;.;  stretches  so  that  its  suppose  ma  ] 
interior  radius  becomes  R  +  r,  it  is  obvious  that  the  small to  alrelcb ' 
distance  r  will  denote  the  path  describe!  by  the  whole 
pressure,  and  its  quantity  of  work  will  be 

2«Bl%>r,  quaufityofw 

The  interior  circumference  before  the  application  of  the 
pressure  was  2  *  B,  and  afterward,  2  ~  (if?  +  r) ;  the  differ- 
ence of  which,  or 

2  *  (ffi  +  r)  -  2  *  B  =  2  *t,  »r 

is  obviously  the  distance-  through  which  the  resisting 
molecular  forces  of  the  material  of  which  the  pipe  or 
boiler  is  made,  have  acted  during  the  stretching  process, 
Denote  the  resistance  which  the  material  of  the  pipe  or 
boiler  is  capable  of  opposing,  without  losing  its  elasticity, 
to  a  stretching  force  on  a  section  of  one  superficial  unit, 
by  B;  the  length  of  the  pipe  or  boiler  by  I;  and  its  thick- 
ness by  t.  The  intensity  of  the  force  which  a  section 
parallel  to  the  axis  is  capable  of  resisting  will  be  Bit,  and 
its  quantity  of  work 

Bit,  X  %«r.  ™*™^ 

But  by  virtue  of  die  principle  of  the  transmission  of  work, 
this  must  be  equal  to  the  work  of  the  pressure,  and  we 
have 

ZvBltr  =  2#Rlpr;  conditioner 


Rp 
B' 


The  value;  of  p  is  casi'y  estimated  in   the  case  of  water 
in  a  pipe,  by  the  rules  just  given.     In  the  case  of  steam  in 
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a  boiler,  it  may  with  equal  ease  be  found  by  rules  to  be 
The  value  of  B  is  readily  obtained  from 

;  the  results  of  experiments  on 


the  following  table  givir 
the  strength  of  materials ; 


Ttie  Tenacities  o 


TAHIX 

Si:i!  STANCES,     K 


,_  „„,...„„„. 

fjl 

Es 

It 

Is 
"8  8 

II 

Wrought  iron,  in  wire  iron)  1 

1-aOt.li  tol-Suth  of  mi  V 

inch  in  diameter  -     -  j 

in  wire,  l-IOth  of  an  inch 

ill  bars,  Russian  (muan) 

English  (mean) 

hammered  -     - 

rolled  in  sheets,  and  cut J 

lengthwise  -    -    -    -  j 

in  chains,  oval  Jinks  G  in.  j 

clear,  iron  \\  in.  dia. 

ditto,    Brunton's,    with  i 

stay  across  link     -     -  f 

Cast  iron,  quality  No.  1  -     - 

2-     ■ 

3*      ■ 

Steel,  east    ------ 

cast  and  tilted    -    -    - 
blistered  and  hammered 

Damascus 

ditto,  once  refined      - 

ditto,  twice  ri'liiKhl    - 

Copper,  ua-sl      ----- 

Juuumcred       -     -     -     - 

Silver,  cast 

Brass,  yellow  (fine)    -     -     - 
(J  mi  metal  (hard)       -     -     - 
Tin,  cast - 

36  to  43 
a7 

■>■:-., 
„  3o 
"'  >4 

18 

35 

6  to  7S 

'it:  ',/: 
44 
6o 
5* 

37 

5o 
3i 
36 

44 
*i 
i5 

^?i 
»7 

17 

'I 

16 

Telford 
Brunei 

Brown 
Barlow 

1    1.    ..I_l.i.  _!--■  ■■ 

Ronnie 
Mitia 

Rennie 
Kingston 

Rennie 

38  to  4i 

37  k>  .;h 
5i  to  65 

52 

46 

73 
7 

Hodgkhison 
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TABLE — continued. 


aj 

u 

M 

Jj 

lii 

If 

31 

;-  £  -j, 

Zift 

Tin  wire       -     -     -     - 

3 

Renni 

4- 5IL* 

3i 

Rennie 

milled  sheet   -    - 

i* 

T  red  mi 
Guyto 

d 

Stone,  slate  (Welsh)  - 

5*7 

Marble  (white)   - 

4 

i.4 

Portland    -     -     - 

t 

1.6 

_ 

Ouigleith  freestone 

2.4 

Bromley  Fall  uiui'lslime 

(!fj]-iji.ili  granite    -     •     - 

Pt'torhead  ditto    -     -     - 

3.7 

Limestone  (compact  bit) 

4 

Purbeck    

4 

Aberdeen  granite    -    - 

5 

ISriek,  piiln  red      ...     - 

,i3 

.56 

~ 

Hammersmith  (pavior'sl 
ditto           (burnt)  - 

i.4 

Chalk 

I'lusLur  of  Paris    -     -     -     - 

-o3 

Glass,  plate 

4 

Bona  (ox)    ------ 

UtMiii)  j'ibi'iis  K'i'ied  tnsdhnr 

4i 

-•trip*  of  pii|ji.;r  glued  iujfei  Inn 

i3 

IVohI,  Ijox,  qit'!:.  smi.vuy  .  Sfb 

9 

Barlo 

Ash 

.6 

Teak     . 

•9 

5 

Oak       - 

•9a 

5 

1-7 

Ditto     - 

•77 

4 

Fir 

5 

Pear       - 

.646 

41 

Maliojr,'iTi.y 

,637 

3* 

Elm      - 

6 

-57 

Pine,  American  - 

6 

-73 

Deal,  white     -     -     -     - 

6 

.86 

_ 

In  the  result  just  obtained  for  the  value  of  t,  no  atten- 
tion has  been  paid  to  the  pressure  upon  the  ends  of  the 
boiler  or  pipe,  but  these  are  usually  made  thick  enough  to 
throw  the  chances  of  breaking  altogether  upon  the  cylin- 
drical portion  of  the  surface. 
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.:■-.  s 


^ 


§  268. — The  rules  for  finding  the  pressure  againat  the 
sides  of  vessels  are  equally  a-|)|.>j  cable  to  the  determination 
of  the  pressure  on  the  surfaces  of  bodies,    however  sub- 

iof     jected  to  the  action  of  a  homogeneous  heavy  fluid.     But 

,es;  when  it  is  the  question  to  ascertain  the  circumstances  that 
determine  a  heavy  body  to  be  in  equilibrio  or  in  motion, 
when  immersed  in  a  heavy  fluid,  it  is  usual  to  employ  ff  c 
results  deduced  from  the  following  considerations. 

Suppose  a  vessel  A  to  contain 
any  heavy  fluid  in  a  state  of  rest. 
All  parts  of  the  fluid  being  in  equi- 
librio, it  is  obvious  that  this  state 

iiy      will  in  no  respect  be  altered  by  sup- 

'"  posmg  any  portion  B  to  become 
solid  without  changing  its  density. 
This  solid  is  entirely  immersed  in 
tlie  fluid,  with  which  it  has  the-  same 
density,  and  is  in  equilibrio.  Now 
this  solid  is  urged  downward  by  its 
weight,   which  passes  through  its 

centre  of  gravity.  This  weight  can  only  be  in  equilibrio 
with  a  single  force  when  the  latter  is  directed  vertically 
upward  through  the  centre  of  gravity  of  the  body,  which 
centre  coincides  with  that  of  the  fluid  converted  into  a  solid, 
or  that  of  the  displaced  fluid.  But  the  only  forces  that 
act  upon  the  solid  besides  its  weight,  are  the  pressures  of 
the  surrounding  fluid ;   whence  we  conclude  that 

1st.  The  pressures  upon  the  surface  of  a  body  entirely  im- 
mersed -in  a  fluid,  have  a  sinyh  resultant,  and  that  this  result- 
d  vr.rii'.-.aMy  v.pwo.rd. 


J 
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2d.  The  resultant  of  till  the  pressures  is  equal,  in  inknsity,  second  result; 
to  ike  weight  of  the  displaced  fluid. 

3d.   The  line  of  direction  of  the  rKsul.to.nl,  passes  through  mini  result; 
ihc  centre  of  yrauily  of  the  displaced  fluid, 

4th.    The  horkonial  pressures  destroy  each  other.  fourth  result ; 

Again,  if  without  altering  the  volume  of  this  solid,  we 
give  it  an  addition;!!  quantity  of  matter,  it  is  obvious  that 
the  weight  of  this  latter  will  cause  it  to  descend,  that  is, 
sink  to  the  bottom  of  the  vessel.  Or  if,  without  altering 
its  volume,  we  conceive  a  portion  of  matter  taken  from  its 
interior,  the  equilibrium  will  again  be  destroyed,  the  weight 
of  the  solid  will  be  diminished  by  that  of  the  subducted 
matter,  the  resultant  of  the-  pressures  will  prevail,  and  the 
body  will  rise  to  the  surface,  through  which  it  will  con- 
tinue to  ascend,  till  the  weight  of  the  fluid  displaced  by 
the-  pari:  immersed,  is  equal  to  that  of  the  entire  body. 

In  the  first  case,  the  density  of  the  body  will  be  in- 
creased, containing  a  greater  quantity  of  matter  under  the  mummersed 
same  volume,  and  in  the  second  the  density  will  be  dimin-  ji^^eo^J" 
ished;  and  as  the  density  of  the  original  body  was  the  >»  "» <i™s>'y  » 
same  as  that  of  the  fluid,  we  see  that  when  ike  density  of  tn™  ihstoi  tL> 
an  iimu.erml  body  is  i/radcr  tho.o,  iiial.  of  th.ejluid,  it  will  sink  n"id- 
to  the  bottom;  luhen-  less,  it  will  rise  to  the  sti.rfo.ee,  and  float. 

It  follows,  also,  from  what  has  been  said  above,  that 
when  a  body  is  immersed  in  a/io.id.   U  will  lose  a  portion  of 
its  weight  equal  to  that  of  the 
displaced  fluid.   This  is  beau- 
tifully  illustrated   by  what  Kg.  soe. 
is  usually  called  the  "cylin- 
der and  bucket"  experiment. 
Place  a  hollow  cylinder   a, 
in  one  of  the   scales  of  a 
balance;    suspend    to    this 
scale  a  .second  cylinder  b,  of 
solid  metal,   exactly  fitting 
the  former,  and  in  the,  oppo- 
site scale  put  a  weight  c,  that 
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Ihi.-  peinei 
weight  of 


shall  restore  the  equilibrium  Fig-  306. 

of  the  balance.  Now  im- 
merse the  cylinder  6  in  a 
vessel  W  of  water,  the  scale 
of  the  weight  c  will  de- 
scend; fill  the  cylinder  a 
with  water  taken  from  the 
vessel  IFj  the  beam  of  the 
balance  will  return  to  its 
horizontal  position. 

The  weight  lost  by  the 
solid  is  transmitted  through 

the  fluid  to  the  vessel,  in  the  same  way  that  the  %veight  of  a 
person  in  bed  is  transmitted  through  the  latter  to  the  bed- 
ie  stead,  and  thence  to  "the  floor.  This  is  proved,  experiment- 
ally, thus :  Place  a  tumbler  of  water  in  one  of  the  scales 
J.  of  a  balance,  bring  the  beam  to  a  horizontal  position  by 
means  of  the  empty  hollow  cylinder  a  of  the  last  experi- 
ment and  a  weight  c;  sus- 
pend the  solid  cylinder  b  by 
means  of  a  thread  from  a 
detached  I'ing  It  and  depress 
it  till  it  is  wholly  immersed 
into  the  water  of  the  tum- 
bler; the  scale  A  will  fall; 
fill  the  cylinder  a  with  water 
of  the  same  temperature  and 
density  as  that  in  the  tum- 
bler; the  equilibrium  will 
be  restored. 

This  important  principle, 
which  determines  the  circumstances  under  which  a  body 
will  rest  upon  a  fluid,  is  frequently  employed  to  ascertain 
the  weights  of  large  floating  masses,  such  as  ships,  boats, 
and  the  like,  which  are  entirely  beyond  the  capacity  of  our 
ordinary  weighing  machines.  .For  this  purpose  the  vol- 
ume, in  cubic  feet,  of  the  immersed  part  is  computed  from 
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the  known  figure  and  dimensions  of  the  body,  and  tliis  is  weighiof 
multi plied  by  the  known  weiglit  of  a  cubic  .toot  of  water,  ™'™; 
which  is  62.5    pounds   avoirdupois;    the,   product  is  the 
weight  of  the  floating  body,  in.  pounds.     By  taking  in  this 
way  the  difference  of  weights  of  a  ship,  with  and  without 
her  cargo,  the  weigh!,  of  the  latter  may  be  ascertained. 

The  upward  action  by  which  an  immersed  body  appa- 
rcnily  loses  a  portion  of  its  weight,  is  called  the  bnoyard  buoymiL . 
effort  of  the  fluid;  and.  as  the  line  of  direction  of  this  effort  a  m  ' 
passes  through  the  centre  of  gravity  of  the  displaced  fluid, 
this  point  is  called   the  centre  of  Imoymcy.     The  vertical  com™  of 
line  through  the  centre  of  buoyancy,  is  called  the  line  of  ao!iai"y- 
support.     The  weight  of  a  body  acting  at  its  centre  of  grav-  fine  of  s. 
ity  downward,    and  the  buoyant  effort   at  the  centre  of 
buoyancy  upward,   the  body  can  only  bo  in  eqnilibrio 
when  the  line  joining  these  ecu  Ires  is  vertical,  for  it  is  only 
then  that  the  tbrces  ft.ro  directly  opposed.     When  the  line 
joining  the  centre  of  buoyancy  and  the  centre  of  gravity 
of  the  floating  body  is  vertical,  it  is  called  the  line  of  rest.  line  of  n 

When  the  equilibrium  exists,  it  may  be  stable,  w 


Kg.  i 


careened ;  if  unstable,  it  will ;  if  indifferent,  the  body  will 
retain  any  position  in  which  it  may  be  placed. 

Let  MQN  repre- 
sent a  section  of  any 
body,  as  a  boat  at 
rest  upon  the  water, 
of  which  the  upper 
surface  is  A  B,  called 
trie  plane  offioataikm. 
When  this  plane  is 
produced  through  the 
boat,  it  will  divide  her 
into  two  partial  vol- 
umes, the   lower  of 

which  being  supposed  for  an  instant  to  consist  of  water, 
would  weigh  as  much  as  the  entire  boat  and  her  load,  and 
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this  whatever  be  her  position,  whether  careened  or  erect. 
Whence  it  follows,  that  if  a  series  of  planes  M'  N',  M"  N'\ 
&c,  be  passed,  making  the  volumes  M'QN',  M"  QN'\ 

mg  &c.,  respectively  equal  to  MQN,  these  planes  will,  each 
in.  its  turn,  come  to  coincide  with  the  plane  of  floatation. 
whenever  the  boat,  in  the  process  of  careening,  takes  a 
suitable  position.  Bat  these  planes  may  be  regarded  as  so 
many  tangent  planes  to  a  curved  surface  a  5  c,  which  may 
be  conceived  as  invariably  connected  with  the  boat.  Now 
the  effect,  as  regards  (he  careening  motion,  will  be  the  same 
as  though  this  snriace  were  the  boundary  of  a  physical 
axis  which  is  made 
to  roll  back  and  forth 

f  the  on  the  plane  of  float- 
ation, regarded  as  a 
physical  surface,  after 
the  manner  of  the 
pendulum  axis  on 
its  supporting  plane, 
during  an  oscillation. 
When   the  boat  has 

ie  a  position  of  equi- 
librium, the  line   of 

;  support  and  of  rest  coincide,  and  are  normal  to  this 
surface  at  its  lowest  point  c.  As  the  boat  careens,  the 
line  of  support,  being  always  vortical,  will  still  he  normal 
to  this  axis  surface  at  its  lowest  point,  being  that  in  which 
it  is  tangent  to  the  plane  of  floatation;  hence  each  of  these 
normal  lines  must  in  turn  become  a  line  of  support.  If 
two  normals  a  0  and  a'O,  which  He  in  the  same  plane,  be 
drawn  at  tangential  points  answering  to  two  consecutive 
positions  of  the  boat,  these  normals  will  intersect  at  some 
point  0,  which  point  will,  obviously,  he  the  momentary 
centre  of  rotation,  when  the  plane  of  floatation  coincides 
with  M"  N".  When  one  of  these  normals  coincides  with 
the  line  of  rest,  the  point  0  is  called  the  metacentre,  being 
the  point  of  inter w.Uon  of  the  line  of  r 
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line  of  support.     But  we  have  seen  that  the  equilibrium  of  deemed; 
a  heavy  body  which  may  turn  about  a  fixed  point,  will  be 
stable  or  unstable,  according  a*  the  centre  of  gravity  (lining 
a  alight  departure  from  a  position  of  equilibrium  is  com- 
pelled by  the  connection'  to  ascend  or  descend;  and  it  is 
obvious  that,  in  the  present  ease,  the  centre  of  gravity  will 
ascend  or  descend  on  making  a  slight  derangement  of  the 
line  joining  the  centres  of  buoyancy  and  of  gravity  from 
the  line'of  rest,  according  as  the  centre  of  gravity  is.  below 
or  above  the  metacentre.     Whence  we  see,  that  the  equilib- 
rium will  be  sPxt/tc  when  the  cerdreof 'pravilij  in  Why:,  the  meta-  me  nature  c 
centre,  unstable  whan  the  rdatim  /lomtiaiis  of  these  points  are  '^'^'j,' ','.'" 
reversed,  and  -mdifih-anl  -when  dive  centres  eoincide,  for  ili.en  a  tbe  relative 
slight  derangement  wi-Ucavse  no  motion  in  the  centre  of  gravity.  can(lieB. 
It  is  also  obvious  that  the  stability  of  the  equilibrium  will 
be  the  greater,  in  proportion  as  the  centre  of  gravity  of  the 
floating  body  be  at  a  greater  distance  below  the  centre  of 
buoyancy.     It  is  for  this  reason  that  ships  sent  to  sea  object  of  &b 
without  cargoes  are  provided  with  ballast  of  stone,  sand, 
or  other  heavy  mat- 
ter,   to  diminish  the 
chances  of  upsetting. 
The    buoyant    effort 
'of  water  is  used  to 


raising  heavy  sunken 
masses.  For  this  pur- 
pose it  is  usual  to 
connect  two  or  more 

boats  A  and  B,  by  means  of  a  substantial  cross-beam;  to 
fill  them  nearly  li.ul  of  water,  that  they  may  sink  as  low  as 
possible,  and  while  in  this  condition  to  attach  the  body  to 
be  raised  to  the  cross-beam  by  means  of  a  (■aught  chain  or  a 
rope,  and  then  to  pump  the  water  from  the  boats ;  the  ten- 
sion  upon  the  chain  will  be  equal  to  the  weight  of  the 
water  pumped  from  the  boats.  If  it  is  the  question  to 
raise  a  sunken  boat,  one  of  the  most  effective  means  is  to 
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force  empty  and  water-tight  barrels  between  by  deck  and 
hull. 

in  §  269. — We  have  just  seen  that  when  a  body  ia  im- 

™  mersed  in  a  fluid,  it  loses  a  portion  of  its  weight  equal  to 
that  of  the  displaced  fluid,  and  that  it  will  sink  or  rise  to 
the  surface,  depending  upon  its  relative  density.  This  is 
universally  true,  whatever  be  the  size  and  number  of  the 
bodies  immersed.  If,  therefore,  one  fluid  be  poured  into 
another  for  which  it  has  no  affinity,  as  oil  into  water,  it 
will  sink  to  the  bottom  or  rise  to  the  surface  and  float, 
according  as  its  density  is  greater  or  less  than  that  of  the 
fluid  into  which  it  is  poured.  The  elements  of  the  lighter 
fluid  will  act  as  so  many  immersed  bodies  till  they  reach 
the  surface  of  the  heavier  fluid,  where,  being  freed  from  the 
^a  buoyant  action  of  the  latter,  they  will  arrange  themselves, 
aca  under  the  efforts  of  their  own  weight,  into  a  stratum  of 
which  the  upper  surface  will,  like  that  of  i.hc  fluid  below  it, 
be  perpendicular  to  the  direction  of  the  force  of  gravity. 
What  is  here  said  of  two,  is  equally  applicable  to  three, 
four,  or  any  number  of  fluids  of  different  densities  mixed 
together;  whence  wt:  conclude,  that  such jlmd-u  will  come  to 
!«i  rest  only  ap.tr  la-vantjiri/j  Ihcin.idvts  into  level  strata  in  the 
n.oat  order  of  tlieir  densities;  the  most  dense  being  at  the  bottom  and 
the  hast  dense  at  the  top.  This  is  confirmed  by  daily  obser- 
vation, and  may  be  easily  illustrated  by  pouring  mercury, 
water,  and  oil,  into  a  common  tumbler.  The  mercury 
will  come  to  rest  at  the  bottom,  the  oil  at  the  top,  the 
upper  surfaces  of  all  being  level. 

The  same   conclusion  follow*  fi-o.ni   the  consideration, 

mils   that  these  fluids  when  mixed  constitute  a  heavy  system, 

,       which,  we  have  seen,  can  only  come  to  a  state  of  stable 

.Tity ;  equilibrium  when  its  centre  of  gravity  is  at  the  lowest 

point,  a  condition  only  fulfilled  by  the  arrangement,  in 

respect  to  density,  just  described. 

If  the  elements  of  one  fluid  have  an  affinity  for  those 
of  another,  this  affinity  will,  when  the  fluids  come  into  con- 
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tact,  counteract  the  buoyant  action  of  the  heavier  fluid,  tiiey  win  no 
and  the  lighter  will  be  held  in  a  state  of  mixture.  In-  fl^'vi!"'' 
stance  wine  and  water,  water  and  alcohol,  brandy  and  (iramiyfoi-e 
water,  and  the  like. 


SPECIFIC    GRAVITY. 

§  270.' — The  specific  gravity  of  a  body,  is  the  weight  sp^mca? 
of  so  much  of  the  body,  as  would  be  contained  under  a  ' 

unit  of  volume. 

It  is  measured  by  the  quotient  arising  fro  in  dividing 
the  weight  of  the  body  by  the  weight  of  an  equal  volume 
of  some  other  substance,  assumed  as  a  standard;  for  the  iis mensiu 
ratio  of  the  weights  of  equal  volumes  of  two  bodies  "being 
always  the  same,  if  the  unit  of  volume  of  each  be  taken. 
and  one  of  the  bodies  become  the  standard,  its  weight  will 
become  the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  density; 
among  the  particles  of  a  body.  Thus,  of  two  bodies,  that 
will  have  the  greater  density  which  contains,  under  an 
equal  volume,  the  greater  number  of  particles,  The  force 
of  gravity  acts,  within  moderate  limits,  equally  upon  all  mustmtioi 
elements  of  matter.  The  weight  of  a  substance  is,  there- 
fore, directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the 
ratio  of  their  densities.  Denote  the  weight  of  the  first 
by  W,  its  density  by  D,  its  volume  by  V,  and  the  force 
of  gravity  by  g,  then  will 

W=3.D.V;  »—  * 

and  denoting  the  like  elements  of  the  other  body  by  Wn 
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-D,,  and  V„  we  have 

W,  =  g  .  D, 

.  r,. 

Dividing  the  first  by  the  second, 

W        gDV 
W,        g  D,  V, 

d  r . 

D,r,; 

and  making  the  volumes  equal, 


w 
w. 


(227.,. 


Now  suppose  the  body  whose  weight  is  W,  to  be  assumed 
as  the  standard  "both  for  specific  gravity  and  density,  then 
will  D,  be  unity,  and 

S=  ~  =  D   .     .     .     .     (228); 

in  which  S  denotes  the  specific  gravity  of  the  body  whose 
density  is  D ;  and  from  which  we  see,  that  when  specific 
gravities  and  densities  are  referred  to  the  same  substance 
as  a  standard,  the  numbers  which  express  the  one  will 
s  the  other. 


%  271. — Bodies  present  themselves  muter  every  variety 
of  condition- — gaseous,  liquid,  and  solid  ;  and  in  every  kind 
of  shape  and  of  all  sizes.  The  determination  of  their  specific 
gravity,  in  every  instance,  depends  upon  our  ability  to  find 
the  weight  of  an  equal  volume  of  the  standard.  When  a 
solid  is  immersed  in  a  fluid,  it  loses  a  portion  of  its  weight 
equal  to  that  of  the  displaced  fluid.  The  volume  of  the 
body  and  that  of  the  displaced  fluid  are  equal.  Hence  the 
weight  of  the  body  in  vacuo,  divided  by  its  loss  of  weight 
when  immersed,  will  give  the  ratio  of  the  weights  of  equal 
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volumes  of  the  body  and  fluid ;  and  if  the  latter  be  taken 
as  the  standard,  and  the  loss  of  weight  occupies  the  de- 
nominator, this  ratio  becomes  the  measure  of  the  specific 
gravity  of  the  body  immersed.     For  this  reason,  and  in 
view  of  the  eon  si  deration  that  it  may  bo  obtained  pure  at 
all  times  and  places,  uxder  is  assumed  as  the  general  stand-  w 
ard    of  specific    gravities   and    densities  for   all    bodies. 
Sometimes   the  gases  and  vapors   are  referred  to  afcno-  ^ 
spheric  air,  but  the  specific  gravity  of  the  latter  being 
known  as  referred  to  water,  it  is  very  easy,  as  we  shall  s> 
presently  see,  to  pass  from  the  numbers  which  relate  to  * 
one  standard  to  tlioso  tin  it  refer  to  t.l.ie  other. 


§  272.— But  water,  like  all  other  si 
density  with  its  temperature,  and,  in  consequence,  is  not"  ma  '' 
an  invariable  standard.  It  is  hence  necessary  either  to 
employ  it  at  a  constant  temperature,  or  to  have  the  means 
of  reducing  the  specific  gravities,  as  determined  by  it  at 
different  temperatures,  to  what  they  would  have  been  if 
taken  at  a  fixed  or  standard  temperature.  The  former  is 
generally  impracticable ;  the  latter  is  easy. 

Let  D  denote,  the  density  of  any  solid,  and  5  its  specific  refaction  to  a 
gravity,   as  determined  at  a  standard  temperature  corre-  ^™^atllre. 
.-pi.'.-idiiin'  1.0  which  the  density  of  the  water  is  T),.     Then, 
Eg.  (227), 

S=J>  ^eoiflc^ 

Dt  odd  temperatu 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body, 
as  indicated  by  the  water  when  at  a  temperature  different 
from  the  standard,  and  corresponding  to  which  it  has  a 
density  _D„,  then  will 

S  =  -g-.  ,„„„,„„, 

Dividing  the  first  of  these  eguations  by  the  second,  we 
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S'        D, 


and  if  the  density  D,  be  taken  as  unity, 


That  is  to  say,  die  specific  gravity  of  a  body  a 
the  standard  temperature,  of  the  water,  is  equal  to  its  specific 
gravity  determined  at  any  otJarr  tempeiv.iure,  multiplied  lag  the 
density  of  the  water  corresponding  to  ih/iv  temperature,  die 
density  at  the  standard  tempera' are.  Lainr/  regarded  as  unity. 

To  make  this  ride  practicable,  it  becomes  necessary  to 
find  the  relative  densities  of  water  at  different  temperatures. 
For  this  purpose,  take  any  metal,  say  silver,  that  easily 
resists  the  chemical  action  of  water,  and  whose  rate  of  ex- 
pansion for  each  degree  of  Falir.  thermometer  is  accurately 
known  from  experiment;  give  it  the  form  of  a  slender 
cylinder,  that  it  may  readily  conform  to  the  temperature 
of  the  water  when  immersed.  Let  the  length  of  the  cylin- 
der at  the  temperature  of  32°  Fah.  be  denoted  by  I,  and 
the  radius  of  its  base  by  ml;  its  volume  at  this  tem- 
perature will  be, 

*msla  X  I  =  *mals. 

Let  nl  he  the  amount  of  expansion  in  length  for  each 
degree  of  the  thermometer  above  323.  Then,  for  a  tem- 
perature denoted  by  t,  will  the  whole  expansion  in  length 
be 

nl  x  (i  -  32°), 
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and  the  entire  length  of  the  cylinder  will  "become 

I  +  „  I  (t  -  32°)  =  I  [1   +  n  ((  -  32°)] ;  " 

which,  substituted  for  I  in  the  first  expression,  will  give 
the  volume  for  the  temperature  /  equal  to 

*mEZ3[l  +  »(f  -  320)]3.  * 

The  cylinder  is  now 
weighed  in  vacuo  and 

in  the  water,  at  dif-  Fig.  3io. 

ferent  temperatures, 
varying  from  32° 
upward,  through  any 
desirable  range,  say 
to  one  hundred  de- 
grees. The  temper- 
ature at  each  pro- 
cess being  substituted 
above,  gives  the  vol- 
ume of  the  displaced 
fluid;  the  weight  of 
the  displaced  fluid  is 
known  from  the  loss 
of  weight  of  the  cyl- 
inder. Dividing  this 
weight  by  the  vol- 
ume, gives  the  weight 
of  the  unit  of  volume 

of  the  water  at  the  temperature  t.  It  was  found  by  Stampfer, 
that  the  weight  of  the  unit  of  volume  is  greatest  when  the  & 
temperature  is  38.75  J^ihronhcit's  scale.  Taking  the  den- tt 
sity  of  water  at  this  temperature  as  unity,  and  dividing  the 
weight  of  the  unit  of  volume  at  each  of  the  other  tem- 
peratures by  the  weight  of  the  unit  of  volume  at  this, 
38.75,  the  following  table  will  result : — 
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F  the  Densities  and  Volumes  of  Water  i 
of  Heat,  (according  to  Stamfeee,)  foe 
F aii KEi-iiE  it's  Scale. 


(JoArtu 

e&dra 

J  ',■.■.■■;.  ;■■,;;;  ,1  ■;>;■> 

UMUrfcim 

,MU.tTOJ 

, 

-D;, 

V 

Temperature. 

Density. 

Volume. 

3s°.00 

0.999887 

0001 1 3 

34.  =5 

yyyy'j" 

63              1 

63 

36. 5o 

9999-> 

38              1 

38 

38.75 

4i.oo 

9999fi« 

43.^5 

<-WP'>- 

35               1 

35 

45. 5o 

99VH9''t 

58               1 

000106 

59 

47-75 

999813 

(,™,S7 

5o.oo 

9997J1 

0004 1 3 

5?.  55 

990^87 

124              1 

124 

54. 5o 

999-^2 

i45        !    t 

ooo55B 

,45 

56. 75 

999278 

164             1 

000723 

i65 

s9.™ 

6i.aS 

° 

99^9.3 

i83         j     1 

ooiioS 

(83 

63. 5o 

oySib's 

65. 75 

99i=4ii 

a38              1 

ooi567 

238 

68.00 

998180 

255                       T 

001822 

255 

997909 

<x-r,:m 

273 

99?(»' 

287        I 

289 
3o3 

74-75 

9973ao 

002687 

77.00 

997"»3 

3?7               '1 

oo3oo5 

3i8 

79-25 

99!i(iv3 

33o                 1 

oo3338 

333 

81, So 

99:1.^.9 

344                1 

oo3685 

347 

83,75 

99.97, 
995601 

358              1 

oo4o45 

36o 

86.00 

373 

88.=5 

99^19 
99*^ 

382               1 

l:-o4'i<>4 

386 

394               1 

0O52O2 

398 

92.75 

4o5          ,  i 

4io 

$5.00 

9  9 -f  004 

416          S 

oo6o3a 

420 

97.  a5 

9u3:')79 

4=5             1 

006462 

43o 

O.9o3l45 

434             1 

006902 

440    ■ 

Willi  this  tabic  it  is  easy  to  find  the  specific  gravity  by 
means  of  water  at  any  temperature.  Suppose,  for  example, 
the  specific  gravity  3'  in  Bq.  (230),  Had  been  found  at  the 
temperature  of  59°,  then  would  Du  in  that  equation,  "be 
0.999095,  and  the  specific  gravity  of  the  body  referred  to 
water  at  its  greatest  density,  would  be  given  by 


8  =  S'  X  0.999095. 
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The  column  under  the  head  V,  will  enable  us  to  determine  relation  of 
how  much  the  volume  of  any  mass  of  water,  at  a  tempera-  ^™^°u  A 
ture  t,  exceeds  thai  of  the  same  mass  at.  its  maximum  don-  fluid  at  different 

sily.     I -'or  this  purpose,  we  have  bi.it  to  im:"np"y  tiie  volume  l,"1["1,1-1""- 
at  the  maximum  density  by  the  tabular  number  corre- 
sponding to  the  given  temperature. 

|  273. — Before  proceeding  to  the  practi.e;;".  methods  of  instruments  used 
finding  the  sped  lie  ani.vby  of  bodies,  ;vnd  1.0  the  variations  tufilMltba 
in  the  processes  rendered  necessary  by  the  peculiarities  of  nbody; 
the  different  substances,  it  will  be  necessary  to  give  some 
idea  of  the  best  instruments  employed  for  this  purpose. 
These  are    the   rfj/drotkdic    Duhince    and    Ni.cliolsan's    Hy- 


The  first  is  simi- 
lar in  principle  and 
form  to  the  common  g' 

balance.     It  is  provi-  J 

ded    with    numerous  |j— 

weights,       extending  A 

through  a  wide  range,  /  \\ 

from  a  small  fraction  /    V 

of  a  grain  to  several  /    j  \\ 

ounces.     Attached  to  L^y 

the  under  surface  of 
one  of  the  basins  is 
a  small  hook,  from 
which  may  be  sus- 
pended any  body  by 
means  of  a  thin  plat- 
inum wire,  horse-hair,  or  any  oilier  delicate  ilireail  that  niocicof  attaching 
will  neither  absorb  nor  yield  to  the  chemical  action  of  the  """""V; 
fluid  in  which  it  may  bo  desirable  to  immerse  it. 

Ni'//!ol:iov.-'.'i  U:iiw-oir/!-M:r  consists  of  a  hollow  met;; "Ik;  ball  .Nicholson's 
A,  through  the  centre  of  which  passes  a  metallic  wire,  LJfdromete'i 
prolonged  in  both  directions  beyond  the  surface,  and  sup- 
portiiifi-  ;:;.t  eiiher  end  a  basin  U  and  .£>".     The  concavities 
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of  these  basins  are  turned  in  the  E 

same  direction,  arid  the  basin  B'  is 
made  so  heavy  that  when  the  in- 
strument is  placed  in  water  the 
stem  GO'  shall  be  vertical,  and  a 
weight  of  500  grains  being  placed 
in  the  basin  B,  the  whole  instru- 
ment will  sink  till  the  upper  surface 
of  distilled  water,  at  the  standard 
temperature,  comes  to  a  point  C 
marked  on  the  upper  stem  near  its 
middle.  This  instrument  is  pro- 
vided with   weights  similar  to  those  < 


the  Hydrostatic 


§  274. — (1).  If  the  body  be  aoli/7,  hisolabh  in  water,  and 
will  sink  in  that  fluid,  attach  it,  by  means  of  a  hair,  to  the 
hook  of  the  basin  of  the  hydrostatic  balance;  counterpoise 
it  by  placing  weights  in  the  opposite  scale;  now  immerse 
the  body  in  water,  and  restore  the  equilibrium  by  placing 
weights  in  the  basin  above  the  body,  and  note  the  tem- 
perature of  the  water.  Divide  the  weights  in  the  basin  to 
which  the  body  is  not  attached  by  those  in  the  basin  to 
which  it  is,  and  multiply  the  quotient  by  the  density  cor- 
responding to  the  temperature  of  the  water,  as  given  by 
the  table;  the  result  will  be  the  specific  gravity. 

Thus  denote  the  speciiie  gravity  by  S,  the  density  of 
the  water  by  _D„,  the  weight  in  the  first  ease  by  Tl^  and 
that  in  the  scale  above  t:ic  solid  by  w,  then  will 


11' 


(2).    If  the  bod//  be  ii/sohibh:.  huJ.  n:>U  not  vinJc  in  vjater,  as 

3  would  be  the  case  with  most  varieties  of  wood,  was,  and 

the  like,  attach  to  it  some  body,  as  a  metal,  whose  weight 

in  the  air  and  loss  of  weight  iu  the  water  are  previously 
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found,  Then  proceed  exactly  as  in  the  case  "before,  to  find 
the  weights  which  will  counterpoise  the  compound  in  air  i>™ 
and  restore  the  equilibrium  of  the  balance  when  it  is  im- 
mersed in  the  water.  From  the  weight  of  the  compound 
in  air,  subtract  that  of  the  heavier  body  in  air ;  from  the 
loss  of  weight  of  the  compound  in  water,  subtract  that  of 
the  heavier  body:  divide  Lhe  .firs I  r'l i (Terence  by  the  second, 
and  multiply  by  the  density  of  the  water  answering  to  its 
temperature,  and  the  result  will  be  the  specific  gravity 
of  the  lighter  body. 


A  piece  of  wax  and  copper  in  air  =  438      =  W  +    W, 

Lost  on  immersion  in  water  -     -     =     95.8  =  W     +  w\ 

Copper  in  air =388      =  W'} 

Loss  of  copper  in  water    -     -     -     =     44.2  =  w'. 

Then 

W  +   W  -   W  =  438    -  388    =  50  =    W, 

w    +  w<     _  w>     =  95.8  -  44.2  =  51.6  =    w. 

Temper;  iture  of  water  43.25, 
B„  =  0. 


D„   X    —    =   0.9iW.)f>2    X 


50 
51.6 


(3).    //'  the  bod;/  readily  dissolve  in  water,  as  many  of 
the  salts,  sugar,  &c.,  find  its  apparent  specific  gravity  in 
some  liquid  in  which  it  is  insoluble,  and  multiply  this 
apparent  specific  gravity  by  the  density  or  specific  gravity  w 
of  the  liquid  referred  to  water  at  its  maximum  density  as  fl 
a  standard ;  the  product  will  be  the  true  specific  gravity,     a 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the 
solid  is  insoluble,  saturate  the  water  with  the  substance 
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and  iind  the  apparent  specific  gravity  with  the  water  thus 
saturated.     Multiply  this  apparent  specific  gravity  by  the 

d  density  of  the  saturated  iluiu,  ai.ie!  the  product  will  be  the 
specific  gravity  referred  to  the  standard.  This  is  a  com- 
mon method  of  finding  the  specific  .gravity  of  gunpowder, 
the  water  being  saturatou  with,  nitre. 

(4).    If    the   body  he   a    liquid,    select    some   solid    that 

j  will  resist  its  chemical  action,  as  a  massive  piece  of  glass 
suspended  from  fine  platinum  wire;  weigh  it  in  air,  then 
in  water,  and  finally  in  the  liquid ;  the  differences  between 
the  first  weight  and  each  of  the  latter,  will  give  the 
weights  of  erpiiil  volumes  of  water  and  the  liquid.  Divide 
the  weight  of  the  liquid  by'  that  of  the  water,  and  the 
quotient  will  be  the  specific  gravity  of  the  liquid,  pro- 
vided the  temperature  of  water  be  at  the  standard.  If  the 
water  have  not  the  standard  temperature,  multiply  this 
apparent  specific  gravity  by  the  tabular  density  of  the 
water  corresponding  to  the  actual  temperature. 

Example. 

Loss  of  glass  in  water  at  41°,  150     =  w', 
"  "      sulphuric  acid,  277.5  ==  w, 


S  =  ^£  X   0.999988  : 
loO 


(5.)  JJ  0i.e  body  be  a  gas  or  vapor,  provide  a  large  glass 
flask-shaped  vessel,  weigh  it  when  filled  with  the  gas; 
a  withdraw  the  gas,  which  may  be  done  by  means  to  be  ex- 
plained presently,  fill  with  water,  and  weigh  again  ;  finally, 
withdraw  the  water  and  exclude  the  air.  and  weigh  again. 
This  last  weight  subtracted  from  the  first  will  give  the 
weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume 
of  water;  divide  the  weight  of  the  gas  by  that  of  the 
water,  and  multiply  by  the  tabular  density  of  the  water 
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answering  to  the  actual  temperature  of  tlic  latter;  the  result 
will  be  the  specific  gravity  of  the  gas. 

The  a.tmos:uiore  in  which  ill  these  operations  must  be  influence  of  tie 
performed,  varies  at  different  times,  even  during  the  same  almoaJlh,srei 
day,  in  respect  to  tot  up  n  ran;  re,  tli.e  weight:  of  its  column 
which  presses  upon  the  earth,  and  the  quantity  of  moisture 
or  aqueous  vapor  it  contains.     That  is  to  say,  its  density 
depends  upon  the  state  of  the  thermometer,  barometer, 
and  hygrometer.     On  all  these  accounts  corrections  must  tciupcratm'e; 
be  made,  before  the  specific  gravity  of  atmospheric  air,  or  pressure; 
that  of  any  gas  exposed  to  its  pressure,  ca:i  be  accurately 
determined.     The  pniieinh.'s  according  to  which  these  cor- 
rections are  made,  will  be  discussed  when  we  come  to  treat  moisture ; 
of  the  properties  of  elastic  fluids. 

To  find  the  specific  gravity  of  a  solid  by  means  of 
Nicholson's  Hydrometer,  place  the  instrument  in  water,  moduofuamo 
and  add  weights  to  the  upper  basin  till  it  sinks  to  the  mark  ^romaier  for 
on  the  upper  stem ;  remove  the  weights  and  place  the  solid  soiits; 
in  the  upper  basin,  and  add  weights  till  the  hydrometer 
sinks  to  the  same  point;  the  difference  between  the  first 
weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  latter  in  air.  Take  the  body  from  the  upper 
basin,  leaving  tlie  weights  behind,  and  place  it  in  the  lower 
basin ;  add  weights  to  the  upper  basin  tdl  the  instrument 
sinks  to  the  same  point,  as  before,  the  last  added  weights 
will  be  the  weight  of  the  water  displaced  by  the  body; 
divide  the  weight  in  air  by  the  weight  of  the  displaced 
water,  and  multiply  tire  quotient  by  the  tabular  density  of 
the  water  answering  to  its  actual  temperature ;  the  result 
will  be  the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instru- 
ment, immerse  it  in  water  as  before,  and  by  weights  in  the  also  for  fluids; 
upper  basin  sink  it  to  the  mark  on  the  upper  stem ;  add 
the  weights  in  the  basin  to  the  weight  of  the  instrument, 
the  sum  will  be  the  weight  of  the  displaced  water.  Place 
the  instrument  in  the  fluid  whose  specific  gravity  is  to  be 
found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
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the  mark  as  before ;  add  thewe  weights  to  the  weight  of  the 
instrument,  the  sum  will  be  the  weight  of  an  equal  vol- 
ume of  the  fluid;  divide  this  weight  hv  the  weight  of  the 
water,  and  mull  J  ply  by  tne  tabular  density  corresponding  to 
the  temperature  of  the  water,  the  result  will  be  the  spe- 
cific gravity. 


Pi;;-.  313. 


§  275. — Besides  the  hydrometer  of  Nicholson,  which 
requires  the  use  of  weights,  there  is  another  form  of  this 
instrument  which  is  employed  solely  in  the  determination 
of  the  specific  gravities  of  liquids,  and  i.ts  indications  are 
given  by  means  of  a  scale  of  equal  parts.     It  is  called 
the  Scale- Areometer.     It  consists,  gen- 
erally,  of   a   glass   vial-shaped   vessel 
A.)  terminating  at  one  end  in  a  long 
slender  neck  C,  to  receive  the  scale, 
and  at  the  other  in  a  small  globe  B, 
filled  with  some  heavy  substance,  as 
lead  or  mercury,   to  keep  it   upright 
when  immersed  in  a  fluid.     The  ampli- 
cation and   use   of  the  scale  depend 
upon  this,  that  a  body  floating  on  the 
surface  of  different  liquids,  will  sink 
deeper   and  deeper,  in   proportion   as 
the   density  of  the  fluid   approaches 
that  of  tiie  body;  for  when  the  body 
is  at  rest  its  weight  and  that  of  the 
displaced  (mid  must  be  equal.     Deno- 
ting the  volume  of  the  instrument  by 
F^  that  of  the  displaced  fluid  by  V, 
the  density  of  the  instrument  by  D,  and  that  of  the  fluid 
by  D\  we  must  always  have 


srD  =  sr'D': 


in  which  g  denotes  the  force  of  gravity,  the  first  member 
the  weight  of  the  instrument,  ami  the  second  that  of  the 
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displaced  fluid.     Dividing  both  members  by  D'  V,  and 
omitting  the  common  factor  n,  we  have 


D'         V  * 

In  which,  if  the  densities  be  equal,  the  volumes  must  be 
equal ;  if  the  density  D'  of  the  fluid  be  greater  than  D,  01 
that  of  the  solid,  the  volume  V  of  the  solid  must  be  greater 
than  V,  or  that  of  the  displaced  fluid;  and  in  proportion 
as  D'  increases  in  respect  to  T),  will  V  diminish  in  respect 
to  V,  that  is,  the  solid  will  rise  higher  and  higher  out 
of  the  fluid  in  proportion  as  the  density  of  the  latter  is  in- 
creased, and  the  reverse.  The  neck  G  of  the  vessel  should 
be  of  the  same  diameter  throughout.  To  establish  the 
scale,  the  instrument  is  placed  in  distilled  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  <* 
surface  of  the  water  on  the  neck  is  marked  and  numbered 
1;  the  instrument  is  then  placed  in.  some  heavy  solution 
of  salt,  whose  specific  gravity  is  accurately  known  by 
means  of  the  Hydrostatic  balance,  and  when  at  rest  the 
place  on  the  neck  of  the  fluid  surface  is  again  marked  and 
characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  recti  lied  alcohol,  will  give  another 
point  towards  the  opposite  extreme  of  the  scale,  which 
may  be  completed  by  graduation. 

To  use  this  instrument,  it  will  be  suilicicnt  to  immerse 
it  in  a  fluid  and  take  the  number  on  the  scale  which  coin- 
cides with  the  surface. 

To  bring  into  view  the  circumstances  which  determine  i« 
the  sensibility  both  of  the  Scale- Areometer  and  Nicholson's 
Hydrometer,  let  s  denote  the  specific  gravity  of  the  fluid,  « 
j  the  volume  of  the  vial,  I  the  length  of  the  immersed  to 
portion  of  the  narrow  neck,  r  its  semi-diameter,  and  w  the 
total  weight  of  the  instrument.     Then  will  tfra,  denote  the 
area  of  a  section  of  the  neck  and  er^l,  the  volume  of  fluid 
displaced  by  the  immersed  part  of  the  neck.     The  weight, 
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therefore,  of  the   whole   fluid  displaced  by  the  vial  and 
neck  will  he 


but  this  must  be  equal  to  the  weight  of  the  instrument, 
whence 


from  which  we  deduce 


I  =  - 


(231). 


Now,  immersing  the  instrument  in  a  second  fluid  whose 
specific  gravity  is  s',  the  neck  will  sink  through  a  distance 
l\  and  from  the  last  equation  we  have 


V  ■■ 


subtracting  this  equation  from  that  above  and  reducing, 
we  find 


<^  \   ss'  )' 


The  difference  l—V  is  the  distance  between  two  points  on 
the  scale  which  indicates  the  d.i  fference  a'  —  s  of  specific 
gravities,  and  this  we  see  becomes  longer,  and  the  instru- 
ment more  sensible,  Liic;:dbre,  in  proportion  as  w  is  made 
greater  and  r  less.  Whence  we  conclude  that  the  Are- 
ometer is  the  more  valuable  in  proportion  as  the  vial  por- 
tion is  made  larger  and  the  neck  smaller. 

If  the  specific  gravity  of  the  fluid  remain  the  same, 
which  is  the  case  with  Nicholson's  Hydrometer,  and  it 
i  a  question  to  know  the  effect  of  a  small  weight 
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added  to  the  instrument,  denote  this  weight  by  i 
will  Eq.  (231)  become 


subtracting  from  tins  Eq.  (281),  wo  find 


From  which  we  see  that  the  narrower  the  upper  stem  of 

Nicholson's  instrument,  tin;  greater  its  sensibility. 


[Tius  ilisuM 


TABLE 
Geavities  of  some  of  the  most  important  Bodies. 

id.  water  is  reckoned  in  this  Tnble  at  its  mrosimuni  381°  F=I.00O.j 


L    SOLID  liODIF.3. 
(1)  Mkam, 

Antimony  (of  the  liilmnitory) 


according  to  Lieut. 


lirouze  for  camun 
Ditto,  mean 
Copper,  molten  - 
Ditto,  ham  liter  fit 
Ditto,  wive -drawn 
Sold,  molten 
Ditto,  hammered 
Iron,  wrought     - 

Ditto,  gray 

Ditto,  white 

Ditto  for  cannon,  a  : 

Lead,  pure,  molten 

Ditto,  flattened  ■ 

Platinum,  native 

Ditto,  molten 

Oiiio.  liumiuirred  nn  J  wive  <li 

Quiuksilver,  at  S2°  Fair. 

Silver,  pure  molten    - 

Dim.,  liiimmered 


Ditto,  slightly     - 
Tin,  chemically  p 
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TABLE — continued. 


Tin,  English        .... 
Zinc,  molten         .... 

Ditto,  rolled      - 

(2)  Building  Stomas. 
Alabaster  ----- 
Basalt        - 

Dolerite 

Gneiss 

Granite 

Hovnbk'iulo  - 

Liuit-ituiiu.  various  kinds  - 
Phonolite  ----- 
Porphyry  -  -  -  -  - 
Quartz  ----- 
Si'ui;(?loiie.  various  kinds,  a  mean 
Stones  for  building  - 
Syenite      - 

Trachyte     

Brick 

(3)  Woods. 
Alder         -        -        - 
Ash 

Birch 

Box 

Elm 

Fir 

Hornbeam  .... 

Hoi'si.'-dl'.'Stmit    - 

Maple 

Oak  -----        - 

Oli.1i>,  another  sriediiitn 

I'inu,  i'hats  Abks  1'icsa      - 

.Oitlu,  rhnis  tiijUcslris 

J'injh-.v  ( Kalian) 

Willow       ----- 

!):'iii).  white         .... 

(4)  Vahious  Solid  Bodies. 

Oharconl,  of  cork 

T)it-t,i>,  soft  wood 

l')"t.tf>,  oak  -         _         -         _ 

Coal  -----        - 

Coke 

Earth,  common  -  -  -  - 
rough  sand  -  -  -  - 
rough  earth,  with  gravel 

gravelly  soil 

clay 

clay  or  loam,  with  gravel 


357x 

„J 

982= 

8941 

B6i4 

0 

0=06 

8170 

0494 

° 

8699 

7634 

7i55 

9S59 

0 
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TABLE — continued. 


Kama  of  the  Body. 

Specific 

ravity. 

Hint,  dark           ...... 

2.54s 

Ditto,  white        ------ 

-741 

(  ampim-der,  loosuly  filled  in 

musket  ditto         - 

99a 

Ditto,  slightly  shaken  down 

musket  powder     ----- 

240*      - 

Ditto,  Bolid 

-     2.563 

916      - 

-     0.9268 

Lime,  unalacked 

84:, 

089 

Rock-salt   ------- 

a57 

Saltpetre,  melted         ----- 

745 

Slate  i:.  ■iril           _._.._ 

-       2.24 

Sulphiir     ------- 

Tallow 

oa 

-  1.99 

94a 

Turpentine 

0 

991 

P 

Ditto,  yellow     - 

Ditto,  shoemaker's      ----- 

° 

897 

II.  LIQUIDS. 

Acid,  acetic        - 

i.o63 

Ditto,  muriatic    - 

Dillo,  nitric,  couiuiiurdicd 

5ai       - 

Dsito,  sulphuric,  .KujiMi 

845 

Ditto,  concentrated  (Hordh. 

Alcoliul,  five  rVii'ji  water 

792 

H24      - 

-   0.79 

Ammoniac,  liquid 

875 

Aquafortis,  double 
Ditto,  single 

1 

3oo 

\ 

023          - 

-    i.o34 

Ether,  noetic 

866 

Ditto,  muriatic   - 

84S      - 

-  0.874 

Ditto,  nitric 

Ditto,  sulphuric 

7i5 

Oil,  linseed 

928     - 

-  0.953 

Ditto,  olive 

915 

Ditto,  turpentine 

79:4    - 

-  0.891 

Ditto,  whale 

923 

Quicksilver 

i3 

568      - 

-  13.598 

Water,  distilled  - 
Ditto,  rain 
Ditto,  aea  - 

> 

000 

| 

o"fJ5     - 

-    r.028 

Wine          -        - 

° 

992       - 

-     i.o38 

III.  GASES. 

Tw 

ter=  1. 

Bnroracter 

AtiTii\'.=-::1ii'j-io  air  =  — J-n-  = 

o.ooiSo 

Cailj::i,ir:  ayd  ga* 

0.00198 

Cfirtiiiniu  ux-iJi!  sin      ----- 

0.00126 

0.9569 

Cri'buiTti':!  Iiyd™-™.  u.  uummum 

0,9784 
o!55o6 

■Ditto,  from,  coals 

! 

I: 

kx.35 
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TABLE—  Continued. 


Chlorine     - 

HyJdixl-c  gas     - 

llydrogiiii 

l.lydnwii'phimc  ncij  o-iia      - 

Muriatic  injid.  gag 

Nitrogen    - 

Oxygen      - 

I'i'iii.jjiliiirnr':')  1l'.-,1iv):,c(i  gas 

Strmi  iit '212°  I'ahr.  - 


^ 

4 

443" 

oo  ,8o5 

obBH 

00162 

24-14 

9760 

ooi43 

001 13 

00292 

° 

6533 

2470 

it         The  knowledge  of  the  specific  gravities  or  densities  of 

ea;  different  substances  is  of  great  importance,  not  only  for 

scientific  purposes,  but  also  for  its  application  to  many  of 

the  useful  arts.     This  knowledge  enables  us  to  solve  such 

problems  as  the  following,  viz.:— 

1st.  The  weight  of  any  substance  may  be  calculated, 
if  its  volume  and  specific  gravity  be  known, 

2d.  The  volume  of  any  body  may  be  deduced  from  its 
specific  gravity  and  weight.     Thus  we  have  always 

W  =  gDV; 

in  which  <7  is  the  force  of  gravity.  I)  the  density,  V  the 
volume,  and  W  the  weight,  of  which  the  unit  of  measure 
is  the  weight  of  a  unit  of  volume  of  water  at  its  maxi- 
mum density. 

Milking  I)  and   V  equal  to  unity,  this  equation  becomes 

W,  =  1; 

but  if  the  density  be  one,  the  substance  must  be  water  at 
38.75  Fahr.  The  weight  of  a  cubic  foot  of  water  at 
90°  is  62.5  lbs.,  and,  therefore,  at  3&75,  it  is 
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whence,  if  the  volume  be  expressed  in  cubic  feet,  volume  in  cubic 

lbs  welgntofnbody 

W  =  62.556  X  D  V .    .    .    (232),      m  pound*, 

"flame  being  In 

in  which  TTis  expressed  in  pounds;  and  if  the  unit  of 
volume  be  a  cubic  inch, 


1 23  i\ 


62.556  . 

D 

W. 

0.036201 

.  D 

;235>  "2z""b" 


Example,  1a;'.    Koquired  the  weight  of  a  block  of  dry  example  fl.ai 
fiT,  containing  50  cubic  inches.     The  specific  gravity  or 
density  of  dry  fir  is  0.555,  and  V  =  50;  substituting  these 
values  in  Eq.  (233), 


Example  2d.  How  many  cubic  inches  are  there  in  a  example  second ; 
f2-pouiid  cannon-ball?     Here  W  is  12  pounds,  the  mean 
specific  gravity  of  cast  iron  is  7.251,  which,  in  Eq.  (235), 
give 

12  in-  volumeofalS- 

V'    =    0.036201    X    7.251    =    45'6'  jwj-doumo* 
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COMPRESSIBLE    FLUIDS. 

§  276. — The  properties  of  liquids  which  have  now  been 
ra '  considered,  are  common  to   all  fluids.     But  gases   and 
vapors  have,  in  addition,  properties  peculiar  to  themselves 
which  we  now  proceed  to  consider. 

Cases  and  vapors  differ  mostly  from  liquids,  in  the 
readiness  with  which  they  yield  a  portion  of  their  volume 
Ing  and  contract  into  smaller  spaces  when  subjected  to  an 
augmentation  of  external  pressure,  and  diffuse  themselves 
in  all  directions  when  this  pressure  is  withdrawn.  These 
distinguishing  properties  arc.  due  to  the  repulsive  forces  or 
molecular  springs  by  which  the  particles  are  urged  to 
i  from  each  other,  and  which  make  it  impossible 
tids,  that  are  also  highly  elastic,  ever 
t  rest,  unless  these  forces  arc  opposed  by  the  reaction 
is,  as  the  sides  of  vessels,  or  the  appli- 
cation of  some  oilier  antagonistic  forces  acting  inwardly, 
as  in  the  case  of  the  earth's  attraction  niton  our  atmosphere. 
Besides  these  essentia'  peculiarities,  there  arc  other 
characteristics  that  distinguish  compressible  fluids,  usually 
denominated  acnforvi  bodies,  from  the  other  forms  of 
aggregation.  Between,  solids  and  liquids,  a  gradation  is 
observable,  and  in  the  degree  of  fluidity  of  the  latter,  a 
strongly  marked  variety  obtains — as  in  tar,  oil,  water, 
ether,  and  the  like;  hut  between  compressible  and  incom- 
pressible fluids,  no  similar  connecting  links  are  found. 
Again,  as  a  general  rule,  gases  are  highly  transparent, 
for  most  pari;  colorless,  and  therefore  invisible,  and  arc 
distinguished  from  all  other  bodies  by  their  small  degree 
of  density  and  consequent  low  specific  gravity. 
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Fig.  .11 -1. 


The  atmosphere,  as  being  tin:  most  important  of  the 
aeriform  bodies,  may  be  taken  as  the  representative  of  the  atmosphere  u« 
whole  class,  as  regards  their  mechanical  properties.  It  is  Weof  edam; 
to  this  class  of  bodies,  what  water  is  to  liquids.  It  exists 
all  over  the  earth,  and  its  ever-active  agency  in  the  pro- 
duction of  phenomena,  makes  it  not  less  interesting  than 
important  to  determine  the  laws  of  its  equilibrium  and 
motion. 

(1)  The  compressibility  and  elasticity  are,  easily  shown  ujuipm*ibmij 
by  inclosing  the  air  in  a  bag  of  some  impervious  substance,  l^0^fUCLls 
as  india-rubber,  and  pressing  it  with  the  hand ;  the  hand 

will  experience  a  resistance,  while  the  volume  of  the  con- 
fined air  will  diminish:  on  removing  the  hand,  the  bag 
will  bo  distended  by  the  elasticity 
of  the  air,  and  restored  to  its  for- 
mer dimensions.  Air-pillows  and 
cushions,  in  common  use,  are  famil- 
iar illustrations. 

(2)  A  is  a  two-necked  bottle  con- 
taining some  liquid,  as  water,  B  an 
inflated  bladder,  or  india-rubber 
bag,  attached  by  the  neck  to  one  of 
the  mouths.  A  glass  tube  a  b,  open 
at  both  ends,  is  fitted  air-tight  to 
the  other  mouth,  its  lower  end  a 
reaching  nearly  to  the  bottom  of 
the  bottle.  On  compressing  with 
the  hand,  the  air  in  the  bladder  or 
bag,  the  liquid  will  be  seen  to 
mount  up  the  tube. 

(3)  Hero's  BaM.— A  hollow  globe 
a,  from  which  the  external  air  can 
be  excluded  by  turning  a  cock  6, 
contains  a  tube  that  reaches  nearly 
to  the  bottom,  and  fits  in  the  neck  by 
a.  screw.  Pill  the  vessel  about  half 
full  of  water,  screw  in  the  tube  ad, 
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lig.  :.U5. 


breathe  through  c,  and  close  the 
stop-cock  &;  the  breath  will  ascend 
through  the  water,  mingle  with  the 
air  in  the  space  a,  take  from  it  a 
portion  of  its  volume  and  thus  in- 
crease its  elasticity,  which,  reacting 
upon  the  surface  of  the  water,  will 
force  the  latter  up  the  tube  cd  on 
turning  the  cock  b.  On  this  princi- 
ple depend  the  operations  of  the  air-chamber  in  fire- 
engines  and  similar  machines. 

(4)  iluro'p,  Fov.iU'.an. — In  this  apparatus,  also,  the  com- 
pression of  air  and  consequent  increase  of  elasticity,  are 
manifested  in  producing  a  water-jet. 
Two  vessels  a  and  g  are  united  by 
a  tube  t,  open  at  both  ends,  extend- 
ing from  the  upper  surface  of  the 
lower  vessel  to  r.ear  the  top  of  the 

i  other.  A  pipe  c  d,  provided  with  a 
stop-cock  &,  screws  into  the  top  of 
the  vessel  a,  and  extends  nearly  to 
its  bottom,  as  in  Hero's 'Hall.  Upon 
the  top  of  this  vessel  is  a  basin  n  o, 
from  the  bottom  of  which  a  pipe  ef, 
open  at  both  ends,  passes  clear 
through,  nearly  to  the  bottom  of 
the  vessel  g.  The  tube  cd,  being 
unscrewed,  is  removed,  and  after 
pouring  water  into  the  vessel  a  till 
its  surface  comes  nearly  to  the  up- 
per end  of  the  tube  t,  the  pipe  c  d  is 
replaced,  and  the  stop-cock  b  closed. 

i  Water  is  now  poured  into  the  basin  no;  this  will  descend 
through  the  tube  ef  into  the  vessel  ;/,  and  expel  a  portion 
of  its  air  by  forcing-it  up  the  tube  t  into  the  vessel  a; 
there,  finding  no  means  of  escape,  it  will  be  compressed, 
and  its  increased  elasticity  made  to  act  upon  the  water 
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s  in  the  case  of  the  Ball.     The  water  will  con-  «md 
tinue  to  descend  through  the  tube  ef  from  the  basin,  till Ifi5t" 
the  increasing  elasticity  of  the  air  becomes  equal  to  the 
pressure  arising-  from  a  head  of'  water  equal  to  the  differ- 
ence between  the  level  of  the  water  in  the  basin  and  that 
in  the  lower  vessel,  when  the  flow  will  cease,  and  every 
thing  will  come  to  rest.     In  this  condition  of  things  turn 
the  cock  h,  and  the  water  will  spout  through  the  tube  c  d. 
The  fluid  in  the  upper  vessel  being  thus  ejected,  there  will  com 
be  room  for  more  air;  this  will  pass  from  the  lower  vessel  C"UE 
through,  the  tube  t,  and  the  water  will  again  descend  from 
the  basin  to  the  vessel  g.     The-  water  discharged  by  the 
jet  falls  into  the  basin  n  o,  and  is  ready,  in  its  turn,  to  pass 
down  the  tube  ef.    A  constant  flow  is  thus  maintained  as 
long  as  the  fluid  in  the  vessel  w  remains  above  the  bottom 
of  the  tube  c  d.  ' 

(5)  The  OarUbian  Demi, — This  Is  a  well-known  figure. 
constructed  so  as  to  float  in  a  glass  vessel  of  water,  above  am 
the  surface  of  which  a  portion  of  air  is  confined  in  such 
manner,    that  if  this  air  be   com- 
pressed, the  figure  will  descend,  and 
rise    again   when   the    compression  Fig.  BIT. 

ceases.  It  is  thus  contrived:  In  r""~~~~~~~~"~~~-'~) 
the  middle  of  the  figure  a  is  a  small 
capillary  tube  5,  through  which  so 
much  water  is  admitted  into  the  in- 
terior of  the  body  as  to  make  its 
meau  density  a  little  less  than  that 
of  the  water  in  which  it  is  to  float. 
Being  thus  adjusted,  the  figure-  is 
immersed  in  a  wide-moutked  glass 
vessel,  over  which  a  piece  of  blad- 
der or  sheet  of  india-rubber  is  then 
stretched  to  confine  the  air  over  the 
fluid.  The  finger  being  now  pressed 
upon  the  bladder  or  india-rubber,  ra0, 

the  air  will  be  compressed,  the  increased  elasticity  thus  pro-  fi=u 
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diced  will  be  exerted  upon  the  water,  which  will  be  forced 
by  it  through  the  tube  5,  the  mean  density  of  the.  figure 
will  be  increased,  and  it  will  sink  to  the  bottom ;  on  re- 
moving the  fmger,  the  air  above  the  water  as  well  as  that 
in  the  figure,  being  relieved  from  the  licensure,  expands,  the 
water  is  forced  back  through  the  tube  b  into  the  vessel 
again,  and  the  figure  will  rise  to  the  surface  in  consequence 
of  diminished  moan  density. 


§  277. — Seeing  that  the  air  expands  and.  tends  to  diffuse 
itself  in  all  directions  when  the  surrounding  pressure  is 
lessened,  it  may  be  rarefied  and  brought  to  almost  any  de- 
gree of  tenuity.  This  is  accomplished  by  an  instrument 
called  the  Air-Pump  or  E:r]i,avMhi'j  tfi/rhge,  one  of  the 
rno3t  important  pieces  of  apparatus  used  by  the  natural 
philosopher.  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.     It  consists,  essentially,  of 

1st.  A  Receiver  li,  or  chamber  from  which  the  exterior 
air  is  excluded,  that  the  air  within  may  'be  rarefied.  This 
is  commonly  a  bell-shaped  glass  vessel,  with  ground  edge, 
over  which  a  small  quantity  of  grease  is  smeared,  that  no 
air  may  pass  through  any  remaining  inequalities  on  its 
surface,  and  a  ground  glass  plate  m  n  imbedded  in  a  metallic 
table,  on  which  it  stands. 

2d.  A  Barrel ./'.  or  chamber  into  which  the  air  in  the 
receiver  is  to  expand  itself.  It  is  a  hollow  cylinder  of 
metal  or  glass,  connected  with  the  receiver  R  by  the  com- 
munication ofg.  An  air-tight  piston  P  is  made  to  move 
back  and  lbifh  in  the  barrel  by  means  of  the  handle  a. 
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3d.  A  Stop-cock  h,  by  means  of  which  the  communica- 
tion between  tbe  barrel  and  receiver  is  established  or  cut 
off  at  pleasure.  This  cock  is  a  conical  piece  of  metal  fitting  sfop-a 
air-tight  into  an  aperture  just  at  the  lower  end  of  tbe  bar- yolye! 
rel,  and  is  pierced  in  two  directions ;  one  of  the  perfora- 
tions runs  transversely  through,  as  shown  in  the  first  figure, 
and  when  in  this  position  the  communication  between 
the  barrel  and  receiver  is 


the  second 
perforation  passes  in  the 
direction  of  the  axis  from 
the  smaller  end,  and  as  it 
approaches  the  first,  in- 
clines sideways,  and  runs 
out  at  right  angles  to  it, 
as  indicated  in  the  second 
figure.      In  this  position 

of  tbe  cock,  the  conm  mine  nth  >n  between  the  receiver  and 
barrel  is  cut  off,  whilst  that  with  the  external  air  is  opened. 
Now,  suppose  the  piston  at  the  bottom  of  the  barrel, 
and  the  communication  between  the  barrel  and  the  receiver  m 
established ;  draw  the  piston  back,  the  air  in  the  receiver 
will  rush  out,  in  the  direction  indicated  by  the  arrow-head, 
through  the  communication  ofg,  into  the  vacant  space 
within  the  barrel.     The  air  which  now  occupies  both  the 
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barrel  and  receiver  is  less  dense  thi.ui  when  it  occupied  the 
receiver  alone.     Turn  the  cock  a  quarter  round,  the  com- 
moiteof  mm  lie  iiti  on  between  the  receiver  ;md  barrel  is  cut  off,  and 

apeiai™,  ^^  between  the  latter  and  the  open  air  is  established; 

push  the  piston  to  Hie  bottom  of  the  barrel  again,  the  air 
within  the  barrel  will  be  delivered  into  tire  externa.!  air. 
Turn  the  cock  a  qi.iat.ier  back,  the  communication  between 
the  barrel  and  receiver  is  restored;  and  the  same  operation 
as  before  being  repeated,  a.  certain  quantity  of  air  will  be 
transferred  from  the  receiver  to  the  exterior  space  at  each 
double  stroke  of  the  piston. 
id  And  the  degree  To  find  the  degree  of  explanation  after  any  number  of 
of  exhaustion;  ^ou]ji6  strokes  of  the  piston,  denote  by  D  the  density  of 
the  air  in  the  receiver  before  the  operation  begins,  being  the 
same  as  that  of  the  external  air ;  by  r  the  capacity  of  the 
receiver,  by  b  that,  oft  lie  barrel,  and  by  p  that  oft  lie  pine. 
At  the  beginning  of  the  operation.  Ike  piston  is  at  the 
bottom  of  the  barrel,  and  the  internal  air  occupies  the  re- 
ceiver and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and 
occupies  the  receiver,  pipe,  and  barrel ;  and  as  the  density 
of  the  same  body  is  inversely  proportional  to  the  space 
it  occupies,  we  shall  have 

tartar  r  +  p  +  b  '•  T  +  -P  : :  D  '■  x; 

in  which  x  denotes  the  density  of  the  air  after  the  piston 
is  drawn  back  the  first  time.  Prom  this  proportion,  we 
find 


■  +  p  +  b' 


The  cock  being  turned  a  quarter  round,  the  piston  pushed 
back  to  the  bottom  of  the  barrel,  and  the  cock  again 
turned  to  open  the  com  muni  cation  with  the  receiver,  the 
operation  is  repeated  upon  the  air  whose  density  is  x,  and 
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iv  c  have 

r  +  p  +  h 


■  +  P  ■ 


in  which  x'  is  the  density  filler  the  second  backward  mo- 
tion of  the  piston,  or  after  the  second  double  stroke;  and 
we  find 


.  D  ■ 


and  if  n  denote  the  number  of  double  strokes  of  the  piston, 
and  x^  the  corresponding  density  of  the  remaining    air, 

then  will 


From  which  it  is  obvious,  that  although  the  density  of 
the  air  will  become  less  and  less  at  every  double  stroke, 
yet  it  can  never  be  reduced  to  nothing,  however  great  n 
may  be;  in  oilier  words,  the  air  cannot  be  wholly  removed 
from  the  receiver  by  the  air-pump.     The  exhaustion  will 
go  on  rapidly  in  proportion  as  the  barrel  is  large  as  com- 
pared with   the  receiver  and  pipe,  and  after  a  few  double  thoairc 
strokes,  the  rarefaction  will  be  sufficient  for  all  practical  ^hmtti. 
purposes.     Suppose,  for  example,  tin:;  receiver  to  contain  u>e  tee*-. 
19  units  of  volume,  the  pipe  1,  and  the  barrel  10 ;  then 
will 

r  +  p  20 

r  +  p  +  b        30        *' 

and   suppose  -1-  double  strokes  of  the  piston;  then  will  uiiubati 
n  =  i,  and 


C-TjW-  ®*  =  H-  ^.^ 
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that  is,  after  4  doable  strokes,  the  density  of  the  remaining 
air  will  be  but  about  two  tenths  of  the  original  density. 
With  the  best  machines,  the  air  .may  be  rarefied  from  four 
to  six  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very  simple 
manner  by  what  are  called  gauges.  These  not  only  indicate 
the  condition  of  the  air  in  the  receiver,  but  also  warn  the 
operator  of  any  leakage  that  may  take  place  either  at  the 
edge  of  the  receiver  or  in  the  joints  of  the  instrument. 
The  mode  in  which  the  gauge  acts,  will 
be  better  understood  when  we  come  to 
discuss  the  barometer;    it  wdl  be  sum.-  Kg.  320. 

eient  here  simply  to  indicate  its  con- 
struction. In  its  more  perfect  form,  it 
consists  of  a  glass  tube,  about  60  inches 
long,  bent  in  the  middle  till  the  straight 
portions  are  parallel  to  each,  other ;  one 
end  is  closed  and  the  branch  termina- 
ting in  this  cud  is  filled  with  mercury. 
A  scale  of  equal  parts  is  placed  between 
the  branches,  having  its  zero  at  a  point 
midway  from  the  top  to  the  bottom,  the 
numbers  of  the  scale  increasing  in  both  directions.  It  .is 
placed  so  that  the  branches  of  the  tnbe  shall  be  vertical, 
with  its  ends  upward,  and  inclosed  in  an  inverted  glass 
vessel,  which  communicates  with  the  receiver  of  the  air- 
pump. 

Repealed  attempts  have  been  made  to  bring  the  air- 
pump  to  still  higher  degrees  of  perfection  since  the  time 
of  Otto  VON  G-i;±:i;iCtE.  burgomaster  of  Magdeburg,  who 
first  invented  this  machine  in  1560.  Sell-acting  valves, 
opening  and  slmiling  by  ike  elastic  force  of  the  air,  have 
been  used  instead  of  cocks.  Two  barrels  have  been  given 
to  the  air-pump  instead  of  one,  so  that  an  uninterrupted 
and  more  rapid  rarefaction  of  the  air  is  brought  about, 
the  piston  in  one  barrel  being  made  to  ascend  as  that  of 
the  other  descends.     The  most  serious  defect  in  the  air- 
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pump  was,  that  tlic  atmospheric  a:r  could  not  be  entirely  ihomost 
ejected,  from  the  barrel,  but  remained,  between  the  piston  ^™' ^ 
and  the  bottom  of  the  barrel.  This  intervening  space  is 
filled  with  air  of  the  ordinary  density  at  each  descent  of 
the  piston ;  when  the  cock  is  turned,  and  the  communica- 
tion re-establish'ed  with  the  receiver,  this  portion  of  air 
forces  its  way  in  and  diminishes  the  degree  of  rarefaction 


already  attained.  If  the  air  in  the  receiver  is  so  far  rare- 
fied, that  one  stroke  of  the  piston  will  raise  only  snch  a 
quantity  as  equals  the  air  contained  in  this  space,  it  is  plain 
that  no  further  exhaustion  can  be  effected  by  continuing 
to  pump.  This  limit  to  rarefaction  will  be  arrived  at  the  n 
sooner,  in  proportion  as  the  space  below  the  piston  is  ™ 
larger;  whence  one  chief  point  in  the  improvements  has 
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been  to  diminish  this  space  as  much  us  possible,  ABis  a 
highly  polished  cylinder  of  glass,  which  serves  as  the  bar- 
■o  rel  of  the  pump ;  within  it  the  piston  worts  perfectly  air- 
''  tight.  The  piston  consists  of  washers  of  leather  soaked  in 
oil,  or  of  cork  covered  with  a  leather  cap,  and  tied  together 
about  the  lower  end  0  of  the  piston  rod  by  means  of 
two  parallel  metal  plates.     The  piston-rod  Gb,  which  is 


too 


toothed,  is  elevated  and  depressed  by  means  of  a  cog-wheel 
that  is  turned  by  the  handle  M.  If  a  thin  film  of  oil  be 
poured  on  the  upper  surface  of  the  piston  the  friction  will 
be  lessened,  and  the  whole  will  be  rendered  more  perfectly 
air-tight.  To  dimmish  to  the  utmost  the  space  between 
the  bottom  of  the  barrel  and  the  piston-rod,  the  form  of  a, 
truncated  cone  is  given  to  the  latter,  so  that  its  extremity 
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may  be  brought  as  nearly  as  possible  into  absolute  contact 
with  the  cock  .£■';  this  space  is  therefore  Tendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  barrel  con- 
tributing still  further  to  lessen  it.    The  exchange -cock  i?  oxeuango-c 
has  the  double  bore  already  described,  and  is  turned  by  a 
short  lever,  to  which  motion  is  communicated  by  the  rod 
cd.    The  communication  GH  is  carried  to  the  two  plates  communion 
/and  K,  on  one  or  both  of  which  receivers  maybe  placed; 
the  two  cocks  A7" and  0  below  these  plates,  serve  to  cut  off  cut-offcoc& 
the  rarefied  air  within  the  receivers  when  it  is  desired  to 
leave  them  for  any  length  of  time.     The  cock  0  is  also  an 
exchange-cock,  so  as  to  admit,    the  external    air  into  the  cock  to  ma 
receivers. 

[.'nmps  thus  constructed  have  advantages  over  such  as  iaivamagcs 
work  with  valves,  in  that  they  last  longer,  exhaust  better,  |^£l,ld "' 
and  may  be  employed  as  condensers  when  suitable  receivers 
are  provided,  by  merely  reversing  the  operations  of  the 
exchange  valve  during  the  motion  of  the  piston. 

§  278. — The  following  are  some  of  the  most  interesting 
experiments  performed  with  the  aid  of  an  air-pump,  show- 
ing the  expansive  force  of  the-  atmosphere,  and  also  the 
relations  between  air  of  ordinary  density  and  that  which 
is  highly  rarefied: — 

1st.  Under  a  receiver  place  a  bladder  tied  tightly  about  Kxperiinen: 
the  neck  and  partly  filled  with  air ;  exhaust  the  air  in  the     pomi>' 
receiver,  and  that  confined  within  the  bladder  will  gradu-  anstexpeiii 
ally  distend,  proving  experimentally  the  expansive  force 
of  atmospheric  air.     When  the  air  is  readmitted  into  the 
receiver,  the  bladder  will  resume  its  former  dimensions. 

An  analogous  appearance  will  be  exhibited  if  a  jar,  over 
which  some  india-rubber  has  been  tied,  lie  placed  beneath  second; 
a  receiver,  and  the  air  be  then  exhausted. 

2d.  The  expansive  force  of  our  atmosphere  is  further 
shown  if  a  long-necked  flask,  or  retort,  be  inverted  so  that 
its  mouth  shall  be  below  the  surface  of  some  water  con- 
tained in  a  vessel,  and  the  whole  be  placed  under  the 
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receiver  of  an  air-pump  ;  when  the  Kg.  822. 

air  within  the  receiver  is  rarefied,  — 

i  that  which  was  contained   in   the  Sf* 

'  bulb,   expanding,  escapes  through  rjji 

the. water;  and  on  readmitting  the  jj|H 

atmosphere  the  water  will  rise  and 
occupy  the  space  vacated  by  the  air. 

3d.  The  transfer  of  a  fluid  from  one  flask  to  another. 
Let  there  be  a  fluid  in  the  flask  A.  The  neck  of  this  flask 
contains  a  glass  tube  fitted  air-tight  into  it,  and  reach- 
s  ing  almost  to  the  bottom ;  the  tube  being  bent  twice 
at  right  angles,  the  other  end 
passes  freely  through  the  neck  of  a  F'S-  S2S- 

second  bottle  B.    Place  this  appa- 
ratus under  the  receiver  of  an  air- 
pump,  and  exhaust ;  the  fluid  will 
mount   up  from  the  bottle  A  and 
pass  through  the  tube  over  into  the 
bottle  B,    Readmit  the  air,  the  fluid  will  pass  back  again, 
4th.   Place  Hero's  ball  under  the  receiver  when  half 
filled  with  water,  and  exjiaus!;;  tin:  expansion  of  the  air 
within  will  send  the  water  up  through  the  tube  in  a  jet. 


§  279. — When  a  piece  of  racial  and  a  leather  are  aban- 
doned to  their  own  weight  in  the  air,  they  fall  with  very 
different  velocities.  The  cause  is  the  great  disparity  in 
the  extent  of  .'surfaces  exposed  to  tin;  resi stance  of  the  ail 
as  compared  with  the  weights. 

Let  a  and  b  be  two  wheels  re- 
sembling the  arms  of  a  windmill, 
with  this  difference  only,  that  the 
vanes  of  b  shall  strike  the  air  with 
their  broad  faces,  whilst  those  of  a 
shall,  cut  it  edgewise;  each  has  a 
separate  axis  on  which  it  revolves. 
By  means  of  a  mechanical  contri- 
vance a  rapid  rotary  motion  is  corn- 
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municated  to  them.  In  order  that  this  may  act  under 
a  receiver,  a,  rod  must  be  made  to  pass  through  an  air-  di 
tight  leather  stuffing-box  e;  at  the  end  of  the  rod  is  a"! 
curved  arm  d,  which  drives  the  wheels.  If  the  rotation 
take  place  in  vacuo,  the  two  wheels  a  and  b  will  cease  to 
revolve  simultaneously ;  whereas,  if  the  motion  take  place 
in  the  ordinary  atmosphere,  the  resistance  of  the  latter 
will  bring  i  to  a  stand  long  before  a  ceases  to  turn, 


§■  2S0. — TIm!  .atmosphere  is  the  o.nlimtry  medium  through  e 
which  sound  is  transmittal  to  the  ear.     In  proportion  as  " 
the  air  becomes  more,  rarefied,  the   transmission  of  sound 
through  it  becomes-  more  feeble. 

Under  a  receiver  furnished  with  a  leather  stuffing-box, 
place  a  bell  wlio.se  clapper  may  be  struck  by  a  rod  passing 
through  the  box.  taking  cure  to  place  the  bell  on  some  soft 
unelastic  substance,  to  prevent  its  communicating  sound  to 
the  plate  of  the  pump  and  thus  to  the  external  air.  The 
annexed  figure,  represents  such  an 

apparatus,  which  may,  however,  be  '' 

considerably  varied:  a  is  the  bell,  Fig-  325.  b 

6  the  clapper  attached  by  a  spring 
to  a  thin  plate  of  wood  c,  into 
which  the  support  of  the  bell  is 
screwed ;  g  is  a  leather  drum  stuffed 
with  horse -hair,  fitting  into  the 
upper  wooden  plate  c,  and  into  a 
lower  plate  d,  by  which  the  whole 
apparatus  is  fastened  down  to  the 
plate  of  the  pump  ;  lastly,  li  is  the 
lever  by  which  the  clapper  is  agi- 
tated. After  about  10  strokes  of  the  piston,  the  sound 
becomes  sensibly  more  feeble,  and  if  the  exhaustion  be 
continued  long  enough  it  will  cease  altogether. 

Air  is  necessary  to  respiration.  Place  a  bird  beneath  ai 
the  receiver  of  an  air-pump ;  a.  few  strokes  of  the  piston  will  " 
cause  it  to  make  convulsive:  Htrusmjes.  and  death  will  soon 
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ensue  unless  air  be  admitted.  Warm-  Fig.  326. 

blooded   animals,  as  birds,   die  if 
'   rarefaction  be  carried  to   a  small 

degree;    cold-blooded   animals,    on 

the  contrary,  endure  a  high  degree 

of  rarefaction.   Many  birds  ascend  tq 

considerable   heights  in  the  atmo- 
sphere, and  it  may  be  5 1  once  inferred 

that  the  density  of  the  air  at  these  allit.nxl.es  is  greater  than 

that  in  the  exhausted  receiver  of  an  air-pump. 

Air  is  necessary  to  combustion.     Iuirodncc  a  taper  into 

a  bell-shaped  receiver  full  of  atmospheric  air,  and  observe 
io  the  time  it  will  continue  to  burn.     Light  the  taper  again, 

place  it  beneath  the  receiver  and  exhaust  quickly,  after  it 

has  been  replenished  with  fresh  air;  the  flame  will  expire 

much  sooner  than  before. 

To  the  same  cause  it  is  owing  that  in  vacuo  no  light  is 

produced  by  striking  a  flint  and  steel  together. 


WEIGHT    AND    PRESSURE    OF    THE    ATMOSPHERE 


§  281.- — From  the  resistance  which  the  atmosphere 
opposes  to  the  motion  of  bodies  through  it,  we  might 
infer  that  it  has  weight  as  well  as  inertia.  That  it  has 
weight  is  obvious  from  the  fact  that  the  atmosphere 
incases,  as  it  were,  the  whole  earth:  if  it  were  destitute 
of  weight  and  subjected  only  to  the  repulsive  action 
among  its  own  particles,  it  would  recede  further  and 
further  and  extend  itself  throughout  space.  But  the 
existence  of  weight  in  the  atmosphere  may  be  shown 
experimentally,  thus: — 
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Take  a  flask  of  some  two  or  three  inches  in  diameter, 
having  an  air-tight  stop-cock.    Suspend  it  from  one  end 
of  the  balance -"beam  and  as- 
certain its  weight  when  filled 
with  air.     Exhaust  the  air,  F,&  8S*- 

by  means  of  the  air-pump, 
and  the  flask  will  be  found 
lighter  than  before;  readmit 
the  air,  it  will  regain  its  for- 
mer weight.  Force  into  the 
flask  an  additional  quantity 
of  air,  by  means  of  the  air- 
pump,  used  as  a  condenser,  and  the  weight  will  be  found 
to  be  Increased. 

Since   the    atmosphere    has    weight,    it   must   exert    a 
pressure  upon  all   bodies  in   it.      To   illustrate   the  truth  a*,  air  exerts  u 
of  this,  fill  with  mercury  a  glass  tube,   about  32  or  33  ?l™ure  "*°™ .*" 
inches  long,    and  closed  at 
one  end  by  an  iron  slop-cook. 
Close  the  open  end  by  press-  Fig-  828. 

ing  the  finger  against  it,  and 
invert  the  tube  in  a  basin  of 
mereury  ;  remove,  the  .linger, 
the  mercury  will  not  escape, 
but  remain  apparently  sus- 
pended nearly  30  inches 
above  the  level  of  the  mer- 
cury in  the  basin. 

If  wc  consider  the  cir- 
cumstances attending  this 
experiment,  it  will  be  seen 

that  the  tube  containing  the  mercury  forms  with  the 
basin  a  system  of  communicating  tabes,  as  in  §  259.    Now 
the  atmosphere  rests  on  the  mercury  in  the  basin,  and  is 
excluded  by  the  glass  from  that  in  the  Lube,  above  which  m 
there  is  therefore  a  vacuum.     Withdraw  the  atmosphere  " 
from  the  surface  of  the  mercury  in  the  basin,  and,  by  the  m 
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law  of  equilibrium  of  fluids,  the  mercury  will  descend  in 
the  tube  till  it  comes  to  a  level  with  that  without ;  restore 
the   pressure    of    the   atmo- 
sphere, and  the  mercury  in 
the  tube  will  again  rise  to  ¥'S-  S39- 

its  former  height.  This  is 
well  illustrated  by  the  fol- 
lowing device.  R  is  a  re- 
ceiver closed  air- tight  at  the 
top  by  means  of  a  metallic 
plate;  a  is  atube  filled. with 
mercury  idler  the  maimer 
just  described,  and  termina- 
ting at  the  open  end  in  an 
inverted  vial-shaped  vessel 
— this  tube  passes  air-tight 
through  the  plate  on  the 
receiver;  b  is  a  second  tube 
bent  in  the  maimer  indicated 
in  the  figure,  aud,  like  the 

tube  a,  it  terminates  at  one-  end  in  a  vial-shaped  vessel, 
but  is  open  at  both  ends;  this  tube  communicates  with 
the  receiver  by  passing  through  the  metallic  plate  at  top, 
and  thus  a  connection  is  established  between  the  open  air 
and  the  interior  of  the  receiver.  Mercury  being  poured 
into  the  vial  of  the  tube  b,  it  will  rise  to  the  same  level 
on  either  side  of  the  bend  m,  and  the  communication 
between  the  interior  of  the  receiver  and  exterior  air 
will  be  interrupted.  The  receiver  being  placed  upon  the 
plate  of  the  air-pump  and  the  air  exhausted,  the  mercury 
will  descend  in  the  tube  a,  and  ascend  in  the  tube  b  to- 
wards the  bend  at  the  top ;  readmit  the  air  into  the 
receiver,  the  mercury  will  rise  in  the  tube  a  and  fall  in  the 
tube  b. 

From  this  we  see,  that  the  atmospheric  air  presses  on 

the  mercury,  and  indeed  upon  the  surfaces  of  all  bodies 

''  exposed  to  it,  with  a  force  sufficient  to  maintain  the  quick- 
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silver  in  the  tube  at  a  height  of  nearly  W  inches  ;  whence. 
the  intensity  of  its  pressure  must  be  equal  to  the  weight  of  a 
column  of  mercury  whose  lose  is  equal  to  that  of  the  surface 
pressed  and  whose  utiilwJc  is  about  SO  inches.      The  force  thus  atmospheric 
exerted  is  called-  /Ac  idiuosriJierk  pressure,  pressure, 

The  absolute  amount  of  atmospheric  pressure  was  first 
discovered  by  Torricclli,  a  pupil  of  Galileo ;   the  tubes 
employed  in  the  experiments  are  called,  on  this  account, 
Torricellian  tubes,  and  the  vacant  space  above  the  mercury  TorriceuiaD 
in  the  tube  is  called,  the  Jhrricdh'an  vacuum,  to  distinguish  j^'^,,,, 
it  from  that  of  a  receiver,  which  is  frequently  called  the  vacuum; 
Griieriekian  vacuum,  from  Otto  von  Guericke,  who  first 
invented  the  air-pump. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea 
will  support  a  column  of  mercury  30  inches  high.  Now, 
if  we  suppose  the  bore  of  the  tube  to  have  a  cross  -section 
of  one  square  inch,  the  atmospheric  press  Lire  up  the  tube  aimospherie 
•will  be  exerted  upon  this  extent  of  surface,  and  will  sup-  f™™™^,. 
port  30  cubic  inches  of  mercury.  Eacli  cubic  inch  of 
mercury  weighs  0.49  of  a  pound  -say  half  a  pound — from 
which  it  is  apparent;  that  the  surfdj--s  of  all  lodies,  at  the  level 
of  the  sea,  are  subjected  to  an  atmmplwric,  pressurre  of  fifteen 
-pounds  to  each  square  inch. 

The  body  of  a  man  oC  ordinary  stature  has  a  surface  of  pressure  upon 
about  2000  square  inches ;  whence,  the  whole  pressure  to  m°™  "'"'"  " 
which  he  would  be  exposed,  at  the  level  of  the  sea,  is 
15  pounds  X  2000  =  30000  pounds. 

The  pressure  of  the  atmosphere,  resulting  as  it  does 
from  its  weight,  it  is  an  easy  matter  to  estimate  the  weight 
of  the  entire  atmosphere  of  the  earth.     It  will  be  sufficient  «igiit  oftiie 
to  compute,  from  the  known  diameter  of  the  earth,  the  alm(lsphere . 
extent  of  its  surface  in  square  inches,  and  to  multiply  this 
by  fifteen ;  the  product  will  be  the  weight  in  pounds, 

When  the  height  of  the  mercury  in  the  Torricellian 
tube  is  30  inches,  the  atmospheric  pressure  will  support  in  cniunmnfwaie 
vacuo  a  column  of  water  34  feet^  the  specific  gravity  of  3osphcrj0y '" 
mercury  being  18.3  referred  to  water  as  a  standard.     This  pressure; 
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has  been  verified  by  Hanson  and  Sturm,  who  actually 

performed  tin:  experiment  a',  Leipzig. 

The  atmospheric  ] iressure  is  exhibited  in  a  most  stri- 
king way  by  means  of  the  Mugiicbmy  hemispheres.  These 
are  two  hollow  hemispheres,  of  brass  or  copper,  whose 
edges  fit  air-tijdit,  each  hemisphere  being  famished  with  a 
strong  ring  or  handle,  one  of  thu.ui  also  Laving  a  tnbe  with 
stop-cock.  Place  the  two  hemi- 
spheres together,  connect  them  with 
the  communication-pipe  of  the  air- 
pump,  exhaust  the  air,  and  turn  the 
stop-cock,  and  disconnect  from  the 
pump.  It  will  be  found  that  great 
force  will  be  necessary  to  pull  the 
hemispheres  asunder.  If  the  diame- 
ter of  the  hemispheres,  as  in  the  case 
of  those  employed  by  Guerieke,  in 
one  of  his  experiments,  were  2  feet, 
the  number  of  square  inches  in  a 
great  circle  would  be 

3.1416   X   f^Y  =  452.39, 


and  the  force,  estimated  i 

wi'c.  would  be 


pounds  to  overcome  the  pres- 


15  X  452.39  =  6785.85. 

In  the  experiment  referred  to 
above,  there  were  successively  from 
14  to  30  horses  harnessed  to  the 
hemispheres,  without  effecting  the 
separation. 

The  pressure  of  the  atmosphere 
will  force  fluids  through  such  solid 
bodies  as  are  porous.  Let./?  be  a 
long  receiver,  provided  with  a  tube 
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and  stop-cock  C  at  one  end,  for  the  purpose  of  connecting 
with  the  air-pump,  and  at  tlie  other  a  perforated  metallic 
plate  a  a,  into  which  fits,  air-tight,  a  wooden  cup  b,  whose  a 
pores  are  in  the  direction  of  the  axis  of  the  tube.  This  o: 
cup  being  filled  with  mercury,  and  the  air  exhausted  by 
the  air-pump,  the  mercury  will  fall  in  a  fine  shower  down 
the  receiver.  The  tube  below  is  made  to  enter  the  re- 
ceiver, and  to  curve  over  at  the  top  to  prevent  the  mer- 
cury from  falling  into  the  communication-pipe  of  the 
pump. 

The  atmosphere  presses  riot  only  aj 

downward,  but  upward,  and  later-  p 

ally  in  all  directions.  This  is  shewn 
by  the  following  experiment :  The 
two  hemispheres  A  and  _B,  are  con- 
nected by  a  tube  in  such  manner 
that  one  of  them  may  turn  about  a 
joint  C]  while  the  other  is  stationary. 
Place  the  hemisphere  A  upon  the 
plate  of  the  air-pump,  and  upon  Ji 

lay  a  plane  plate  of  glass  or  metal  fiUmg  it  air-tight.  Ex- 
haust the  air,  and  the  hemisphere  J)  may  he  turned  in  any 
direction  without,  its  plate  falling  off.  This  equal  pressure 
of  the  atmosphere  in  all  directions,  is  of  great  practical 
utility,  as  we  shall  presently  sec  when  we  come  to  speak 
of  siphons  and  vxtier-jminps.  To  this  pressure  it  is  owing 
that  flies,  and  otheT  insects,  are 
enabled  to  support  themselves  upon 
smooth  vertical  walls,  and  in  in-  "s* '    * 

verted  positions  upon  the  ceilings 
of  rooms,  &c.     The  feet  being  flat    ^| 
and  flexible,  are  brought  close  ; 
gainst  the  wall  or  ceiling  so  as  to 
exclude  the  air,  the  centre  of  the 

foot  is  then  drawn  away,  leaving  the  margin  in  contact; 
a  partial  vacuum  is  thus  formed,  and  the  external  pressure 
of  the  air  is  sufficient  to  support  the  weight  of  the  insect. 
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Fig.  834. 


—We  have  seen  that  "the 
Itcre  readily  contracts  into  a 
smaller  volume  when  pressed  exter- 
nally, that  it  as  readily  regains  its 
former  dimensions  when  the  pres- 
sure is  removed,  and  that  it  is, 
therefore,  both  compressible  and 
elastic.     Let  us   now  consider  the 

glim     law   which   connects   the   pressure, 

d™3''!'  density,  and  elasticity.  For  this  pur- 
pose, procure  a  siphon-shaped  tube 
A  B  D,  open  at  A,  the  end  of  the 
longer  branch,  and  hermetically 
scaled  at  the  end  D  of  the  shorter 
branch.     Place  between  the  branch- 

imont     es,  and  parallel  to  them,  a  scale  of 

rosamg  eqllai  p.)!-^.  say  inches,  having  its 
zero  on  the  line  o  o. 

Pour  in,  at  the  open  end  A,  as 
much  quicksilver  as  will  fill  the 
horizontal  part  of  the  tube,  and 
bring  its  upper  surface  to  the  zero 
line  in  both  branches ;  a  quantity  of  atmospheric  air  of 

using  it;  ordinary  density  will  then  be  confined  in  the  shorter 
branch.  The  expansive  action  of  this  air,  resisting,  as  it 
does,  the  pressure  of  the  external  air,  is  measured  by  the 
weight  of  a  column  of  mercury,  whose  base  is  a  section  of 
the  tube  and  height  30  inches.  Pour  into  the  longer 
branch,  an  additional  quantity  of  mercury;  it  will  rise  in 
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the  shorter  "branch,  and  cause  the  air  above  it  to  be  com- 
pressed into  a  smaller  space,  but  the  heights  at  which  it 
will  stand  in  tho  two  branches  will  be  different.  The 
difference  between  these  two  heights,  added  to  30  inches,  At 
will  be  the  altitude  of  the  column  of  mercury,  whose  ^ 
weight  is  just  sufficient  to  resist  the  expansive  action  of 
the  confined  air.  Now  it  is  found  by  trial,  that  when  the 
air  in  the  shorter  branch  is  compressed  into  half  its  primi- 
tive volume,  the  difference  of  level  of  the  mercury  in  the 
two  branches  is  just  80  inches,  tims  making  the  compress- 
ing force  double  what  it  was  before ;  that  when  it  is* 
compressed  into  one  third  of  its  original  volume,  the  dif- 
ference of  level  is  60  inches,  thus  trebling  the  pressure ; 
when  compressed  into  one  fourth,  the  difference  of  level  is 
90  inches,  thus  quadrupling  the  pressure,  and  so  on, 
Hence  we  see,  that  in  compressing  the  same  quantity  of 
air  into  smaller  spaces,  the  volumes  Qix.iipl':,d  by  it  are  in-  v. 
versely  proportional  to  ike  pressures. 

This   law  holds   equally   when  the  « 

air,  instead  of  being  compressed,  is  per- 
mitted  to   expand.     Let  a  &  be  a  glass  a 

tube,  about  Sf>  inches  long,  one  end  a, 
being  fitted  with  an  air-tight  cock,  and 
the  entire  length  of  the  tube  being 
graduated  in  inches.  Open  the  cock  a, 
immerse  the  tube  with  its  open  end 
downward  into  the  vessel  A,  previously 
half  fdled  with  mercury,  which  will,  of 
necessity,  stand  at  an  equal  height  within 
and  without  the  tube.  Now  close  the 
cock  a,  and  so  confine  a  portion  of  air 
at  its  ordinary  density  within  the  tube 
above  the  surface  of  the  mercury. 

Elevate  the  tube  any  distance  what- 
ever, taking  care  that  its  open  end  shall 
be  below  the  surface;  the  air  will  ex- 
pand, and  fill  a  larger  portion  of  the 
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tube,  though  a  column  of  mercury  will  still  stand  at  an  ele- 
vation above  the  outer  level,  so  that  the  weight  of  this 
column,  with  the  elastic  force  of  the  inclosed  air,  counter- 
balances the  natural  procure  of  the  a.tmosphere.  The  pres- 
sure therefore  which  the  included  air  sustains,  is  equal  to 
the  weight  of  a  column  of  mercury  30  inches  high,  minus 
that  of  the  column  supported  in  the  tube.  Let  the 
space  full  of  air  above  the  mercury  in  the  closed  tube 
be  3  inches;  lift  up  the  tube  so  that  this  space  shall 
be  6  inches,  the  mercury  will  be  found  to  stand  in 
the  tube  15  'inches  above  that  in  the  outer  vessel.  Here 
the  volume  of  the  air  is  doubled,  and  the  pressure 
upon  it  is  SO  —  15  =  15  =  one  half  of  30,  what  it  was 
before.  Again  raise  the  tube  till  the  volume  of  air  be- 
comes 9  inches  long,  the  mercury  in  the  tube  will  be 
found  to  stand  20  inches  higher  than  in  the  outer  vessel; 
here  the  volume  is  three  times  its  primitive  volume,  and 
its  pressure  30  —  20  =  10  =  one  third  of  30,  its  original 
pressure ;  whence  the  law  is  manifest. 

By  experiments  made  at  Paris,  it  has  been  found  that 
this  law  obtains  when  air  is  condensed  27  times,  and  rare- 
fied 112  times.  Other  gases  obey  it  also,  till  the  pressure 
becomes  a  few  atmospheres  less  than  that  at  which  they 
assume  a  liquid  form. 

The  density  of  the  same  quantity  of  matter  is  inversely 
proportional  to  the  volume  it  occupies.  If,  therefore,  P 
be  the  pressure  upon  a  unit  of  surface  necessary  to  pro- 
duce a  density  unity,  p  the  pressure  corresponding  to  a 
density  Z>,  then,  according  to  this  law,  will, 


-  PD 


This  law  was  investigated  by  Boyle  and  Mariotte,  the 
former  in  1(560,  and  the  latter  in  1668,  and  is  now  known 

as  Muriotts's  law. 
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LAW    OP    THE    PRESSURE,    DENSITY,    AND    TEM- 
PERATURE. 

§  283.' — It  is  a  universal  law  of  nature  that  heat  ex-  Law  connects 
p? ads  all  todies,  and  is  ever  active  in  producing  changes  flenftl),iBnd 
of  density.     "We  have  now  to  consider  the  law  of  this  tampHBtuie ; 
change  in  air. 

It  has  been  ascertained,  experimental!)",  that  air,  sub- 
jected to  any  constant  pressure,  will  expand  0.00208th.  of  rata  of  uie  »nJ 
its  volume  at  32°  Falir.,  for  each  degree  of  the  same  scale expaJlB "' 
above  this  temperature;  so  that  if  F,  be  the  volume  of  the 
air  at  32°,  and  V  its  volume  at  any  other  temperature  t, 
then  will 

V  =   %  [1  +  (t  -  32°)  0.00208)] .  .  (237). 

If  D,  be  the  density  at  32°,  under  a  pressure  p,  and 
D  that  at  the  temperature  t,  under  the  same  pressure, 
then,  because  the  densities  are  inversely  as  the  volumes, 
will 

.  iuIub  lor  any 

F,    :     F,  [1  +  (t  -  32°)  0.00208]    :  :    D    :    D,;        X*™C?Zt*t* 
whence 

t\ "/  f£ftA^         temperature 

T+~(t  -  32°) .  0.00208  '    '    V      ''      ..*...«.•«. 

If  pt  denote  the  pressure  necessary  to  restore  this  air  to 
the  density  D„  we  shall  have  from  Mariotte's  law 


-  ((  -  32°)  0.00208 
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Pi  =  P  P-  +  ((  -  S2°)  0.00208]  .   .   (239). 

Again,  lot  the  pressure  p  bo  produced,  by  tin;  weight  of 
a  column  of  mercury,  having  a  base  unity,  and  an  altitude 
hlt,  taken  at  a  given,  latitude,  say  that  of  45°,  in  order  that 
the  force  of  gravity  may  "be  constant.  Denoting  the  den- 
sity of  the  mercury  "by  Dll}  its  weight  will  be 

I>uKg' ; 

in  which  g'  denotes  the  force  of  gravity  at  the  latitude 
of  45°. 

Substituting  this  for  _p,  in  Eq.  (236),  we  have 


wlieneo 


D„ 

K 

Y 

- 

PD 

= 

D, 

,4, 

(ff'. 

11 

1 

I  substituting  the  value  of  I),  given  in  Eq.  (238),  this 


:  EnJ^JL  [1  +  ((  -  32°)  0.00208]  .  .  (240). 


Prom  Eq.  (236),  we  have 

and  substituting  the  value  for  P  above,  we  g 


B    : 


pD, 


D„  h„  9'  [1  +  ('  ~  82")  0.00208]' 
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Denote  by  A  the  height  of  the  column  of  mercury  at  32°, 
necessary  to  produce  upon  a  unit  of  surface  the  pressure 
p,  then  will 

p  =  D„hg';  a 

which,  substitute!  for_p  above,  gives,  Lifter  striking  out  the 
common  factors, 


K  [1  +  ((  -  32°)  0.00208]'  pZ™; 

Now,  when  htl  becomes  30  inches,  then  will  D,  take  the 
value  given  in  the  table  of  §  27o  opposite  the  name  of 
the  gas  or  vapor  under  consideration,  and  we  have,  for 

t.h.e  practical,  application  of  that  table, 

density 

D  =  30  X  l+(i- 32°)  0.00208  '    *    (240)';  ^'^j™""'1 

in  which  D,  is  the  tabular  specific  gravity  or  density,  k 
the  height  of  the  column  of  mercury  expressed  iu  inches, 
and  D  the  density  of  the  gas  pressing  upon  the  mercury, 

Example.   What  is  the  density  of  atmospheric  air,  when 
the  barometer   stands  at   26  inches  and  thermometer  at  example  to 
42°  ?     In  this  case,  I)t  will  be  found  in  the  table  to  be  Jrf™'™^^ 
0.0013,  whence 

„       0.0013  .  26  AAmi 


30  1  +  (42°  -  32°)  0.00208 

We  are  now  prepared  to  understand  how  the  values  of 
-D„  in  the  table  just  referred  to,  were  obtained,  and  of 
which  no  explanation  has,  thus  far,  been  made. 

It  will  be  recollected  that,  when  referred  to  the  same  to  obtain  the 
standard,  the  numbers  which  express  the  specific  gravities  ™"jty  ^  ™*1 
of  bodies  also  express  their  densities,  aval  that  the  specific  &«■> 
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gravity  of  a  body  ia  the  ratio  obtained  by  dividing  the 
weight  of  the  body  by  that  of  an  equal  volume  of  the 
standard  substantia  The  gases  and  vapor?  are  incessantly 
changing  their  densities,  on  account  of  the  varying  pres- 
sures and  temperatures  to  which  they  are  subjected. 
Tabulated  densities  must,  therefore,  correspond  .to  a 
standard  of  temperature  and  of  pressure.  Thirty-two 
degrees  Fahrenheit's  scale  is  adopted  for  the  former ;  and 
the  weight  of  a  column  of  mercury,  at  the  same  tempera- 
ture, having  an  altitude  equal  to  thirty  inches,  and  resting 
upon  a  base  whose  area  is  a  superficial  unit,  is  taken  for 
the  latter. 

By  a  viif  simple-  transformation  of  j.'iq.  (2 10)',  we  mid 

D  =  30  X  p.  +  (*  -  82°)  0.00208]        D 


To  make  thin  formu'a  applicable  to  any  gas,  it  will  only 

be  necessary  to  observe  h,  by  means  of  a  barometer  in  the 

atmosphere;    t,  by  a  thermometer 

in  contact  with  the  gas :  and  to  find 

D,    corresponding    to    these    quan-  Fig.  336. 

tities,    by   the   following    process: 

Provide  a   glass   vessel  A,   whose 

mouth  may  be  closed  by  a  stop- 
cook   J5,   air-tight,    and    of    which 

the  bottom  terminates  in  a  long 
i  narrow  tube  G,  closed  at  the  end. 
,.  Let  the  capacity  of  this  vessel  be 

carefully   ascertained   by  filling  it 

with  water,  and  pouring  this  water 

afterward  into  a  graduated  vessel ; 

also  let  the  tubular   portion   O  be 

graduated  and  numbered  by  tenths, 

hundredths,  &c.,  so  that  the  num- 
bers   shall    increase    towards    the 

smaller  end,  and  express  that  portion  of  the  entire  capacity 
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of  the  vessel,  regarded  as  unity,  which  is  comprised  be- 
tween its  mouth./:'  and  those  numbers. 

This  being  understood,  denote  the  weight  of  this  ves- 
sel by  Wv ;  that  of  a  volume  of  air,  or  of  the  gas  under 
consideration,  equal  to  the  contents  of  the  vessel,  and  n 
under  the  pressure  h  and  temperature  t,  by  Wa ;  the  buoy- 
ant effort  of  the  atmosphere,  under  the  same  pressure  and 
temperature,  by  e;  and  the  weight  required  to  counter- 
poise the  vessel  filled  with  air  by  IF",,  then  will 

W1  =  W.  +  Wa  -  e.     .     .     .     (a).      I 

Connect  with  the  air-pump,  and  exhaust  as  far  as  conve- 
nient; close  the  stop-cock,  disconnect  and  weigh  again,  and 
denote  the  weight  necessary  to  counterpoise  the  vessel 
with  its  rarefied  air  by  Tl^,  and  we  shall  have 

W2  =  Wv  +   Wa,  -  e;  s 


in  which  W^  denotes  the  weight  of  the  i 
maining  in  the  vessel. 

Subtracting  this  from  the  equation  above,  we  find 

Wj  -  W3  =  Wa  -  WSi;  22 

which  is  obviously  tin:  weight  of  the  extracted  air. 

Now  immerse  the  vessel  in  water,  mouth  downward. 
and  open  the  stop-cock ;  the  liquid  will  enter,  and  taking 
care  to  keep  its  level  on  the  inside  and  outside  the  same, 
the  water  will  come  to  rest  at  or  near  some  one  of  the 
graduated  points  on  the  tube.     The  air  or  gas  within  will 
then  have  the  same  elasticity  as  the  external  atmosphere, 
and  the  reading  h  of  the  barometer  becomes  applicable  to 
the   gas.     This  graduated  point   will  make  known  the  voi™ 
volume    V  of  air   or   gas  extracted;  and,    knowing   its^^ 
weight,  that  of  a  volume  equal  to  the  contents  of  the  pre™ 
whole  vessel,  which  we  have  denoted  by   Wa,  may  be 
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found  from  the  proportion 

V   :     Wi  -   Wa    : 

whence 

W[  -  Wa 


Wa (i> 


Next  fill  the  vessel  with  water,  and  weigh  again ;  denote 
the  counterpoising  weight  by  Ws,  and  the  weight  of  the 
contained  water  by  Wm,  and  we  shall  have 

Wa  =-  W,  +  Wv  -  e; 

and  i?'..iljU'acli]>3  .liq.  (a),  we  find 

W,  -  Wi  =  TT„  -   TP.  ; 
adding  Eq.  (&),  we  find 


y./.l/m  ci  l!;a 
veasbl  full  uf 

w, 

1  T         7 

w, 

W»; 

and  dividing  Eq.  (&)  by  this  one, 

\vt:  gc!. 

WBighlB. 

ss 

W,  -  Ws 

W. 

YOlOm*. 

(W,  - 

WO  V  +  w,  - 

-  IF, 

w. 

Multiplying  both  members  by  the  tabular  density  d  of 
water  corresponding  to  the  temperature  of  that  employed, 
and  dividing  both  numerator  and  denominator  of  the  first 
member  by  W[  —   Ws,  we  .finally  gut 


W 


W1  -  w2 


But  the  second  member  is  the  specific  gravity  or  density 
D  of  air  or  gas,  under  the  pressure  h  and  temperature  t. 


)y  Google 


MKCI[ANTIt!3    OF     FLUIDS. 


~>  find  the  value  of  7),  we  have  this  rule,  viz. : 

Weigh   this  vessel  full  of.'  the  gas  under  consideration; 
exhaust,  and  weigh  a  second  time ;   find,  by  admitting  process  for 
water,  the  volume  of  gas  exhausted  by  the  pump ;   fill  d"n^f  or°s 
with  water,  and  weigh  a  third  time ;  then  divide  the  dif-  gratftyora 
ference  between  the  last  and  first  weights  by  the  differ- 
ence between  the  first  and  second ;  multiply  this  quotient 
by  the  volume  exhausted  ;  increase  this  product  by  unity, 
and  divide  the  tabular  density  of  water,  corresponding  to 
its  observed  temperature,  by  this  sum.     The  value  of  D, 
thus  found,  and  the  observed  values  of  h  and  t,  being  sub- 
stituted in  the  value  for  Otl  this  latter  may  be  found  and 
tabulated. 


§  284 — The  atmosphere  being  a  heavy  and  elastic; .Quid,  Thabnrome 
is  compressed  by  its  own  weight.     Its  density  cannot  be 
the  same  throughout,  but  diminishes  as  we  approach  its  density  end 
upper  limits  where  it  is  least,  being  greatest  at  the  surface  P™sl,™°n 
of  the  earth.     If  a  vessel  filled  with  air  be  closed  at  the  different  pin 
base  of  a  high  mountain  and  afterward  opened  on  its 
summit,  the  air  will  rush  out ;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  the  moun- 
tain, the  air  will  rush  in. 

The  evaporation  which  takes  place  from  large  bodies 
of  water,  the  activity  of  vegetable  mid  animal  life,  as  well 
as  vegetable  decompositions,  throw  considerable  quantities 
of  aqueous  vapor,  carbonic  acid,  and   other  foreign  ingre-  foreign 
dients   temporarily    into    the    permanent   portions   of  the  jj^jj,™* 
atmosphere.     These,  together  with  its  ever- varying  tern-  change  of 
perature,  keep  the  density  and  elastic  force  of  the  air  in.  a  e''3'>,' 
state  of  almost  incessant  change.     These  changes  are  indi- 
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catal  by  the  Barometer,  an.instmu.ier-t  employed  to  measure 
the  intensity  of  atmospheric  pressure,  and  ii'equently  called 
a  weat/ier-glass,  because  of  certain  agreements  found  to  ex- 
ist between  its  indications  aud  the  state  of  the  weather. 

The  barometer  consists  of  a  glass  tube  about  thirty-four 
or  thirty-five  inches  long,  open  at  one  end,  partly  filled 
with  distilled  mercury,  and  inverted,  .in  a  small  cistern  also 
containing  mercury.  A  scale  of  equal  pints  is  cut  upon  a 
slip  of  metal,  and  placed  against  the  tube  to  measure  the 
height  of  the  mcretirial  column,  the  yjiyo  being  on  a  level 
with  the  surface  of  the  mercury  in  the  cistern,  The  elastic 
force  of  the  air  acting  freely  upon  the  mercury  in  the  cis- 
tern, its  pressure  is  transmitted  to  the  interior  of  the  tube, 
and  sustains  a  column  of  mercury  whose  weight  it  is  just 
sufficient  to  counterbalance.  If  the  density  and  conse- 
quent elastic  force  of  the  air  be  increased, 
the  column  of  mercury  will  rise  till  it 
attain  a  corresponding  in  crease  of  weight; 
if,  on  the  contrary,  Uie  density  of  the  air 
diminish,  the  column  will  fall  till  its  di- 
minished weight  is  sufficient  to  restore 
the  equilibrium. 

In  the  Common  Barometer,  the  tube 
and  its  cistern  are  partly  inclosed  in  a 
metallic  case,  upon  which  the  scale  is 
cut,  the  cistern,  in  this  case,  having  a 
flexible  bottom  of  leather,  against  which 
a  plate  a  at  the  end  of  a  screw  o  is  made 
to  press,  in  order  to  elevate  or  depress 
the  mercury  in  the  cistern  to  the  zero  of 
the  scale. 

Be  Luc's  Siphon  Barometer  consists 
.  of  a  glass  tube-  bent  upward  so  as  to  form 
two  unequal  parallel  legs :  the  longer  is 
hermetically  sealed,  and  constitutes  the 
Torricellian  tube ;  the  shorter  is  open, 
and  on  the  surface  of  the   quicksilver 


A 


JL 
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tlic  pressure  ol"  i- 1 i.o  atmosphere  is  exert-  Kg.  SS8. 

ed.  The  difference  "between  the  levels 
in  the  longer  and  shorter  legs  is  the 
barometric  height  The  most  conve- 
nient and  practicable  way  of  measuring 
this  difference,  is  to  adjust,  a  moveable 
scale  between  the  two  legs,  so  that  its 
aero  may  be  made  to  coincide  with  the 
level  of  the  mercnry  in  the  shorter  leg. 

Different  contrivances  have  "been 
adopted  to  render  the  minute  variations 
in  the  atmospheric  pressure,  and  conse- 
quently in  the  height  of  the  barometer, 
more  readily  perceptible  by  enlarging 
the  divisions  on  the  scale,  all  of  which 
devices  tend  to  hinder  the  exact  meas- 
urement of  the  length  of  the  column. 
Of  these  we  may  name  Morhmd's  Diagonal,  and  Hook's 
Wheel-Barometer,  but  especially  Huygen's  Double- Barom- 
eter. 

The  essential  properties  of  a  good  barometer  are :  width 
of  tube;  purity  of  the  mercury;  accurate  graduation  of  the 
scale ;  and  a  good  vernier. 

Heat  affects  the  density  of  mercury  as  well  as  that  of 
all  other  bodies.  When  its  temperature  is  increased,  it 
expands;  when  diminished  it  contracts.  The  same  atmo- 
spheric pressure  will  sustain  the  same  weight— in  other 
words,  the  same  quantity  of  mercury ;  but  tho  same  quan- 
tity of  mercury  will  occupy  different  volumes,  according  cribctaof 
to  its  temperature,  and  the  same-  atmospheric  press  arc  will,  '""i"*™1 
hence,  sustain  a  longer  column  when  the  temperature  is 
high  than  it  will  when  the  temperature  is  low.  The  indi- 
cations of  the  barometer  must,  therefore,  be  reduced  to 
what  they  would  have  boon,  if  taken  at  a  standard  or  fixed 
temperature,  without  which  reduction  they  would  be 
utterly  worthless. 

Prom  the  experiments  of  Dnlong  and  Petit,  it  is  found 
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that  mercury  expands  ;,-,,',,■  lf til  part  of  its  volume  for  each 
degree  of  Eahrenlieit'a  scale  by  which  its  temperature  is 
increased,  and  that  it  contracts  according  to  the  same  law 
as  its  temperature  is  diminished.  If,  therefore,  T  denote 
the  standard  temperature,  arid  7"  \ho  temperature  of  ob- 
servation ;  h  the  altitude  which  the  barometer  would  have 
at  the  standard  temperature,  and  V  the  observed  altitude, 
then  will, 


biirometric 

oolamn  rednoad     7.        k  |~i    i    '  —  " 

Lo  standard 

U   :I|ii.:i;i[iv.-  ; 


V  [l  +  ^~]  =V{l  +  {T-T)  0.0001001]  . .  (241) ; 

when  T'  becomes  T,  V  will  be  equal  to  h. 

A  thermometer  is  usually  attached  to  the  barometer. 
'     tube  for  the  purpose  of  observing  the  temperature  of  the 
mercury, 

Exwmple.  Observed  the  barometric  column  to  stand  at 

29.81  inches,  while  its  thermometer  gave  a  temperature  of 

'        93°.     What  would  have  been  the  column  under  the  same 

pressure,  had  the  temperature  of  the  mercury  been  32°? 

Here  we  have 

V    =  29M, 

T'  =  93°.00, 

T   =  32°.00, 

T  -  T'  =  -  61.00 ; 
and 
i,iran.  h  =  29.81  [1  -  61  x  0.0001001]  =  29^63. 

used  §  285.— The  barometer  may  be  used  not  only  to  meas- 

f  8     ure  the  pressure  of  the  external  air,  but  also  to  determine 

hwb,     the  density  and  elasticity  of  pent-up    gases  and  vapors, 

and    furnishes    the  most  direct   means   of   ascertaining 


)y  Google 


\tECHANTd3    OF    I"L  C  [1)3. 


the  degree  of  rarefaction  in  the  receiver  of  an  air-pump. 
When  thus  employed,  it  is  called  the  barometer-gauge,  bi 
In  every  case  it  will  only  be  necessary  to  establish  a 
free  connection  between  the  cistern  of  the  barometer  and 
the  vessel  containing  the  fluid  whose  elasticity  is  to 
be  indicated ;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  :i  standard  temperature, 
and  multiplied  by  the  known  weight 
of  a  cubic  inch   of   mercury   at    that  tt 

temperature,  will  give  the  pressure  in  Fi&  339.         01 

pounds   on  each  square  inch.     In  the  5 

case  of  the  steam  in  the  boiler  of  an 
engine,  the  upper  end  of  the  tube  is 
sometimes  left  open.  The  cistern  A  is 
a  steam-tight  vessel,  partly  filled  with 
mercury,  a  is  a  tube  communicating 
with  the  boiler,  arid  through  which  the 
steam  flows  and  presses  upon  the  mer- 
cury; the  barometer  tube  be,  open  at 
top,  reaches  nearly  to  the  bottom  of  the 
vessel  A,  having  attached  to  it  a  scale 
whose  zero  coincides  with  the  level  of 
the  quicksilver.  On  the  right  is  marked 
a  scale  of  inches,  and  on  the  left  a  scale 
of  atmospheres. 

If  a  very  Iviiih  pressure  were  exerted, 
one  of  several  atmospheres,  for  example, 
an  apparatus  thus  constructed  would  re- 
quire a  tube  of  great  length,  in  which 


The  tube  being  filled  with 
air  and  the  upper  cr.d  closed,  the  sur- 
face of  the  mercury  in  both  branches 
will  stand  at  the  same  level  as  long 
as  no  steam  is  admitted.  The  steam 
being  admitted  through  d.  presses  on 
the  surface  of  the  mercury  a  and  forces 
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it  up  the  branch  b  c,  and  the  scale  from 
b  to  c  marks  the  force  of  compression 
in  atmospheres.  The  greater  width  of 
tube  is  given  at  a,  in  order  that  the 
level  of  the  mercury  at  this  point  may 
not  be  materially  affected  by  its  ascent 
up  the  branch  b  c,  the  point  a  being  the 
aero  of  the  scale. 

§  286.— Another  very  important  use 
of  the  barometer,  is  to  find  the  differ- 
ence of  level  between  two  places  on  the  ' 
earth's  surface,  as  the  foot  and  top  of  a 
hill  or  mountain. 

Since  the  altitude  of  the  barometer  depends  on  the 
pressure  of  the  atmosphere,  and  as  this  force  depends  upon 
the  height  of  the  pressing  column,  a  shorter  column  will 
exert  a  less  pressure  than  a  longer  one.  Ti.io  quicksilver 
in  the  barometer  falls  when  the  instrument  is  carried  from 
the  foot  to  the  top  of  a  mountain,  and  rises  again  when 
restored  to  its  first  position :  if  taken  down  the  shaft  of  a 
mine,  the  barometric  column  rises  to  a  still  greater  height. 
At  the  foot  of  the  mountain  the  whole  column  of  the 

'  "  atmosphere,  from  its  utmost  limits,  presses  with  its  entire 
weight  on  the  mercury ;  at  the  top  of  the  mountain  this 
weight  is  diminished  by  that  of  the  intervening  stratum 
between  the  two  stations,  and  a  shorter  column  of  mercury 
will  be  sustained  by  it. 

It  is  well  known  that;  the  surihee  of  the  earth  is  not 
uniform,  and  does  not,  in  consequence,  sustain  an  equal 
atmospheric  pressure  at  its  different  points ;  whence 
the  mean   altitude  of  the  barometric  column  will  vary 

lhe  at  different  places.  This  furnishes  one  of  the  best  and 
most  expeditious  means  of  gelling  a  profile  of  an  ex- 
tended section  of  the  earth's  surface,  and  makes  the 
barometer  an  instrument  of  great  value  in  the  hands  of 
the  traveller  in  search  of  geographical  information. 
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To  find  the  relation  wliic-i.  si.Lbsi.stB  between  the  alti- 
tudes of  two  barometric  columns,  and  the  difference  of 
level  of  the  places  where  they  exist,  conceive  the  atmo- 
sphere to  be  divided  into  an  iiidcihiite  number  of  elementary 
horizontal  strata  of  equal   thickness,  and  so  thin  that  the  i*iat 
density  from  the  top  to  the  bottom  of  the  same  stratum     . 
may  without  error  be  regarded  as  uniform,  the  density  "M»i 
varying  from  one  stratum  to  another. 

Then,  commencing  at  any 
elevated  position  0,  above 
the  level  of  the  sea,  denote  Fis-  841. 

by  p  the  pressure   exerted  <> 

upon  the  unit  of  surface  by  ^Z~  B 

the  whole  cohmin  of  atino-  — ~^~  jf 

sphere  above  this  point.  The  .     .         *—    & 

density  of  the  stratum  of  air 

A,  immediately  below   this 

point,  will  be  due  to  tl.iis  pressure;   call  this  density  U, 

then,  from  Mariotte's  law,  Eq.  (236),  will 


in  which  P  is  the  pressure  necessary  ;o  produce,  on  a  unit 
of  surface,  a  unit  of  density.  From  this  equation,  wc 
have 

*  =  f  : 

The  weight  of  so  much  of  this  stratum  as  stands  upon  a 
unit  of  surface  will  be 

„,  ah  V 


in  which  h  denotes  the  indciiivitciy  small  height,  common 
to  all  the  strata,  anil  <j  the  force  of  gravity. 

i'iic  pressure   upon  the  unit  of  surface  of  the  second 
stratum  5,  will  hep,  transmitted  through  the  first  stratum, 
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augmented  "by  tlie  weight  of  this  stratum  found  above; 
and,  denoting  this  pressure  by//',  we  shall  liave 


Denoting  by  D'  the  density  of  the  second  stratum  B, 
we  have  again  by  Mariotte's  law 

p'  =  PD' 


B' 


and  for  the  weight  of  this  stratum  upon  a  unit  of  surface. 


ghlf  -  f 


p  ' 


and  substituting  the  value  of  p',  found  above, 


The  pressure  upon  the  unit  of  surface  of  the  third  stratum 
G,  will  be  the  pressure  p\  transmitted  through  the  second 
stratum,  increased  by  the  weight  found  above  for  this  same 
stratum;  hence,  denoting  this  pressure  hyp",  will 

and  in  the  same  way  will  the-  pressure  p'",  upon  the  fourth 
stratum,  be  given  by  the  equation 


*" -*(!  +  £/. 


and  so  on  to  the  surface-  of  the  earth  :  and  supposing  n  to 
denote  the  number  of  strain  Ix'lweeu  these  limits  then  will 
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r.  =  t  (i  +  tt)  i  :;",»;"■ 

in  whichp,,  denotes  the  pressure  at  the  lowest  station. 

Developing  tin.;  second  member  of  this  equation  by  the 
binomial  formula,  and  dividing  by  p,  we  have 

—  =  l+n-?  +  -J-1--pr+— j-, j-j -p^+te-w 

The  strata  being  indefinitely  thin,  the  number  in  any 
definite  altitude  will  be  indefinitely  great,  and  this  being 
the  case  in  the  above  series,  it  is  obvious  that  the  numbers 
1,  2,  3,  &c,  connected  with,  n  by  the  minus  sign,  may  be 
disregarded  without  sensibly  impairing  the  result,  which 
will  give 

—  =  1  +  -p-  +  Yjpi  +  Lj  !pl  +  «       — '«— i 


But  the  second  member  is  equal  to 


in  which  e  —  2.71S2S1S,  the  base  of  the  Naperian  system 
of  logarithms.     "Whence, 


Ent  n  being  the  number  of  strata,  and  h  the  i 
height  of  each,  nh  will  be  equal  to  the  difference  of  level 
between  the  first  and  last  points.  Calling  this  s,  and 
taking  the  !Napenai.)  logarithm  of  both  members,  we  find, 


log  £L  =  £=.. 
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and  passing  to  '..'lie-  common  logarithms 

in  which  M  denotes  the  reciproeal  of  the  modulus  of  the 
common  system ;  whence  we  have 


Denote  by  b,,  tin;  height  of  the  1>::.rom.et.ri<;  column  at 
the  lower  station,  where  the  pressure  is  p„.  and  by  b  that 
at;  the  upper  station  where  (.Tic  pressure  is  p,  then  will 


and  reducing  the  barometric  column  &  to  the  temperature 
of  b'  taken  as  the  standard,  we  have,  Eq.  (241), 

Pn      _ 


p         ,6[1  +  (T-  T)  0.0001001]' 

in  which  T  becomes  the  temperature  of  the  mercury  at 
the  lower,  and  T'  that  at  the  upper  station.  Moreover, 
we  have,  Eq.  (81)', 

g  =  321803  [1  -  0.002551  cos  2  +], 

g  =  g'  (1  -  0.002551  cos  2  +) ; 

ft. 
in  whieh  g'  =  32.1803,  the  force  of  gravity  in  the  latitude 
of  45°. 

Substituting  these  values  of  *—.  a  and  the  value  of  P 
P 
given  by  Eq.  (240),  in  the  value  for  D  above,  and  we  find 
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In  this  it  will  be  remembered  that  t  denotes  the  tem- 
perature of  the  air;   but  tins  may  not  be,  indeed  scarcely 
ever  is,  the  same  at  both  stations,  and  thence  arises  a  dif-  Am™ 
Acuity  in  applying  the  formula.     But  if  we  represent,  for  ""'"^ 
a  moment,  the  entire  factor  of  the  second  member,  into  them 
which  the  factor  involving  (  is  multiplied,  by  X,  then  we 
may  write 

m  =  p.  +  (t  -  32°)  0.00208]  X  1T2 

If  the  temperature  of  the  lower  si-i/ion  bo  denoted  by  t., 
and  this  temperature  lie  the  same  throughout  to  the  upper 
station,  then  will 

tempt 

«,=  [!+  ft  -  S2°)  0.00208]  X  J^ 

And  if  the  actual  temperature  of  the  upper  station  be 
denoted  by  t\  and  this  be  supposed  to  extend  to  the  lower 
station,  then  would 

a'  =   [f  +  {if  ~  32°)  0.00208].  X.  J2T 

Now  if  t,  be  greater  than  f,  which  is  usually  the  case, 
then  will  the  barometric  column,  or  b,  at  the  upper  station 
be  greater  than  would  result  from  the  temperature  f,  since 
the  air  being  more  expanded,  a  portion  which  is  actually 
below  would  pass  above  the  upper  station  and  press  upon 
the  mercury  in  the  cistern ;   and  because  b  enters  the  de-  mean 
nominator  of  the  value  X,  a,  would  be  too  small.     Again,  **" 
by   KiipposiriLr   the   temperature    the  same   as  that  at  the  one; 
upper  station  throughout,  ■  then  would  the  air  be  more 
condensed  at  the  lower  station,  a  portion  of  the  air  would 
sink  below  the  upper  station  that  before  was  above  it,  and 
would  cease  to  act  upon  the  mercurial  column  i,  which 
would,  in  consequence,  become  too  small;  and  this  would 
make  s'  too  great.     Taking  a  mean  between  s,  and  e'  aa 
the  true  value,  we  find 
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B  --  *>  +  g'  =   [1   +  J  ft   +  C  -  64°)  0.00208]  X. 
Replacing  X  by  ite  value. 
1  =     "uf1 "       l  -'cSffiiuSs*       *  Lue'  Lt  x i  +  (3'—j") 0.0(101001-1' 


only  remains  to  determine  its  value.  For  this  purpose 
measure  with  accuracy  the  difference  of  level  between 
two  stations,  one  at  the  base  and  the  other  on  the  summit 
of  some  lofty  mountain,  by  means  of  a  Theodolite,  or 
levelling  instrument— this  will  give  the  value  of  z;  observe 
the  barometric  column  at  both  stations— this  will  give  l 
and  £,!,'  take  also  the  temperature  of  the  mercury  at  the 
two  stations — -this  will  give  T  and  T';  and  by  a  detached 
end  tha  mine  of  thermometer  in  the  shade,  at  both  stations,  find  the  values 
mo  coefficient;  ^  ^  ^^  ^  These,  and  the  latitude  of  the  place,  being 
substituted  in  the  formula,  every  thing  is  known  except 
the  coefficient  in  question,  which  'may,  therefore,  be  found 
by  the  solution  of  a  simple  equation.  In  this  way,  it  is 
found  that 

ttayaiao;  ^ D   li„   =  60345.51  English  feet ; 

which  will  finally  give  for  s, 

To  find  the  difference  of  level  between  any  two 
stations,  the  latitude  of  the  locality  must  be  known;  it 
will  then  only  be  necessary  to  note  the  barometric 
data  for  its  use ;  columns,  the  temperature  of  the  mercury,  and  that  of 
the  air  at  the  two  stations,  and  to  substitute  these  observed 
elements  in  this  formula. 
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Much  labor  is,  however,  saved  by  the  use  of  a  tabic  labor  saved  by  a 
for  the  computation  of  these  results,  and  we  now  proceed  blbl0' 
to  explain  how  it  may  be  formed  and  used. 

Make 

60345,51  [1  +  (t,  +  t'   -  64)0.00104]  =  A, 

_J^_ =    B 

1  -  0.002551  cos  2  4, 

X  +  {T  -  T1)  O.OOOl  = 
Then  will 

z  =  AB  ■  Log.  ■ — ,— A 
0 

z  =  ,4  .B  ■  [Log.  C  +  Log.  6.   -  Log.  5]  ;  abbreviated 

and  taking  the  logarithms  of  both  members, 

Log,  %  =  Log.  A  +  Log.  3  +  Log.  [Log.  O  +  Log.  b*  —  Log.  6]  . .  (242).  its  logarithm ; 

Making  t,  +  i'  to  vary  from  40°  to  162°,  which  will  be  variations  of  the 
sufficient  for  all  practical,  purposes,  the  logarithms  of  the  j™**™"™ "' 
corresponding  values  of  A,  are  entered  in  a  column,  under 
the  head  A,  opposite  the  values  t,  +  t',  as  an  argument. 

Causing  the   latitude  +  to  vary  from  0°  to  90°,  the  vmiatioDs in 
logarithms  of  the  corresponding  values  of  B  are  entered Iatitttde  > 
in  a  column  headed  B,  opposite  the  values  of  -]-. 

The  value  of  T  —  T'  being  made,  iu  like  manner,  to 
vary  from  —  80°  to  +  30°,  the  logarithms  of  the  cor- 
responding values  of  0  are  entered  under  the  head  of  O, 
and  opposite  the  values  of  T  —  T.  In  this  way  a  table 
is  easily  constructed.  That  subjoined,  was  computed  by™ia«omto 
Samuel  Ilowlet,  Esq.,  from  the  formula  of  Mr.  Francis  ^™™reo 
Baily,  which  is  very  nearly  the  same  as  that  just  described, 
there  being  but  a  trifling  difference  in  the  coefficients. 
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Detached  Then 

t,+  e 

A 

',-K 

A 

*.+  ' 

A 

t,-K 

A 

4o    4 

■  :f:;;^,'j7 

75  4 

7859508 

no 

4.  K05.19.y3 

i45 

4.8180714 

4i 

76941"  i 

76 

7S0397J 

111 

,80175a'] 

146 

,8,85i4o 

4a 

~ijyS(/7i 

77 

7868733 

112 

.8032109 

147 

.8189559 

43 

77o3g, ' 

78 

7873487 

n3 

. 8036687 

i48 

.8,93975 

44 

77o385i 

79 

7878236 

m4 

.8041261 

149 

.8198387 

45 

77i3785 

8o 

7882979 

n5 

,8o4583o 

i5o 

.8202794 

46 

7718711 

81 

7887719 

116 

.8o5o395 

i5i 

.8)07196 

47 

7?a3633 

82 

7892451 

ji7 

.8o54953 

1 5a 

.82,,594 

48 

77=8548 

83 

7897I80 

118 

.  8059009 

1 53 

.8215988 

49 

7733457 

84 

790I903 

119 

.8o64o58 

,54 

.8220377 

5o 

7738363 

85 

7Q0662! 

120 

.8066604 

i55 

.8aa476l 

5i 

7743 s6i 

86 

791 i 335 

,21 

.8073,44 

,56 

.8229141 

52 

7748i53 

87 

7916043 

122 

.8077680 

1 S7 

.82335,7 

53 

7753045 

88 

7920745 

123 

.80822,1 

1 58 

.8237888 

54 

7757925 

89 

7925441 

124 

.8086737 

159 

.8242256 

55 

77'bH-j.i. 

9° 

793oi 35 

12.5 

.8091258 

160 

.8246618 

56 

7767674 

9' 

7934822 

126 

.8095776 

161 

.8250976 

57 

777254o 

9' 

7919004 

127 

.8100287 

,6a 

.825533, 

58 

7777400 

93 

7944182 

138 

.8104795 

i63 

8259680 

5g 

778=556 

94 

7946854 

129 

.8109298 

164 

.8264024 

6o 

77871. 00 

95 

7953521 

i3o 

.81,3796 

i65 

.8268365 
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Latitude. 

Attached  Thermometer. 
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;q.  (24-2)  in  connection  with  this  table,  we  have 
this  rule  for  finding  the  altitude  of  one  station  above 
another,  via. : — 

Take  the  logarithm  of  the,  barometric  rej.id.iwj  at  the  lower 
station,  to  which  add  ih.e  ■numhir  in  the  column  Jieaded  G oppo- 
site the  observed  value  of  T~  T',  and  subtract  from  this  sum 
the  logarithm  of  the  barometric  rending  at  the,  upper  station  ; 
take  the  logarithm  of  this  difference,  to  which  add  the  numbers 
in  the  columns  headed  A  and  B,  c'jrrtq>cmdiv.'j  lo  the  observed 
values  of  t,+f  and  4- ;  the  sum  mill  be  the  logarithm  of  t/ie 
height  in  English  feet. 

Example.  At  the  mountain  of  Guanaxiiato,  in  Mexico, 
H.  Humboldt  observed  at  the 


Detached  thermometer,  t'   —  70.4;     (,  =  77.6. 
Attached  "  T'  =  70.4;     T  =  77.6. 

Barometric  column,        b    =  23.66 ;   bv  =  30.05. 


What  was  the  difference  of  level  ? 


+  t'  =  148;        T  -   T'  -  7.2;       Latitude  21. 

To  Log.    30.06  =  1.4778445 

Add  <7for7?2     =  0.0003165 

1.4781610 
Sub.  Log.  23.66  =  1.3740147 

Log.  of-  -  -  -  0.1041463  =  -  1.0176439 
Add  A  for  148°  -  -  -  -  =  4.8193075 
Add  B  for  21° =        0.0008689 

6885.1 3.8379103; 


whence  the  mountain  is  6885.1  feet  high. 
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It  will  be  remembered  that  the  final  Eq.  (242)  was  de-  barometric 
duced  on  the  supposition  that  each  stratum  of  air  pressed  wtBn there igno 
with  its  entire  weight  on  that  below  it,  a  condition  which  wind; 
can  only  be  fulfilled  when  the  air  is  in  equilibrio — that  is  to 
say,  when  there  is  no  wind.     The  barometer  can,  therefore, 
only  be  used  for  levelling  purposes  in  calm  weather.     More- 
over, to  insure  a.eeuraey,  the  observations  at  the-  two  stations 
i  of  level  is  to  be  found,  should  be  made 
■,  else  the  temperature  of  the  air  may  change  observations  m 
during  the  interval  between  them;  but  with  a  single  in-  ^^"'J^ 
stmment  this  is  impracticable,  find  we  proceed  thus,  via.:  eimuitancousij 
Take  the  barometric  column,  the  reading  of  the  attached 
and  detached  thermometers,  and  time  of  day  at  one  of  the 
stations,  say  the  lower ;  then  proceed  to  the  upper  station, 
and  take  the  same  elements  there  ;  and  at  an  equal  interval  or  at  equal 
of  time  afterward,  observe  these  elements    at   the  lower  iQlemilaaP0,,t; 
station  again ;  reduce  the  mercurial  columns  at  the  lower 
station  to  the  same  temperature  by  Eq.  (241),  take  a  mean 
of  these  columns,  and  a  mean  of  the  temperatures  of  the 
air  at  this  station,  and  use  these  means  as  a  single  set  of 
observations  made  simultaneously  with  those  at  the  higher 
s tali  oil. 

Examiph.  The  following  observations  were  made  to  de-  example  second: 
termine  the  height  of  a  hill  near  West  Point,  N.  Y. 


Detached  thermometer,  t'  =  57 ;        i,    =  56       and  61. 
Attached  "  T'  =  57.6;     T  =  56.5    and  63.       < 

Barometric  column,        6    =  28?i*4;    6„  =  2&62  and  29.63. 


First,  to  reduce  29.63  inches  at  (>8°,  to  what  it  would 
have  been  at  56.5.     For  this  purpose,  Eq.  (241)  gives 


6(1  +T~T'  x  0.0001)  =  29.63(1  -  6.5  x  0.0001)  =  23.611.  » 
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=  29.62  +  29.611  =     ,-■; 


I,   =  6i-t-5    -    -    =     58.5, 

(,  +  «'  =  58°5  +  57°-    -     =  115°5, 
T  -  r  =  56.5  -  57°5   -     =  - 1. 


To  Log.    29.6105  =  1.4714458 

Add  0  for  -  1"     =  9.9999566 

(-  1.4714024 

Sub.  Log.  of  28.94=  1.4614985 

Log.  of    ■     -     -     ■      0.0099039  =   -  3.9958062 

Add  A&T  116.5 =        4.8048112 

Add  if  for  41.1 =        0.0001465 

632.07 2.8007639; 


whence  the  heigh,  uf  (he  l::il  i~  (;3L>.07  English  feet. 


§  287. — Any  machine  employed  for  raising  water  from 
one  level  to  a  higher,  in  which  the  agency  of  atmospheric 
pressure  is  employed,  is  called  a  i-Wip,     There  arc  "v 
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kinds  of  pumps;  the  more  common  are  the  tmckiirj,  forcing,  dmereutk 
and  lifting  pumps. 

§288. — The    Su/Mng-Purap    consists    of  a   cylindrical  Sucking-p 
body  or  barrel  B,  from  the  lower  end  of  which  a  tube  D, 
called  the  sucking-pipe,  descends  into  the  water  contained 
in  a  reservoir  or  well.     In  the  interior  of  the  barrel  is  a 
moveable  piston    G,  surrounded   with  leather  to  make  it  piston; 
water-tight,  yet  capable  of  moving  up  and  down  freely. 
The  piston  is  perfora- 
ted in  the  direction 
of   the  bore  of   the 
barrel,  and  the  orifice 
is  covered  by  a  valve 
F  called  the  piston- 
valve,     which    opens 
upward ;     a     similar 
valve  M,  called  the 
sleeping-valve,    at   the 
bottom  of  the  barrel, 
covers  the  upper  end 
of  the   sucking-pipe. 
Above    the    highest 
point   ever   occupied 
by  the  piston,  a  dis- 
charge pipe  P  is  in- 
serted into  the  barrel ; 
the  piston  is  worked 

by  means  of  a  lever  Bf,  or  other  contrivance,  attached  to 
the  piston-rod  G.  The  distance  A  A',  between  the  highest 
an.d  lowest  points  of  the  piston,  is  cal  led  the  play.  To  ex-  pi 
plain  the  action  of  this  pump,  let  the  piston  be  at  its  low- 
est point  A,  the  valves  E  and  F  closed  by  their  own 
weight,  and  the  air  within  the  pump  of  the  same  density 
or  elastic  force  as  that  on  the  exterior.  The  water  of  the 
reservoir  will  stand  at  the  same  level  LL  both  within  and  o] 
without  the  sucking-pipe.     Kow  suppose  t'iio  piston  raised  p 
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to  its  highest  [joint  A',  the  air  contained  in  the  barrel  and 

sucking-pipe  will  tend  by  its  elastic  force  to  occupy  the 

iu;i.ik>  space  which  the  piston  leaves  void,  the  valve  J?  will,  tli.ere- 

n       fore,  be  forced  open,  and  air  will  pass  from  the  pipe  to  the 

barrel,  its  elasticity  cli.uumshir.g  in  proportion  as  it  fills  a 

larger  space.   It  will,  therefore,  exert  a  less  pressure  on  the 

water  below  it  in  the  sucking-pipe  than  the  exterior  air  does 

on  that  in  the  reservoir,  and  the  excess  of  pressure  on  the 

part  of  the  exterior  air,  will  force  the  water  up  the  pipe  till 

the  weight  of  the  suspended  column,  increased  by  the  elastic 

i ;       force  of  the  internal  air,  beeomes  equal  to  the  pressure  of 

the  exterior  air.     When  this  takes  place,  the  valve  E  will 

eloso  of  its  own  weight ;  and  if  the  piston  be  depressed, 

the  air  contained   between  it  and  this  valve,  having  its 

density  augmented  as  the  piston  is  lowered,  will  at  length 

have  its  elasticity  greater  than  that  of  the  exterior  air; 

ngthe  this  excess  of  elasticity  will  force  open  the  valve  F,  and 

l"c       air  enough  will   escape  to  red  ace  what  is  left  to  the  same 

density  as  that  of  the  exterior  air.     The  valve  i^will  then 

fall  of  its  own  weight ;  and  if  the  piston  be  again  elevated, 

the  water  will  rise  still  higher,  for  the  same  reason  as 

before.      This   operation  of  raising   and   depressing  the 

piston  being  repeated  a  few  times,  the  water  will  at  length 

enter  the  barrel,  through  the  valve  ./'';  and  be  delivered 

from  the  discharge -pipe  P.     The  valves  B  and  F  closing 

after  the  water  has  passed  them,  the  latter  is  prevented  from 

ifa      returning,  and  a  cylinder  of  water  equal  to  that  through 

iottua  ^kjeh  tlic  piston  is  raised,  will,  at  each  upward  motion,  be 

forced  out,  provided  the  discharge-pipe  is  large  enough. 

As  the  ascent  of  the  water  to  the  piston  is  produced  by 

the  difference  of  pressure  of  the  internal  and  external  air, 

it  is  plain  that  the  lowest  point  to  which  the  piston  may 

reach,   should  never  have  a  greater   altitude   above  the 

tttnda    water  in  the  reservoir  than  that  of  the  column  of  this 

mitof  £u^  wjjion   the  atmospheric    pressure    may  support,    in 

vacuo,  at  the  place. 

From  a  little  reflection  upon  what  has  been  said  of  the 
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operations  of  this  pump,  it  will  appear  that  the  rise  of  oa 
water,  during  each  ascent  of  the  piston  after  the  first,  J 
depends  upon  the   expulsion  of  air  through   the   piston- 
valve  during  its  previous  descent.     But  air  can  only  issue 
through  this  valve  when  the  air  below  it  has  a  greater 
densit)',  and,  therefore,  greater  elasticity,  than  the  external 
air ;  and  if  the  piston  may  not  descend  low  enough,  for 
want  of  sufficient  play,  to  produce  this  degree  of  compres- 
sion, the  water  must  cease  to  rise,  and  the  working  of  the 
piston  can  have  no  other  effect:  than  alternately  to  com- 
press and  dilate  the  same  air  between  it  and  the  surface  of 
the  water.     To  ascertain,  therefore, 
tie  relation  whieJi  L;ie  play  of  the 
piston   should    bear   to   the   other 
dimensions,  in  order  to  make  the 
pump  effective,  suppose  the  water 
to  have  reached  a  stationary  level 
X,  at  some  one  ascent  of  the  piston 
to  its  highest  point  A',  and  that,  in 
its  subsequent  descent,  the  piston- 
valve  will   not   open,  but  the  air 
below  it  will  be  compressed  only  to 
the  same  density  with  the  external 
air,    when    the  piston    reaches    its 
lowest  point  A.    The  piston  may  be 
worked  up  and  down  indefinitely, 
within  these  limits  for  the  play,  with- 
out moving  the  water.    Denote  the  play  of  the  piston  by  a ; 
the  greatest  height  to  which  the  piston  may  be  raised  above 
the  level  of  the  water  in  the  reservoir,  by  b,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge-pipe;  the  n. 
elevation  of  the  point  X,  at  which  the  water  stops,  above 
the  water  in  the  reservoir,  by  x ;  the  cross-section  of  the 
interior  of  the  barrel  by  B.      The  volume   of  the  air  v, 
between  the  level  X  and  A  will  be  c' 


B  X  (!>  —  x  —  a) ; 
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the  volume  of  this  same  air,  when  the  piston  is  raised  to 
A.',  provided  the  water  does  not  move,  will  he 

B  {1>  -  x). 

.Represent  "by  h  the  greatest  height  to  which  water  may  be 
supported  in  vacuo  at  that  place.  The  weight  of  the 
column  of  water  which  the  elastic  force  of  the  air,  when 
occupying  the  space  between  the  limits  X  and  A,  will 
support  in  a  tube,  with  a  bore  equal  to  that  of  the  barrel, 
is  measured  by 

Bk.g.D; 

in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.      The  weight  of  the  column  which  the  elastic 

force  of  this  same  air  iviil  support,  when  expanded  between 
the  limits  X  and  A\  will  he 

d  Bh'.g.D; 

in  which  h'  denotes  the  height  of  this  new  column.     But 

from  Mis.riotte'ri  law  we  have 

BQ>-z-a)    :    B(j>-x)    ::    Bh'gJD    :    BhgD; 

whence 


But  there  is  an  eijuilibriuifi  between  the  p reduce  of  the 
external  air  and  that  of  the  rarefied  air  between  the  limits 
X  and  A',  when  the  latter  is  increased  by  the  weight  of 
the  column  of  water  whose  altitude  is  x.  Whence,  omit- 
ting the  common  factors,  B,  D,  and  g, 

x  +  h'  =  x  +  h  ■  — j =  h; 

or,  clearing  tiie  fraction  and  solving  the  equation  in  refer- 
ence to  x,  we  find 

x  =  \  b  ±  j  VW  -  4aA      .     .     (243). 
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When  x  has  a  real  value,  the  water  will  cease  to  rise,  Mmduion  of 
but  x  will  be  real  as  long  as  &s  is  greater  than  4  ah.    If,  on  Mswi 
the  contrary,  4  ah  is  greater  than  If,  the  value  of  x  wiU 
bo  imaginary,  and  the  water  cannot  cease  to  rise,  and  the 
pump  will  always  ho  ofl.bci.ivc  when   its  dimensions  satisfy 
this  condition,  viz. : — 

iah  >  h\ 


> 


4A' 


that  is  to  say,  the  plan  of  the  riv-:!.on  must  be  greater  than  the  rule 
square  of  the  edtit'ide  of  the  upper  limit  of  the  play  of  the  piston  the 
above  the  surface  of  the  vxUer  in  tlu;  reservoir,  divided  by  four 
times  the  height  to  which  the  atiiiospherie.  pressure  at  the  place, 
where  the  pump  is  used,  will  support;  water  in.  vacuo.     This 
last  height  is  easily  found  by  means  of  the  barometer. 
We  have  but  to  notice  the  altitude  of  the  barometer  at  the 
the  place,  and  multiply  its  column,  reduced  to  feet,  by  ^"™ 
13j,  this  being  the  specific  gravity  of  mercury  referred  to 
water  as  a  standard,  and  the  product  will  give  the  value 
of  h  in  feet. 

Example.   Eequircd  the  least  play  of  the  piston  in  a 
sucking-pump  intended  to  raise,  wiu.cr  through  a  height 
of  13  feet,  at  a  place  where  the  barometer  stands  at  28  ex* 
inches. 

Here  h  =  13,       and      b?  =  169. 

12  : 


h  =  2.333  X  13.5  = 
'  4/rix  31.5  " 


6s  1 69  f- 

Play        =  «>    *=       ™»       =1^+; 


that  is,  the  play  of  the  piston  must  be  greater  than  i 
and  one  third  of  a  foot. 
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The  quantity  of  work  performed  by 
the  moter  during  the  delivery  of  water 
:  through  the  discharge-pipe  P,  is  easily 
computed.  Suppose  the  piston  to  have 
any  position,  as  M,  and  to  be  moving 
upward,  the  water  being  at  the  level 
LL  in  the  reservoir,  and  at  P  in  the 
pump.  The  pressure  upon  the  up- 
per surface  of  the  piston  will  be  equal 
to  the  entire  atmospheric  pressure  de- 
noted by  A  ia  creased  by  the  weight  of 
the  column  of  water  MP',  whose  height 
is  c',  and  whose  base  is  the  area  B  of 
the  piston ;  that  is,  the  pressure  upon 
the  top  of  the  piston  will  be 


A  +  Bc'gD, 

in  which  g  and  I)  are  the  force  of  gravity  and  density  of 
the  water,  respectively.  Again,  the  pressure  upon  the  un- 
der surface  of  the  piston  is  ccjuiu  to  the  atmospheric  pres- 
sure A,  transmitted  through  the  water  in  the  reservoir  and 
up  the  suspended  column,  diminished  by  the  weight  of  the 
column  of  water  Ar.M  be'ow  the  piston,  and  whose  base  ia 
B  and  altitude  c;  that  is,  the  pressure  from  below  will  be 

A-BcgD, 

and  the  difference  of  these  pressures  will  be 

A  +BcgD-  (A  -  BcgB)  =  Bg7)(c  +  c'); 

but,  employing  the  notation  of  the  sucking-pump  just 
described, 


whence  the  foregoing  expression  becomes 
Bb.g.D; 
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which  is  obviously  the  weight  of  a  column  of  the  fluid 

whose  base  is  the   area  of  the   piston  and  altitude  the 

height  of  the  discharge-pipe  above  the  level  of  the  water 

in  the  reservoir.     And  adding  to  this  the  effort  necessary  io  which  &ioa™ 

to  overcome  the  friction  of  the  parts  of  the  pump  when  in  mu3t  bB  od(l8d ; 

motion,  denoted  by  9,  we  shall  have  the  resistance  which 

the  force  F,  applied  to  the  piston-rod,  must  overcome  to 

produce  any  useful  effect;  that  is, 

F=BigD  +  t.  m„"C, 

Denote  the  play  of  the  piston  hy  p,  and  the  number  of  its 
double  strokes,  from  the  beginning  of  the  flow  through 
the  discharge-pipe  till  any  quantity  Q  is  delivered,  by  n; 
the  quantity  of  work  will,  by  omitting  the  effort  necessary 
to  depress  the  piston,  be 

Fnp  =  np  [Bb.gD  +  ?];  qusuutyofwork 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p 
and  i  must  be  expressed  in  linear  feet  and  B  in  square 
feet,  and  substituting  for  gD  its  value  62.5  pounds,  we 
finally  have  for  the  quantity  of  work  necessary  to  deliver 
a  number  of  cubic  feet,  of  water  Q  =  Bnp, 

Fnp  =  np  [62.5  .  Bb  +  o]    .     .     (244);      ^™^™ 

in  which  tp  must  be  expressed  in  pounds,  and  may  he 
determined  sit  Lot  by  experiment  in  each  particular  pump, 
or  computed  by  the  rules  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump 
must  be  very  irregular,  and  that  it  is  only  during  the 
ascent  of  the  piston  that  it  produces  any  useful  effect ;  Buckiug.Punip 
during   the  descent  of  the  piston,  the  force  is  scarcely  ^'t^ Br  in  "° 
exerted  at  all,  not  more  than  is  necessary  to  overcome 
the  friction. 

§289. — What  is  usually  called  the  l\fl;i:ivj-puw.p,  does  Lifting-pumji; 
not  differ  much  from  the  suck-in  y -pump  just  described, 
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except  that  the  barrel  and 
sleeping- valve  K  are  placed 
at  the  bottom  of  the  pipe,  and 
some  distance  below  the  sur- 
face of  the  water  L  L  in  the 
reservoir;  the  piston  may  or 
may  not  bo  below  this  same- 
surface  when  at  the  lowest 
point  of  its  play.  "  The  pis- 
ton and  sleeping  valves  open 
upward.  Supposing  the  pis- 
ton at  its  lowest  point,  it 
will,  when  raised,  lift  the 
column  of  water   above  it,  -   "  =»^" 

and  the  pressure  of  the  ex- 
ternal air,  together  with  the 

head  of  fluid  in  the  reservoir  above  the  level  of  the  sleep- 
ing-valve, will  force  the  latter  open,  the  water  will  flow 
into  the  barrel  and  follow  the  piston.  "When  the  piston 
reaches  the  upper  limit  of  its  play,  the  sleeping-valve  will 
close  and  prevent  the  return  of  the  water  above  it.  The 
piston  being  depressed,  its  valves  F  will  open  and  the 
water  will  flow  through  them  till  the  piston  reaches  its 
lowest  point.  The  same  operation  being  repeated  a  few 
times,  a  column  of  water  will  be  lifted  to  the  month  of  the 
discharge-pipe  P.  after  which  every  elevation  of  the  piston 
will  deliver  a  volume  of  the  fluid  equal  to  that  of  a  cyl- 
inder whose  base  is  the  area  of  the  piston  and  whose 
altitude  is  equal  to  its  play. 

As  the  water  on  the  same  level  within  and  without  the 
pump  will  be  in  eqnilibrio,  it  is  plain  that  the  resistance 
to  be  overcome  by  the  power,  will  he  the  friction  of  the 
rubbing  surfaces  of  the  pump,  augmented  by  the  weight  of 
a  column  of  fluid  whose  base  is  the  area  of  the  piston,  and 
altitude,  the  difference  of  level  between  the  surface  of  the 
'  water  in  the  reservoir  and  the  discharge-pipe.  Hence  the 
quantity  of  work  is  estimated  by  the  same  rule,  Eq.  (244). 
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If  we  omit  for  a  morn  cut  the  consideration  of  friction,  and 
take  but  a  single  clevs.iti.on  of  '.lie  piston  after  the  water 
has  reached  the  discharge -pipe,  n  will  equal  one,  u?  will  be 
zero,  and  that  equation  reduces  to 

Fp  =  62.6  Bp  xi;  * 


hut  62.5  X  Bp  is  the  quantity  of  fluid  discharged  at  eaeh 
double  stroke  of  the  piston,  and  b  being  the  elevation 
of  the  discharge-pipe  above  the  water  in  the  reservoir,  m 
we  see  that,  the  work  will  be  the  same  as  though  that 
amount  of  fluid  had.  actually  been  lifted  through  this 
vertical  height,  which,  indeed,  is  the  useful  effect  of  the 
pump  for  every  double  stroke. 


§  290.— The  for- 
cing-pump is  a  fur- 
ther modification  of 
the  simple  aucking- 
pump.  The  barrel 
B  and  sleeping-valve 
E  are  placed  upon 
the  top  of  the  suck- 
ing-pipe M.  The 
piston  F  is  without 
perforation  and  valve, 
and  the  water,  after 
being  forced  into  the 
barrel  by  the  atmo- 
spheric pressure  with- 
out, as  in  the  sucking- 
pump,  is  driven  by 
the  depression  of  the 
piston  through  a  lat- 
eral pipe  H  into  an 
air-vessel  lV|  at  the 
bottom   of  which   is 
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seeping-v   ve;      va|v0     _gr/^      0pe]1ing|  ^g 

like  the  first,  upward,  pp 

Through  the  top  of 

the  air-vessel   a   dis-  ■ 

diaciicu^e-pipe;    charge-pipe  K  passes,  W 

air-tight,  nearly  to  the  ,'  jj 

bottom.     The   water  ;  .JllL 

when  forced  into  the  PT^T    /      §9     \ 

air-vessel  by  the  de-  f=        ■ "     'i 

scent  of  the   piston,  I    ,  '  ,- 

rises  above  the  lower  i     .-■ 

end  of  this  pipe,  con-  wMgB       ,|^5gSJF 

fines  and  compresses  i  i  i    \ 

the  air,  and  this,  re- 
acting by  its  elastici-  !li|gp 

action  of  ihe        ty,  forces   the  water  pp 

vaive™ ' aeC™    UP  *ne  pipe,  while  the  ,. 

valve    !'-■'     is    closed  V~.;-.       .  '    ' 

by   its    own    weight  ~^f^l^~ 

and  the  pressure  from 

above,  as  soon  as  the 

piston   reaches    the    lower    limit    of  its   play.      A    few 

strokes  of  the  piston  will,  in  general,  be  sufficient  to  raise 

water  in  the  pipe  K  to  any  desired  height,  the  only  limit 

being  that  determined  by  the  power  at  command  and  the 

strength  of  the  pump. 

During  the  ascent  of  the  piston,  the  valve  E'  is  closed 
and  E  is  open ;  the  pressure  upon  the  upper  surface  of 

ijuaiitityofwort  the  piston  is  that  exerted  by  the  entire  atmosphere;  the 

mtbreinffpumpi  prcsgure  upon  the  lower  surface  is  that  of  the  entire 
atmosphere  transmitted  from  the  surface  of  the  reservoir 
through  the  fluid  up  the  pump,  diminished  by  the  weight 
of  the  column  of  water  whose  base  is  the  area  of  the 
piston  and  altitude  the  height  of  the  piston  above  the 
surface  of  the  water  in  the  reservoir ;  hence  the  resistance 
to  be  overcome  by  the  power  will  be  the  difference  of 
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these  pressures,  which  ia  obviously  the  weight  of  this 
column  of  water.  Denote  the  area  of  the  piston  by  B,  its  ™ 
height  above  the  water  of  the  reservoir  at  one  instant  by 
y,  and  the  weight  of  a  unit  of  volume  of  the  fluid  by  w, 
then  will  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

w.B.y;  * 

and  denoting  the  indefinitely  small  space  described  by  the 
piston  from  this  position  by  s,  the  elementary  quantity  of 
work  will  be 

wBy.,.  J 

In  like  manner,  denoting  by  y\  y",  y"',  &c,  the  c 
heights  of  the  piston,  and  by  s',  s",  s'",  &c.,  the  c 
ing  elementary  spaces   described  by   it,   the   elementary 
quantities  of  work  of  the  power  will  be 

wBy's',      wBy"s",      wBy'"s'",  &c;  p. 

and  the  whole  quantity  of  work  during  the  entire  ascent, 

will  be 

w\_Bys  +  By' s'  +  By"s"  +  By'"  s'"  +  Sea.'];  * 

but  Bs  is  the  volume  of  a  horizontal  stratum  of  the  fluid 
in  the  barrel,  and  Bs  x  y  is  the  product  of  this  volume 
into  the  distance  of  its  centre  of  gravity  from  tire  surface 
of  the  fluid  in  the  reservoir;  and  the  same  of  the  others. 
Hence,  if  y.  denote  the  height  of  the  centre  of  gravity  of 
the  play  p  of  the  piston,  in  other  words,  of  its  middle 
point,  then  will 

B$>y,  —  Bys  +  By'8'  +  By"s"  +  &c. ;  « 

a. 

and 

w  .  Bp  .  y, 
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will  measure  the  quantity  of.'  work  o.f  the  moter  during  one 
ascent  of  the  piston.  During  the  descent  of  the  piston, 
the  valve  E  is  closed  and  ffi  open,  and  as  the  columns 
of  the  fluid  in  the  barrel  and  d^clmrge-pipe,  below  the 
horizontal  plane  of  the  lower  surface  of  the  piston,  will 
maintain  each  other  in  equilibrio,  the  resistance  to  be 
■  overcome  by  the  power  will,  obviously,  be  the  weight  of  a 
column  of  fluid  whose-  base  is  the  area  of  the  piston,  and 
altitude,  the  difference  of  level  between  the  piston  and 
point  of  delivery  P;  and  denoting  by  z,  the  distance  of 
the  central  point  of  the  play  below  the  point  P,  we  shall 
find,  by  exactly  the  same  process, 

w  Bp  z, 

for  the  quantity  of  work  of  the  moter  during  the  de- 
scent of  the  piston;  and  hence  the  quantity  of  work 
during  an  entire  double  stroke  will  be  the  sum  of  these, 

wBpty,  +  *,), 

But  y,  +  s,  is  the  height  of  the  point  of  delivery  P  above 
the  surface  of  the  water  in  the  reservoir,  and  denoting  this, 
as  before,  by  h,  we  have 


and  calling  the  number  of  double  strokes  n,  and  the  whole 
quantity  of  work  Q,  we  finally  have 

Q  =  nw.Bpb    ....     (245). 

If  we  make  z,  =  y„  or  b  =  2  yn  which  will  give  y,  =  ~t 

the  quantity  of  work  during  the  ascent  will  be  equal  to 
that  during  the  descent,  and  thus,  in  the  forcing-pump,  the 
work  may  be  equalized  and  the   motion  made  in  some 
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degree  regular.     In  the  lifting  and  sucking  pumps,  the 

motor  has,  during  the  ascent  of  the  piston,  to  overcome 

the  weight  of  the  entire  column  whose  base  is  equal  to  the  itisvarj- 

area  of  the  piston,  and  altitude  the  difference  of  level  he-  ^'"f m 

r  '  Idling  anil 

tween  the  water  in  the  reservoir  and  point  of  delivery,  and  suc&iug-pumps. 
being  wholly  relieved  from  this  load  during  the  descent, 
when  the  load  is  thrown,  upon  the  sleeping- valve  and  its 
box,  the  work  becomes   exceedingly  variable,   and   the 
motion  irregular, 


THE    SIPHON. 


i%-.  ;mt. 


§  291. — The  siphon  is  a  bent  tube  of  unequal  branches,  siphon; 
open  at  both  ends,  and  is  used  to  convey  a  liquid  from  a 
higher  to  a  lower  level,  over 
an  intermediate  point  higher 
than  either ;  and  although 
its  discussion  more  naturally 
appertains  to  the  motion  of 
fluids,  its  analogy  with  the 
pumps,  renders  a  descrip- 
tion of  it  here  proper.  The 
siphon  having  its  parallel 
branches  vertical  and  plun- 
ged into  two  liquids  whose 
upper  surfaces  are  at  LM 
and  L'  H',  the  fluid  will  stand 

at  the  same  level  both  within  and  without  each  branch 
of  the  tube  when  a  vent  or  small  opening  is  made  at  0. 
If  the  air  be  withdrawn  from  the  siphon  through  this 
vent,  the  water  will  rise  in  the  branches  by  the  atmo- 
spheric  pressure   without,   and  when   the   two  columns 
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Fig.  !■:;. 


naotthe  unite  and  the  vent  is  stopped,  the  liquid  will  flow  from 
the  reservoir  A  to  A',  as  long  as  the  level  U  M'  is  below 
L  M,  and  the  end  of  the  shorter  "branch  of  the  siphon  is 
below  the  surface  of  Live  liquid  iu  the  reservoir  A. 

The  cause  of  this  apparent  paradox  v.n'l  be  manifest 
from  the  following  consideration,  viz.:  The  atmospheric 
pressures  upon  the  surfaces  L  M  and  L '  M',  tend  to  force 
the  liquid  up  the  two  branches  of  the  tube.  When  the 
ton;  siphon  is  filled  with  the  liquid,  each  of  these  pressures  is 
counteracted  in  part  by  the  weight  of  the  fluid  column  in 
the  branch  of  the  siphon  that  dips  into  the  fluid  upon 
which  the  pressure  is  exert- 
ed.  The  atmospheric  pres- 
sures are  very  nearly  the 
same  for  a  difference  of  level 
of  several  feet,  by  reason  of 
the  slight  density  of  air.  The 
weights  of  the  suspended 
columns  of  water  will,  for 
the  same  difference  of  level, 
differ  considerably,  in  conse- 
quence of  the  greater  density 
of  the  liquid.  The  atmo- 
iueto  spheric  pressure  opposed  to  the  longer  column  will  there- 
:B3of  fore  be  more  diminished  than  that  opposed  to  the  shorter, 
branch;  thus  leaving  au  excess  of  pressure  at  the  end  of  the  shorter 
branch,  which  will  produce  the  motion.  Thus,  denote  by 
A  the  intensity  of  the  atmospheric  pressure  upon  a  surface 
a  equal  to  that  of  a  cross -section  of  the  bore  of  the  siphon ; 
by  h  the  difference  of  level  between  the  surface  L  M  and 
the  bend  0  of  the  siphon ;  by  ti  the  difference  of  level  be- 
tween the  same  point  0  and  the  level  U  M' ;  by  D  the 
density  of  the  liquid ;  and  by  g  the  force  of  gravity :  then 
will  the  pressure,  which  tends  to  force  the  fluid  up  the 
branch  which  dips  below  L  M.  be 
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and  that  which  tends  to  force  the  fluid  up  the  branch 
immersed  in  the  other  reservoir,  he 

A-ah'Dg;  £ 

and  subtracting  the  second  from  the  first,  we  find 

aDg(h'-h),  " 

fit 

for  the  actual  intensity  of  the  force  which  urges  the  fluid 
within  the  siphon,  in  a  direction  from  the  upper  to  the 
lower  reservoir. 

Denote  by  I  the  entire  length  of  the  siphon.  It  is 
obvious  that  this  will  be  the  distance  over  which  any  one 
stratum  will  move,  while  subjected  to  the  action  of  the 
above  force,  and  that  the  quantity  of  action  will  be  meas- 
ured by  T 

al>g{h'  -  ti)l  m. 

The  mass  moved  will  be  all  the  fluid  in  the  siphon  which 
is  measured  by  a  1 1)  ;  and  if  we  denote  the  velocity  by  V, 
we  shall  have,  for  the  living  force  of  flu.;  moving  mass, 

alD.V2;  11 

and  because  the  quantity  of  action  is  equal  to  half  the 

living  force,  we  find 

a  T)l  V2 


V=  Vigih'  -h);  J 

from  which  it  appears,  that  (he  velocity  with  which  (Ac  liquid 
will  flow  through  the  siphon,  is  equal  to  the  square  root  of 
twice  the  force,  of  gravity,  hdo  ih.e  difference  of  level  of  the  fluid 
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m  the  two  reservoirs.  When  the  fluid  in  the  reservoirs 
comes  to  the  same  level,  the  flow  will  cease,  since,  hi  that 
case,  h'  —  h  —  0. 

The  siphon  may  be  employed  to  great  advantage  to 
drain  canals,  ponds,  marshes,  and  the  like.  For  this  pur- 
pose, it  may  be  made  flexible  by  constructing  it  of  leather, 
well  saturate;!  with  grease,  like  the  common  hose,  and  fur- 
nished with  internal  hoops  to  prevent  its  collapsing  by  the 
3  of  the  externa'  air. 


It  is  thrown  into  the  water 

to  be  drained,   and  filled ; 

when,  the  ends  being  plug- 
ged up,  it  is  placed  across 

the  ridge  or  bank  over  which 
mode  of  iisbig  it  the  water  is  to  be  conveyed ; 
potbm^        the  plugs  are  then  removed, 

the  flow  will  take  place,  and 

thus  the  atmosphere  will  be 

made  literally  to  press  the  water  from  one  basin  to  another, 

over  an  intermediate  ridge. 

It  is  obvious  that  the  difference  of  level  between  the 
grcntass  eicvaiion  bottom  of  the  basin  to  Ijo  drained  and  the  highest  point  0, 
overwhiohihe  over  ^.jjjjjb  tke  Water  is  to  be  conveyed,  should  never 
rsisod.  exceed  the  height  to  which  water  may  1 

vacuo  by  the  atmospheric  pressure  at  the  place. 


MOTION    OP    FLUIDS. 


;  §  292. — The  purpose  now  is  to  discuss  the  laws  which 
govern  the  motion  of  fluids;  and  we  shall  begin  with 
those  that  relate  to  liquids.  Suppose  ABDO  to  be 
any  vessel  containing  a  heavy  f'uid  whoso  upper  level  is 
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3  a  second,  is  caller! 


AB.     If  a  small  opening  a  b   be 
made  in  the  vertical   side-   of  the 
vessel,  the  pressure  from  within  will 
urge  the  fluid  out,   and  this  pres- 
sure being  greater  as  we  descend 
to  a  greater  distance  from  the  upper 
surfaced  B,  the  fluid  will  flow  with 
a  greater  velocity  and  in   greater 
quantity  during    a  given   time,   in 
proportion  as  the  opening  is  made 
nearer  the  bottom.     The  quantity 
of  fluid  discharged  in  a  unit  of  time,  a 
the  expense.      The  liquid    on    .leaving  the  vessel  forms  t 
continuous  stream  called  the  vein  or  jet,  which  takes  the  Ti 
form  of  the   curve   described   by   a   body   thrown   per- 
pendieularly  from  the  side  of  the  vessel  with  the  velocity 
which  the  fluid  has  at  its  exit,  and  afterward  acted  upon 
by  its  own  weight.     This,  we  have  seen,  is  a  parabola,  n, 
At  every  point  of  this  parabola,  the  weight  of  the  fluid  p: 
tends  to  alter   its  velocity,   but  at   the  orifice,   the   ve- 
locity is  determined  solely  by  what  takes  place  within 

If  the  orifice  be  in  the  horizontal  bottom,  as  at  a'V, 
the  jet  will  be  vertical,  and  the  liquid  will  flow  down- 
ward; if,  as  at  d,  the  orifice  be  in 
a  horizontal  face  pressed  vertically 

upward,  the  jet  will  also  be  vertical,  Fig.  851).  ^ 

and  the  liquid  will  ascend  on  leav- 
ing the  vessel.  In  general,  when 
the  sides  of  the  vessel  are  thin,  the 
direction  of  the  vein  will  he  per- 
pendicular to  the  surface  through 
which  the  orifice  is  made. 


§  298. — The  interior  surface  of  every  vessel  containing  Mat 
a  heavy  fluid  is  subjected,  as  we  have  seen,  to  a  pressure  a"n 
therefrom,  which  depends  upon  the  extent  of  surface  and 
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the  distance  of  its  centre  of  gravity 
below  the  upper  level  of  the  fluid. 
'  At  the   moment   an  orifice  a  &  is 

JL      made,  the  fluid  at  its  mouth  is  urged 
«  by  this  pressure  to  leave  the  vessel, 

the  neighboring  particles  crowd  to- 
wards the  opening,  describing  paths 
which  converge  towards  and  lead 
through  it.  This  movement  is  soon 
prorogated  in  some  modi  lied  degree 

to  all  parts  of  the  fluid,  and  speedily  each  point  of  space 
within  the  vessel  becomes  distinguished  by  the  constant 
velocity  which  over)-  particle  of  the  fluid  mass  that  passes 
through  it  will  there  possesa.  It  is  from  this  instant,  when 
it  now;  the  motion  of  the  fluid  becomes  permanent,  that  we  are  to 
consider  the  flow. 

If  the  fluid  be  incompressible,  it  is  obvious  that  the 
same  volume  will  How  through  each  horizontal  section  of 
the  vessel  above  the  orifice  in  the  same  time,  and  that  this 
lumes     volume  must  be  equal  to  that  dis- 
charged  through    the   orifice.     De- 
time;      note  by  A  the  area  of  the  section 
NB  of  the  interior  of  the  vessel,  at 
the  upper  surface  of  the  fluid;  by  a 
the  area  of  the  orifice  MO;  by  s 
fche  distance  through  which  the  up- 
per stratum  NB  descends  in  any 
indefinitely  small  portion  of  time ; 
and  by  S  the  distance  0  0'  through 
which  the  stratum  at  the  mouth  of 

orifice  passes  in  the  same  time.  The  volume  of  the  fluid 
which  flows  through  the  section  NB  in  this  time  will  bo 
measured  by  As;  and  that  through  the  orifice,  by  a S; 
and  because  these  must  be  equal,  we  have 


>  =  aS; 
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But  because  the  distance?-  ■■>■  am:!  /?  are  described  in  the 
same  time,  they  will  be  proportional  i-csjiectively  to  the 
velocities  of  the  strata  which  describe  them  ;  and  denoting 
the  velocity  of  the  stratum,  at  the  upper  surface  by  v,  and 
that  of  the  stratum  at  the  orifice  by  V,  we  have 

~S  =    V' 
which,  substituted  above,  gives 

V  =  X' 

That  is  to  say.  the  yoloeiti.es  of  the  strata  are  inversely 
proportional  to  the  areas  of  the  sections  through  which 
they  flow,  and  from  which  we  obtain 

"  =  V  ■  ^     ....    (246).     ; 

Again,  since  the  flow  is  permanent,  it  is  obvious  that 
the  living  force  of  the  fluid  mass  N'  B'  MQ  must  always 
be  the  same.  Denote  this  by  L,  and  let  w  represent 
the  weight  of  the  fluid  mass  in  NBB' N',  equal  to  that 
in  MM'O'O;  then  will  the  living  force  of  the  mass 
NBMQ  be 

L  +  —  zr, 

9  & 

and  that  of  the  mass  B'  N'  QM'  O'O  be 

L  +  -  F3;  I 

9  * 

and  subtracting  the  first  from  the  second,  we  find  for  the 
difference  of  living  force  of  the  same  mass  NBMQ,  and 
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B'  N'  Q  MM'  0'  0,  moving  with  the  velocities  v  and  V 
respectively,  the  expression 


»ry* 


9 


ft 


Fis,  ~.i2. 


-*■ B 

O 


The  quantity  of  work  performed 
by  the  weight  of  this  same  mass 
in  the  interval  between  its  oc- 
cupying the  space  NBMQ,  and 
B'N'QM'O'O,  is,  as  we  have 
seen,  equal  to  this  weight  multi- 
plied by  the  vortical  distance 
through  which  its  centre  of  gravity 
may  have  descended  in  the  interval. 
Let   (?'   be  the  centre  of  gravity 

of  the  whole  mass  when  in  the  position  NBMQ,  and 
G"  when  it  occupies  the  space  B'  N'  Q  M'  0'  0.  Denote 
the  vertical  distance  of  &  below  the  upper  surface  NB 
by  k',  that  of  0"  below  the  same  surface  by  A",  and  the 
weight  of  the  entire  fluid  by  W,  then  will  the  quantity  of 
work  of  this  weight  be 


W{h"  -  V)  = 


Wh" 


Wh'; 


and  calling  the  distance  of  the  centre  of  gravity  of  the 
mass  MM'O'  0  below  the  upper  surface,  h'" ;  that  of  the 
centre  of  gravity  of  the  mass  N' B' MQ  below  the  same 
surface,  I;  and  the  weight  of  each  of  these  equal  masses, 
W;  we  have,  from  the  principle?  of  the  centre  of  gravity, 

Wh"  =  W'l  +  wh'", 

Wh'   =  W'l  +  w^a; 

in  which  %$  denotes  the  distance  of  the  centre  of  gravity 
of  the  mass  JSfBB'  N'  below  the  surface  NB; 


Wh"  ~  Wh'  =  w(h" 
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but  h'"—\s  is  the  vertical  distance  between  the  centres  of 
gravity  of  the  masses  NBB'N'  and  M M'  0'  0,  and  when 

these  masses  are  considered  as  elementary,  this  distance 
becomes  the  depth  of  the  centre  of  gravity  of  the  orifice 
below  the  upper  level  of  the  fluid.  Denote  this  distance 
by  h,  and  the  quantity  of  work  of  the  weight  of  the  fluid 
while  tin;  stratum  A'  /.'  is  passing  to  N'B',  and  the  stratum 
M  0  to  M'  0',  becomes 

W  k.  theasmej 

If  the  upper  surface  be  subjected  to  any  pressure,  as  that 
of  a  piston  or  the  atmosphere,  then  will  the  quantity 
of  work  due  to  this  pressure  be 

elementary  work 
p  As;  From  external 

pressure  above ; 

in  which  p  denotes  the  pressure  exerted  upon  the  unit  of 
surface.  If,  moreover,  the  fluid  at  the  orifice  be  also  sub- 
jected to  a  like  pressure  inward,  this  pressure  would  be 
transmitted  to  the  lower  face  of  the  stratum  whose  area  is 
A,  and  its  work  would  be  measured  by 

p'As;  Croat  external 

and  taking  the  difference,  we  have,  for  the  effective  work 
of  these  pressures, 

effective  work  of 
{p'  -p)As.  external 

Now  AsDg  =  w,  from  which 

As    =    —  •  volume  of  the 

Dg>  Mm 

and,  snbsti tuling  this  above,  we  have 

Cp'  -  p)As  =  (p'  -P)^~;  effective  work; 

whence  the  whole  quantity  of  work  due  to  the  weight  of 
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the  fluid  and  the  pressures  at  the  upper  surface  and  the 


and  because  the  difference  of  the  living  force  at  the  begin- 
ning and  end  of  any  interval,  is  cqiLLil  to  twice  the  quantity 
of  action  in  this  interval,  we  have 

or,  dividing  out  the  common  factor,  multiplying  by  g, 
and  substituting  for  v  its  value,  given  in  Eq.  (246),  we 
have 

whence 


.     (247). 


If  p  and  p'  denote  the  atmospheric-  pressures  upon 
the  unit  of  surface,  they  become  equal  when  the  altitude 
of  the  fluid  above  the  orifice  is  not  very  great,  in  which 


v  i-i 


.     .     .     (248); 
Z" 

and  if  the  area  of  the  orifice  lee  very  small  as  compared 
with  that  of  the  upper  surface  of  the  fluid,  the  fraction 

-p  will  be  so  small,  that  it  may,  without  sensible  error,  be 

omitted ;  in  which  case,  the  fluid  at  the  surface  will  be  at 
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comparative  rest  while  it  Hows  through  the  orifice,  and 

that  is  to  say,  when  a  liquid  is  flowing  through  a  small 
orifice  in  the  side  or  bottom  of  a  large  vessel,  its  velocity  is 
equal  to  the  square  root  of  twice  the  force  of  gravity  multiplied  rule ; 

hy  ike  depth  of  Cue  waive  of  gravity  of  ike  orifice  helovj  the 
upper  surface  of  the  fluid. 

It  Is  apparent  from  the  form  of  the  above  expTHstiioii, 
that  this  velocity  is  the  same  as  that  acquired  by  a  heavy  velocity  same  as 
body  while  falling,  in  vacuo,  from  a  saile  of  rest,  through  """ aEi"1™d ** 

J  °"  '  '  c      ii  lie:i'rv  body  m 

the  distance  of  the   orifice  below  the   fluid  level.     The  miiing  through 
distance  h  is  called,  in  the  case  of  discharging  fluids,  the  w*fl '? 
generating  load. 

If  a  be  equal  to  A,  that  is,  if  the  bottom  of  the  vessel 
be  removed,  then  will,  Eq.  (246), 


The  space  described  uniformly  by  the  stratum  of  fluid 
at  the  orifice  in  a  unit  of  time  being   V,  the  expense, 

estimated  hi  volume,  will  be 


AvDg.  * 

So  that,  if  t  denote  the  time  of  flow,  expressed  in  seconds ; 
Q  the  quantity  in  volume,  and  Q'  the  quantity  in  weight 
,  then  will 


Q     -    aVt (249),        rolumei, 

quantity  i 

Q'  -  aYDgt     ....     (250);     «Wdh 
in  which  Dg  is  the  weight  of  the  unit  of  volume. 


)y  Google 


PHILOSOPHY. 


Example,  The  upper  surface  of  the  water,  which  is 
15  feet  above  the  centre  of  gravity  of  tin;  orifice,  is  pressed 
with  an  intensity  equal  to  20  pounds  upon  the  square 
foot;  the  area  of  the  orifice  being  0.02  of  a  foot.  What 
is  the  velocity  of  egress,  and  what  tlie  expense?  Here,  the 
atmospheric  pressure  upon  the  piston  and  at  the  orifice 
being  the  same, 

p'  —  p  =  20  pounds, 


and  neglecting  the  small  fraction  -j-a,  we  find,  from  Eq. 
(247), 


V  =  V  30  X  32  +  40  =  81.6  feet; 
and  for  one  second, 

Q  =  0.02  x  31.6  =  0.632  cubic  feet, 

Q'  =  62.5  x  0.632  =  39.5  pounds. 


MOTION    OP    GASES    AND    TAPOES, 

§  294 — In   the   preceding  case,   we   have   supposed, 

1st,  that  the  volume  of  the  fluid  which  escapes  through 

Moiion  of gasB8    the  orifice,   is   equal  to  that  which  passes,   during  the 

aodTaporB;        same  fa^  through  any  interior  horizontal  section  of  the 
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eqiiii]  tiiiiuiiil.irjs, 
by  weight,  will 


vessel;  2d,  that  the  density  in  all  parts  of  the  vessel  both  the  com 
remains  the  same:  both  of  which  suppositions  arc  sensibly  t^lsh^1 
true  for  liquids,  but  are  not  so  in  the  cases  of  gases  and  density  vary; 
vapors. 

When  fluids  of  this  latter  class  arc  confined  and  sub- 
jected to  any  com  pressing  action,  as  that  of  a  piston,  and 
are  permitted  to  escape  through  an  orifice  at  which  the 
resistance  of  external  pressure  is  too  feeble  to  retain  them,  density  gnaw 
the  density,  tending  as  it  always  docs  to  conform,  to  Man-  ^P!*l^™™<1 
ott.es  law,  will  be,  greater  at  the  piston  where  the  pressure 
is  greatest,  than  at  the  jila.ee  of  egress  where  it  is  least. 
Again,  the  motion  being  permanent,  the  same  amount,  in 
weight,    of  gas    will   flow  through 
any  section  A'  B'  of  the  vessel  as 
through  the  orifice  ah;  but  the  den- 
sities at  these  places  being  different, 
the  volumes  of  these  equal  weights 
will  also  be  different.    In  these  par- 
ticulars, t  lie  circumstances  attending 
the  motion  of  gases  and  vapors  dif- 
fer from  those  of  liquids. 

To  find  the  velocity  of  egress  at 
the  orifice,  we  remark,  that  the 
fluid  is  subjected,  as  in  the  case  of 
liquids,  to  the  action,  1st,  of  its 
own  weight ;  2d,  to  that  of  the 
opposing  pressures  at  the  piston  and  "lc  p,Bi"u' 

orifice;    and    3d,  to   the  additional  repuisiun; 

action  arising  from  the  repulsions  of  the  particles  for  each 
other,  this  latter  producing  expansion  whenever  the  pres- 
sure from  without  will  permit  it.     The  quantity  of  work  wortorthi 
upon  the  stratum  issuing  through  the  orifice,  due  to  the  *       ' 
weight  of  the  fluid  mass,  is.  as  we  have  seen,  measured  by 
wh;  in  which  w  denotes  the  weight  of  the  stratum,  and  h 
the  height  of  the  fluid  above  the  orifice.     To  find  the  to  mid  the 
work  due  to  the  pressures,  denote  the  pressure  upon  a d™ l0 


unit  of  surface  at  the  piston  by  p;  that  on  the  same 
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extent  of  surface  at  the  or i Gee  by  i 

p' ;  the  area  of  the  piston  by  A; 
that  of  the  orifice  by  a;  the  dis- 
tance between  any  two  consecutive 
j  ):■  ml  Liu  113,  as  AB  and  A'  B',  of  the 
piston  by  s;  the  distance  between 
the  two  corresponding  positions  a  b 
and  a'  b'  of  the  stratum  at  the 
orifice  by  8.  Then,  because  the 
weights  of  the  volumes  ABB' A' 
and  abb' a'  of  the  fluid  are  equal, 
we  have 

AsDg  =  aSD'g 


0>.-,l); 


in  which  D  and  D '  denote  the  densities  of  the  gas  at  the 
piston  and  orifice,  respect i  vcly,  and  g  the  force  of  gravity. 
Whence 


A^ 

a  8  " 


But  by  Mariotte's  law  the  densities  are  directly  propor- 
tional to  the  pressures,  hence 


(252) 


which  substituted  above,  gives 

.As   _^    p' 
^8  ~    p    '    * 

Clearing  the  fraction  and  transposing,  we  find 

p.  As  -  p'aS  =  0. 

But  p  A  ia  the  pressure  on  the  whole  extent  of  the  piston, 
and  pAs  is,  therefore,  the  whole  work  of  this  pressure; 
also  p'  a  is  the  pressure  on  the  surface  of  the  stratum  of 
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fluid  in  "the  orifice,  and  p'  a  S  is  the  quantity  of  work 
of  this  pressure;  and.  as  these  quant  hies  of  work  are  pro- 
duced in  the  same  time,  we  see  that  the  loss  or  gain  of  ihisii 
work,  due  to  these  pressures,  is  zero.  The  quantity  of  work 
due  to  the  molecular  actions,  arises  in  consequence  of  the  to  flu 
expansion  which  takes  pla.ee  when  the  gas  passes  from  the  ^J^" 
pressure  p,  within  the  vessel  and  near  the  piston,  to  the 
pressure  p',  at  the  mouth  of  the  orifice.     The  amount 
of  this  work  is  directly  proportional  to  the  primitive 
volume  expanded  during  the  change  of  pressure ;  if  the  a  is  <i 
primitive  volume  to  be  expanded  be  doubled,  tripled,  J*™^ 
or    quadrupled,   &c,   the    quantity  of  the  work  will   he  ™ui 
doubled,  tripled,  quadrupled,  &c.     Hence,  taking  a  cubic 
foot  of  the  gas  under  the  pressure  p,  and  denoting  the 
quantity  of  work  due  to  the  expansion,  corresponding  to 
a  change  from  the  pressure  p  to  the  pressure  p',  by  E, 
then  will  the  work  due  to  the  expansion  of  the  volume 
ABB'A'  to  a b b ' a ',  be  measured  by 

A.e.S.  £f. 

piBh 

But  since  w  denotes  the  weight  of  the  gas  in  the  volume 
ABB'A',  we  have 

w  =  AsgD;  ^ 

whence 

As  =  —  ital 

and 

A.s.E=^; 

glJ  exp; 

the  whole  quantity  of  action  or  work  due  to  the 
and  expansion  of  the  fluid  will  be 


go 
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Denoting,  as  before,  the  velocity  at  the  piston  by  v,  and 
that  at  the  orifice  by  V,  we  have,  from  the  principle  of 
living  forces, 


*)-».(*  +  £) 


(253). 
From  Eq.  (252)  we  have 

s_  =  p'a  . 

iS*         p  A  ' 

and  the  spaces  s  and  £,  being  described  in  the  same  time, 
they  are  to  each  other  as  the  velocities  v  and  V,  hence 

V        pA' 

v  =  V  ■ 
which  substituted  in  Eq.  (253)  for  v,  we  find 


l_£J£„jr«, 

rr  A*  ' 


i*  a  . 

pA  ' 


the  above  gives 


(264), 
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It  remains  to  Jind  the  value  of  E.    For  greater  sim-  io  And  me  work 
plidty,  let  us  take  for  the  primitive  volume  of  gas  a  unit  ^pttl°g^*ofn 
or  cubic  foot ;  and  suppose  this  unit  of  volume  to  be  con-  ™u  «f  ™!ume, 
tained  in  a  tube,  of  which  the  area  of  the  internal  cross-  p™B™to 
section  is  a  unit  of  surface,  or  square  foot,  so  that  in  its  another; 
primitive  condition,  under  the  pressure  p,  the  length  of 
the  tube  it  occupies  will   be  the   linear  unit,  one  foot. 
When  the  pressure  is  reduced  to  p\  the  volume  becomes 
dilated,  and  because  the  volume,  and  therefore  the  length, 
since  the  base  is  supposed  constant,  is  inversely  as  the 
pressure,  we  have,  calling  the  new  length  I, 

p    :    p'    :  :     I    :     1 ; 


I  =  i 


Th.e  path  described  by  the  moveable  face  of  the  cubic 

foot  of  the  gas,  during  the  expansion,  will  be 


Dividing  this  path  into  two  equal  parts,  and  adding  one 
of  them  to  uuity,  the  original  length,  we  have 


1  + 


p  —  p'  _p  +  p' 

%p'     ~     %p'  ' 


for  the  length  of  the  fluid  when  its  expansion  is  half 
completed ;  and  denoting  the  corresponding  pressure  by 
p„  we  have,  by  Mariotte's  law, 


1    : 


P+P 
%p> 


_  *PP' 
P+Pr 
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that  the  consecutive  y 


2  V  P' 


and  p' ; 


and  that  the  constant  spuee  passed  oyer,  (luring  the  inter- 
val which  separates  the  instants  in  which  these  pressures 
are  exerted,  is 

P~P'. 

2/    ' 


the  computation  of 
the  total  work  be- 
comes easy  by  the 
rule  given  in  §  46. 
For  this  purpose, 
take 


2y' 


and  erect  the  perpendiculars 
AM  = 


am-  =  -12-4 

P    +  P 


nw  ■ 


join  the  points  M,  M',  and  M";  the  area  A  B  M"  M  will 
be  the  value  ofJ£;  that  is  to  say,  the  value  of  the  quantity 
of  work  performed  by  the  gas  during  its  expansion.  But 
this  area  is,  by  the  rule  just  referred  to,  measured  by 

\AC(AM+4:CM'  +BM"); 

and,  substituting  the  values  above,  we  have 
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i.l^L^  +  i.lML,+pr)  =  E!  - 

J  2^3  p   +  JO  « 

which,  substituted  for  E,  in  Eq.  (254),  gives 

When  the  orifice  is  small,  as  compared  with  the  area  of 
the  piston,  the  fraction 

may  lie  neglected,  and  K  will  become  equal  to  unity. 
Moreover,  the  term  2  g  k,  in  the  case  of  gases,  is  scarcely 
ever  appreciable  in  practice:  making  these  suppositions, 
Eq.  (255)  becomes 


v  =  JJ^.1LZX{P  +  1££L+  f)  .  .  (256).  «-»*"" 

The  pressures  £>  and  j»'  are  usually  ascertained  by  means 
ofgauges,  or  manometers,  as  they  are  sometimes  called,  and  use  of  gauges  to 
it  wilt  be  convenient  to  express  the  velocity  of  egress  in  deSerni,1,i;  ll10 
terms  of  the  indications  of  these  instruments.  For  this 
purpose,  denote  by  h  the  height  of  a  column  of  mercury 
resting  on  a  unit  of  surface,  and  whose  weight  is  equal  to 
p,  and  by  h'  the  same  for  the  pressure  p' ;  then,  denoting 
the  density  of  the  mercury  by  Dlt,  will 

p  —  ghDin      and      p'=gh'Dl,; 

which,  substituted  above,  give 
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in  which  V  will  be  expressed  in  feet:,  q  being  equal  to  32 
feet  very  nearly,  and  Dtl  equal  to  IS. 5  nearly. 

The  expense  c,  in  volume,  will  be  given  by  the  equa- 
tion 

e  =  aV (258); 

and    the   quantity  Q   in   volume,    discharged   in  a  given 
time  t„  expressed  in  seconds,  will  be  known  from 


iVt. 


in  which  a  must  be  expressed  in  square  feet.  The  density 
D,  it  will  be  remembered,  is  that  of  the  .fluid  in  the  vessel 
near  the  piston,  where  the  pressure  is  j>  ;  the  density  D', 
which  the  fluid  assumes  on  leaving  the  orifice,  is  deter- 
mined by  the  pressure  p ',  and  is  connected  with  D,  ac- 
cording to  Mariotte's  law,  by  the  relation 


if 


D*- 


P'  . 


"-T-. 


Hence,  the  expense  Q ',  in  weight,  will  be  given  by 

Q'  =  I73ar=  DgaT^  .    .    (280); 

and  the  quantity  Q"  in  weight,  discharged  in  the  time  („ 

«"  =Jlj»rfl,.     .     .     (261); 


in  which  a  must  1 

ed  in  square  feet,  as  above. 

The  density  D  is  com- 
puted by  Eq.  (240)'. 

Example.  The  open  gauge, 
connected  with  a  gasometer, 
containing  heavy  carbureted 
hydrogen,  shows  a  difference 
of  level  in  the  mercury  of  8 
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inches ;  the  barometer  in  the  air  stands  at  28  inches ; 
the  thermometer  of  the  gasometer,  at  52° :  required  the 
velocity  with  which  the  gas  will  flow  into  the  open  air, 
and  the  volume  and  weight  discharged  through  an  ori- 
fice 0.02  of  a  square  foot  of  area  in  20  minutes  =  1200 
^■eoi»i]^. 


Here, 


8  inches  =  0.666  feet, 
28     "        =  2.333    "  ; 


-.  1S.5 

:     32 

=  52°; 


and  from  Eq.  (240)',  after  substituting  the  value  of  h  and  t, 
above,  and  that  of  I),  in  the  table,  page  533,  for  heavy  car- 
bureted hydrogen,  we  find 

„_  0.00127..  36  _0.001465.     „. 


30  1  +  (52  -  32)  0.00208 

and  these  values,  in  Eq.  (257),  give 


-^ 


3  X  0.00148       2.3B3       l  8  +  2. 


X(»4 


Substituting  this  and  the  numerical,  values  of  a  and  t,  in 
Eq.  (259),  we  find 

Q  =  0.02  X  668.02  X  1200  =  16032.00  cubic  feet.       I 

The  quantity  Dg,  in  Eq.  (261),  is  the  weight  of  a  cubic 
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foot  of  the  gas,  whose  density  in.  this  case  is  0.001465 ;  and 
as  a  cubic  foot  of  water  weighs  62.5  pounds,  the  value  of 
Dg  becomes  62.5  X  0.001465  =  0.0916,  nearly;  whence 

Q"  =  o!o916  x  0.02  X  668.02  X  |^  X  1200'  =  1142.4. 

§  290. — A  stream  flowing  through  an  orifice  is  called 
a  vein.  In  estimating  the  quantity  of  fluid  discharged 
through  an  orifice,  it  is  supposed,  1st,  that  the  orifice  is 
very  small,  as  compared  with  a  section  of  the  vessel  at 
the  upper  surface  of  the  fluid ;  2d,  that  there  are  neither 
within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  flow ;  3d,  that  the  fluid  has  no  vis- 
cosity, and  does  not  adhere  to  the  sides  of  the  vessel  and 
orifice ;  4th,  that  the  particles  of  the  fluid  reach  the 
upper  surface  with  a  common  velocity,  und  also  leave  the 
orifice  with  equal  and  parallel  velocities.  Rone  of  these 
conditions  arc  fulfilled  in  practice,  and  the  theoretical  dis- 
charge must,  therefore,  differ  from  the  actual.  Experience 
teaches  that  the  former  always  exceeds  the  latter.  If  we 
take  water,  for  example,  which  is  far  the  most  important 
of  the  liquids  in  a  practical  point  of  view,  we  shall  find 
it  to  a  certain  degree  viscous,  and  always  exhibiting  a 
tendency  to  adhere  to  nnnnctuoiis  surfaces  with  which  it 
may  be  brought  in  contact.  When  water  flows  through 
an  opening,  the  adhesion  of  its  particles  to  the  surface 
will  check  their  motion,  and  tire  viscosity  of  the  fluid  will 
transmit  this  effect  towards  the  interior  of  the  vein ;  the 
velocity  will,  therefore,  be  greatest  at  the  axis  of  the 
latter,  and  least  on  and  near  its  surface ;  the  inner  particles 
eod  thus  flowing  away  from  those  without,  the  vein  will 
'  increase  in  length  and  diminish  in  thickness,  till,  at 
a  certain  distance  from  the  orifice,  the  velocity  becomes 
the  same  throughout  the  same  cross-section,  which  usually 
takes  place  at  a  short  distance  from  the  aperture.  This 
effect  will  be  increased  by  the  crowding  of  the  particles, 
arising  from  the  convergence  of  the  paths  along  which 
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they  approach  the  aperture,  every  particle,  which  enters 
near  the  edge,  tending  to  pass  obliquely  across  to  the 
opposite  side.  This  diminution  of  the  fluid  vein  is  called 
the  veinal  contraction.  The  quantity  of  fluid  discharged  veiuai 
must  depend  upon  the  degree  of  veinal  contraction,  and 
the  velocity  of  the  particles  at  the  section  of  greatest 
diminution  ;  and  any  cause  that  will  diminish  the  viscosity 
and  adhesion,  and  draw  the  particles  in  the  direction  of 
the  axis  of  the  vein  as  they  enter  the  aperture,  will 
e  the  discharge. 

s  shows  thai  the  greatest  contraction  takes 
place  at  a  distance  from  the  vessel  varying  from  a  half  to  place  or^™ 
once  the  greatest  dimension  of  the  aperture,  and  that  the 
amount  of  coo  traction  depends  somewhat  upon  the  shape 
of  the  vessel  about  the  orifice  and  the  head  of  fluid.     It  is 
further  found  "by  experiment,  that  if  a  tube  of  the  same  its  amount 
shape  and  size  as  the  vein,  from  the  side  of  the  vessel  to     *™  Bup' 
the  place  of  greatest  contraction,  be  inserted  into  the 
aperture,  the  actual  discharge  of  fluid  may  be  accurately 
computed  by  Kq.  (201),  provided  the  smaller  base  of  the 
tube  be  substituted  for  -^\vt  area  of  the  aperture;  and  that,  theurtuui 
generally,  without  the  use  of  the  tube,  the  actual  may  be  ^^*Bfr[ 
deduced  from  the  theoretical  discharge,  as  given  by  that  the  theory. 
equation,  by  simply  multiplying  the  theoretical  discharge 
into  a  coefficient  whose  numerical  value  depends  upon  the 
size  of  the  aperture  and  head  of  the  fluid.     Moreover, 
all  other  circumstances  being  the  same,  it  is  ascertained 
that  this  coefficient  remains  constant,  whether   the  aper- 
ture be   circular,    square,    or  oblong,    which   embrace  all  coefficient  o 
cases  of  practice,  provided  that  in  comparing  rectangular    ,sc""'gH' 
with  circular  orifices,  we  compare  the  smallest  dimension 
of  the  former  with  the  diameter  of  tite  latter.     The  value 
of  this  coefficient  depends,  therefore,  when  other  clreum- depends  «pi 
stances  are  the  same,  upon  the  s  ma' lest  dimension  of  the 
rectangular  orifice,  and  upon  the  diameter  of  the  circle, 
in  the  case  of  circular  orifices.     But  should   other  cir- 
cumstances, such  as  the  head  of  fluid,  and  the  place  of 
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the  orifice,  in  respect  to  the  sides 
and  bottom  of  the  vessel,  vary, 
then  will  the  coefficient  also  vary. 
When  the  flow  takes  place  through 
thin  plates,  or  through  orifices 
whose  lips  are  bevelled  external- 
ly, the  coefficient  corresponding  to 
given  heads  and  orifices,  may  "be 
found  in  the  following  tabic,  pro- 
vided the  orifices  be:-  remote  from 
the  lateral  faces  of  the  vessel.  This 
table  is  deduced  from  the  experi- 
ments of  Captain  Lesbros,  of  the  French  engineers,  and 
agrees  with  the  previous  experiments  of  Hossut,  Miche- 
lotti,  and  others. 
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As  the  orifice  approaches  on 
of  the  lateral  faces  of  the  r 
the  contraction  on  (hat  side  b 
less  and  less,  and  will  ultimately  be- 
come nothing,  and  the  coefficient 
will  be  greater  than  those  of  the 
table.  If  the  orifice  be  near  two 
of  these  faces,  the-  contraction  be- 
comes nothing  on  two  sides,  and  the 
coefficient  will  be  still  greater, 

Under  these  circumstances,  we 
have  the  loll  owing  rules  :  Denote 
by  C  the  tabular,  and  by  C  the 
true  coefficient  corresponding  to  a 
given  aperture  and  head,  then,  if 
the  contraction  be  nothing  on  one 
side,  will 

0'  =  1.03  0; 
if  nothing  on  two  sides, 

C  =  1.06  0; 
if  nothing  on  three  sides. 

C"  =  1.12  0; 


and  it  must  be  borne  in  mind,  that  these  results  and  those 
of  the  table  are  applicable  only  when  the  fluid  issues 
through  holes  in  thin  plates,  or  through  apertures  so 
bevelled  externally  that  the  particles  may  not  be  drawn 
aside  by  molecular  action  along  their  tubular  contour. 

§  296. — When  the  orifice  is  rectangular,  and  has  no  n 
upper  limit,  or  is  open  at  the  top,  it  is  called  a  sluice-way.  a 
It  is  usually  a  cut  made  in  the  edge  of  a  reservoir,  through 
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which  the  fluid  may 
flow  when  it  rises 
above  a  certain  level. 
The  expense  is  esti- 
'  mated  in  this  wise, 
Denote  by  I  the  length 
of  the  horizontal  side 

of  the  sluice-way ;  by  h  the  head  or  distance  BI,  of  the 
centre  of  gravity  of  a  transverse  section  of  the  flowing 
fluid  below  the  upper  sur.iliee  of  the  latter  in  the  reservoir ; 
by  ffthe  height  of  the  fluid  above  the  sill  0,  of  the  sluice- 
way; and  by  V  the  mean  velocity:  then,  supposing  the 
sluice-way  filled  to  the  upper  level  of  the  fluid  in  the 
reservoir,  will 

h    =  \H, 

V*  =  2gh  =  2g  x  \H  =  \{2gH); 


V  =  0.707  YZgH; 

and  the  theoretical  expense  will  be 

VxlX  H=  0.707  ■  VigSx  I  X  H. 

But  this  is  too  great,  and  cxperiei.iee  shows  that  it  should 
be  multiplied  by  the  coefficient  0.57  ibr  nil  ordinary  eases 
of  practice ;  that  is  to  say,  the  true  expense,  denoted  by 
J/J,  will  be  given  by  the  equation, 

.  (282) 


The  experiments  of  Dubuat,  bliclone,  hly'.el  wein,  and 
Lesbros,   show  that   the   coefficient   0.403  should  be  re- 
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duced  about  0.39  when  R  "becomes  equal  to  or  greater 
than  0.66  of  a  foot,  and  increased  to  0.415  when  H  be- 
comes less  than  0.07  of  a  foot ;  but  that  it  remains  vwiafion  \ 
■  the  same,  whatever  be  the  total  contraction  or  ^mdent 
i  of  the  sluice-way  in  regard  to  the  vertical  sides 
of  the  reservoir,  provided  H  be  measured  from  the  level 
of  the  upper  surface  of  the  sill  to  that  of  a  point,  as  A, 
in  the  surface  of  the  fluid  in  the  reservoir  which  has  no 
sensible  velocity.  When  the  sill  is  on  a  level  with  the 
bottom  of  the  reservoir,  the  velocity  of  the  upper  surface 
is  everywhere  sensible,  and  the  coefficient  increases  to 
about  0.45.  On  the  contrary,  0.403  is  already  too  large 
when  the  sluice-way  is  prolonged  into  a  trough-like  duct, 
of  slight  inclination,  wherein  the  fluid  may  have  impressed 
Upon  it  a  whirling  or  irregular  motion  by  the  roughness 
of  the  surface. 

The  foregoing  conclusions  suppose  that  the  fluid  is  discharge 
discharged  through  orifices  in  thin  plates,  and  that,  du-    ™s. 
ring  the  flow,  the  fluid  particles  ;ue  not  dmiivn  aside  from 
the  converging  paths,  along  which  they  tend  to  approach 
the  oriflee,  by  the  action  of  any  extraneous  cause.     When 
the   discharge  is   through    thick    ■plalc.i   without  bevel,   or 
through  cylindrical  tubes  whose  lengths  are  from  two  to 
three   times   the    smaller    dimension    of    the    orifice,    the 
expense  is  increased,  the  mean  coefficient,  in  such  cases, 
augmenting,  according  to  experiment,  to  about  0.815  for-Tninosof 
orifices  of  which  the  smaller  dimension  varies  from  0.33  "":l1-'"'1' 
to  0.66  of  a  foot,  under  heads  which  give  a  coefficient 
0.619  in  the  case  of  thin  plates.     The  cause  of  this  in- 
crease is  obvious.     It  is  within  the  observation  of  every 
one,  that  water  will  wet  most  surfaces  not  highly  polished 
or  covered  with   an  unctuous  coating — in  other  words, 
that  there  exists  between  the  panicles  of  the  fluid  and  cxpinnnti 
those  of  solids  an  affinity  which  will  cause  the  former  to 
spread  themselves  over  the  latter  and  adhere  with  con- 
siderable  pertinacity.     This   affinity   becoming   effective 
between  the  inner  surface  of  the  tube  and  those  particles 
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of  tlie  fluid  which  enter  the  orifice  near  us  edge,  the  latter 
will  not  only  Ik:  drawn  aside  from  their  converging  direc- 
tions, but  will  take  with  them,  by  the  force  of  viscosity, 
the  other  particles,  with  which  they  are  in  sensible  con- 
tact. The  fluid  filaments  leading  through  the  tube  will, 
therefore,  be  more  nearly  parallel  than  in  the  case  of 
orifices  through  thin  plates,  the  contraction  of  the  vein 
will  be  less,  and  the  discharge  consequently  greater. 


DISCHARGE    OP    FLUIDS    THROUGH    PIPES, 

of  We  have  considered  the  discharge  of  fluids  through 

"sh  thin  and  thick  plates.  It  remains  to  discuss  the  discharge 
through  pipes.  When  the  flow  is  through  pipes  whose 
length  does  not  exceed  two  or  three  times  their  diameter, 
the  quantity  discharged  in  a  given  time  is,  as  we  have 
seen,  greater  than  through  bevelled  orifices  of  the  same 
size  ;  but  when  the  length  is  increased  much  beyond  this 
limit,  the  reverse  is  the  case  and,  all  other  things  being 
taoagh  equal,  the  discharge  will  be  less  as  the  pipe  is  longer.  The 
same  pipe  may  be  of  variable  bore,  that  is  to  say,  it  may 
have  a  greater  cross-section  at  one  point  than  at  another; 
in  which  case,  the  living  force  of  any  given  portion  of  the 
moving  fluid  cannot  be  constant  throughout.  When  of 
considerable  length,  pipes  are  rarely  perfectly  smooth,  the 
fluid  particles  cannot,  therefore,  flow  through  them  in  par- 
allel filaments,  but  must  be  incessantly  deflected  from  their 
onward  course  into  partial  eddies  formed  by  the  small  ir- 
ioh  regularities  of  surface.  Moreover,  as  the  pipes  increase  in 
lB  length,  will  the  surface  exposed  to  fluid  pressure  increase, 
and  as  the  extent  of  surface,  all  oilier  things  being  equal, 
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il ft orii Lines  the  amount  of  pressure,  the  friction,  which  tie-  Motion 
pends  upon  the  pressure,  augments  so  as  greatly  to  impede 
the  motion.     "Wc  shall  proceed  to  estimate  the  value  of 


§  297.— But  first  of  all  let  U8 
compute  the  amount  of  living  force 
resulting  from  the  shock  of  fluids, 
flowing  with  different  velocities. 
For  this  purpose,  let  the  fluid  in 
the  pipe  LK  flow  with  the  velocity 
V,  and  denote  by  M  the  mass  which 
flows  into  the  vessel  B  C  in  a  unit 
of  time ;  also  let  the  velocity  of  the 
fluid  in  the  vessel  B  G  be  V,  and  its 
mass  M' ;  then  will  the  correspond- 
ing living  force  be 


MT  +  M'V;  b 

and  supposing  the  fluid  to  be  water,  which  we  have  re- 
garded as  unelastic,  the  common  velocity  after  impact  will 
be  obtained  from  either  of  the  Eqs.  (194)  or  (195),  by 
making  e  =  0  ;  hence  the  common  velocity  denoted  by  v, 
will  be  given  by 

_  M .  V  +  W  .  T 


■  M' 


and  the  corresponding  living  force, 

and  the  loss  of  living  force  in  a  unit  of  time,  denoted 

by  A 


..Google 


=  MT+M'Y'  - 


(^ll^^'"7')  -  JO/'(F-  V')\ 


M+  M' 


l+M- 


and,  dividing  by  if, 


if(F-  F7 

i+  J/' 


(20a); 


or  when  the  mass  M'  is  very  great  as  compared  to  M, 
L  =  M(V-  V'f      .    .     .     (264). 

§  298.— It  will  be  an  easy  matter  now  to  estimate  the 
loss  of  living  force-,  arising  from  a  «>  lit  ruction  of  the  vessel 
or  pipe  through   which   the   fluid 
may  be  flowing.     Let  A  B  CD  be 
a  vessel  containing  a  heavy  fluid, 
i  of  which  A  B  is  the  upper  level, 
ami  issuing  through  an  opening  a  b 
in  the  bottom  CD;   and  suppose 
A'  B'  to  be  a  diaphragm,  pierced 
by  an  <  ■]  ten  ing  « '  V .     Denote  by  A" 
the  area  of  the  section  at  ^".B'^by 
a  the  area  of  the  contraction  at  a  h, 
and  by  a'  that  of  the  contraction 
at    a '  1> '.      The    fluid,    in    passing 
through  the  contraction  a '  b ',  im- 
pinges against  that  below  the  diaphragm  A' B',  and  if 
the  opening  a  b  is  beyond  the  reach  of  the  eddies  formed 
by  this  conflict,  the  velocity  at  either  contraction  may  be 
computed  from  that  at  the  other. 

Denote  by  V  Use  velocity  of  the  fluid  as  it  passes  the 
contraction  at  a  b,  by  V  that  at  the  contraction  a'  b',  and 
by  V"  that  at  the  section  A" B",  supposed  beyond  the 
region  of  eddies ;  and  let  in  represent  the  coefficient  of  the 
expense  at  ab,  and  m'  that  at  a' b' :  these  coefficients 
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may  be  found  from  the  table.     The  expense  at  a  i  will  be 

m  aV,  that  through  the  section  A"  B"  will  be  A"  V", 

and  that  through  the  contraction  sXa'b'  will  be  m'  a'  F';  expense  mr 

but  as  the  same  quantity  of  fluid  must  pass  through  the  se5iion™n 

sections  of  a b,  A"  B",  and  a'b',  in  the  same  time,  we 

have 

maV  =  A"V", 


maV=  m'a'V; 

whence 

T-Z& 

■p.,        maV 

and   the  velocity  with   which   the  fluid   through   a '  b ' 
impinges  against  that  below  the  diaphragm,  will  be 


.(4t 

\m  a 


'  by  w  the  weight  of  fluid  that  passes  a'  b'  in  any 
small  portion  of  time,  its  loss  of  living  force  will  be 

—  (F'  -   V"f  =  —  •  m'tff-j-r  -  -LY-   F2; 
g*  '         9  Vm'o'         A"! 

and  denoting  the  factor  m  a  {■    ,— .- 777 1  by  iT  the 

°  \m  a  .A   / 

quantity  of  wort  lost  will  be 


The  work  of  the  weight,  during  the  same  time,  will  be 
w  h,  and  the  quantity  of  work  remaining  will  be 


)y  Google 


NATURAL    PHILOSOPHY. 

wh  -  ~K'V; 
but  this  must  be  equal  to  half  of  the  living  force,  hence 


.  V  =  i 


2? 


s:=  rJ : 


whence  we  find 


./    2gA 

"  V  1    +    .£1 


(265) ; 


and  from  which  wo  sec  that  the  velocity  will  be  less  than 
that  due  to  the  height  A  0,  equal  to  h. 

|  299.— Let  us  apply  this  to  the  discharge  of  a  fluid 
through  a  short  pipe,  inserted  into  the  orifice  in  the  side 
of  a  vessel.  The  fluid  hav- 
ing contracted  to  its  mini- 
mum dimensions  at  n,  again 
dilates,  and  fills  the  tube  at 
a '  b '.  Let  V  be  the  mean 
velocity  at  a'b',  where  the 
area  of  the  cross-section  of 
the  pipe  is  a.  The  fluid 
jKtt'fJek'-s  moving  in  parallel 
paths  at  a'b',  the  expense 
will  be  a  x  V;  while  that 

through  a  section  at  a  b,  where  the  velocity  is  V,  and 
cross-section  a',  will  be  ma'  V,  in  which  m  is  the  co- 
efficient corresponding  to'  the  area  a' ;  and,  as  these  must 
be  equal,  we  have 

aV=  ma'V; 
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and  the  loss  of  living  force, 

—  x  (r  -  v?  =  —  x  v*(—,  -  i)a.        ;£,?* 

g  g  \ma'  I 

The  quantity  of  work  of  the  weight,  in  the  same  time, 
is  w  X  h,  and  this,  diminished  by  half  the  loss  above, 
must  be  equal  to  half  the  actual  living  force;  and, 
therefore, 

»  F'  =  „i_|L.y.(-iL7_i),; 

2  g  2g  \ma  I 

or  making ,  —  1  =  K,  we  find 


r     V  i  +  _sr 

When  the  tube  is  cylindrical  a  =  a',  and 


when  the  contraction  is  complete  in  n,  and  the  head 
varies  from  3  to  7  feet,  it  is  found  that  m  is  equal  to  v 
0.62  very  nearly ;  whence 

K=  Jj_  -  1  =  0.618  very  nearly, 
and 

=  0.S5;  ! 


Vl  +  P 


V=  0.85  V2o4. 
Experiments   give  the  coefficient  0.82,  but,  in  oom- 
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puting  the  foregoing  value,  no  account  was  taken  of 
friction,  which  is  an  additional  cause  to  diminish  the 
work  of  the  weight  w  h. 

§  300.-— "When  the  velocity  of  a  fluid  is  considerable, 
and  the  length  of  the  pipe  through  which  it  flows  is  great, 
friction,  which  has  thus  far  been  neglected,  becomes  an 
effective  cause  of  obstruction,  and  can  never  be  neglected 
in  estimating  the  circumstances  which  determine  the 
quantity  discharged.  The  amount  of  friction  depends, 
as  we  have  seen  in  the  case  of  fluids,  upon  the  pressure, 
and  this  latter  is  determined  by  the  extent  of  surface,  and 
the  head  which  impresses  the  velocity,  so  that  the  length 
of  pipe  and  the  velocity  of  flow,  are  the  elements  from 
which  friction  is  to  be  estimated. 

Let  abb'  a1  be 
a  pipe  .of  uniform 
bore  throughout,  con- 
necting two  reser- 
voirs AODB  and 
A' C  D' B',  partly 
filled  with  fluid,  the 
former  to  the  level 
A  B,  and  the  latter  to 
the  level  A'B'.  De- 
note by  H  the  differ- 
ence of  level  between 
AB  and  A' B';  by  a 
the  area  of  a  cross-sec- 
tion of  the  bore  of  the 

pipe ;  by  0  the  contour  of  this  section ;  by  L  the  length  of 
the  pipe;  and  by  Fthe  constant  velocity  of  the  fluid  flow- 
ing through  it.  Experience  shows,  and  the  computations 
of  Coulomb,  de  Mest,  Pkony,  Eytelwein,  and  Navier, 
■m  teach  us,  that  the  loss  of  work  occasioned  by  friction  of 
''  pipes,  in  the  time  during  which  a  weight  of  the  fluid 
denoted  by  w  is  discharged,  is  proportional  to  the  value 


)y  Google 


MECHANICS    OF    FLUIDS. 

of  the  expression 

w     L  X  C  X  ~V* .  p 

g  '  a  '  -     a 

and  that  this  loss  is  a  certain  fraction  n  of  this  function,  or 
is  equal  to 

w     L  X  C  X   V3  „ 


If,  therefore,  there  "be  neither  contractions  in  the  pipe, 
nor  sudden  turns  giving  rise  to  shocks,  the  only  loss  of 
work  will  be  that  TO«ism-e<l  by  the  ;ibove  expression,  and 
by  that  due  to  a  diminution  at  the  orifice  a  b,  measured  "by 
the  expression 

work  lost  nmii 
JL    .  V3    •  I—  -  II    =   —  V*K\  diminution  at  (lit 


±-  -  1  =  JT*; 

and,  because  of  the  principle  of  fluid  level,  H  is  the  only 
distance  through  which  iv  can  act  to  produce  work,  we 
have 


'-V*  =  wB-  ~  ■  V"  ■  K"  -  n 
1  2?  j 


L.  O.Y 


F=      /  ^H        — 

V    l  +  r+in-L.S- 


from  which  the  velocity  may  "be  found. 

The  expense,  denoted  by  Q,  will  be  given  by 


«  „ 
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Taking  the  value  of  m  equal  to  0.60,  (see  table,)  v 

14-  K2  =  1.4444. 
Experiment  shows  that,  for  water, 

n  =  0.0035; 
and  for  air  or  gas, 


and  it  is  important  to  remark  that,  when  the  questio 

relates  i.o  the  discharge  of  gas,  we  must  make 


as  indicated  by  Eqs.  (254),  (257),  in  the  latter  of  which  h 
and  h'  denote  the  mercurial  altitudes  corresponding  to  the 
interior  and  exterior  pressures. 

Denote  by  D  the  internal  diameter  of  the  pipe,  then 

will  C  =  *D,  and  a  =  — - — ,  so  that 


0_  _  4_W)       _4_ 

a    =   *D*         I)' 

Substituting  these  different  values  and  that  of  gravity, 
Eq.  (22),  in  the  expression  for  the  velocity,  we  have, 
after  dividing  both  terms  of  the-  ihietion  by  8n, 


for  air, V  =  49.! 
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in   which  all  linear  dimensions  are  expressed  in  English  e\ 
feet.     The  first  formula  may  be  employed  even  for  gas,  ™ 
because  of  the  small  difference  between  the  values  of  n 
for  the  two  fluids,  provided  we  employ  the  proper  value 

for  a 

Finally,    if   the    aperture 
a'  b'  of  final  egress  be  small-  Fig.  364. 

er  than  ab,  or  of  less  section 
than  a,  V  being  the  velocity 
within  the  pipe,  the  expense  ' 

may  still  be  deduced  from  a  a 

slight  modification  of  the  value  of  the  velocity,  as  given  p: 
by  Eq.  (267).     For  let  V  denote  the  velocity  of  egress, 
a'  the  area  of  the  section  at  a'b',  and  m'  its  coefficient 
of  contraction,  then  will 

aV=  m'a'V;  " 


and  the  living  force  of  the  fluid  as  it  issues  through  a'b', 

will  be 


_  V3  =  Z.  x  _^_  x  Vs; 

g  g         m'2a'2  t 

which,  being  placed  equal  to  the  second  member  of  Eq. 
(266),  will  give 


.  (271).  itowtoeitn 


When  a'  is  very  small  as  compared  with  a,  the  value 
of  m'  is  about  0.60.     If  the  values  of  a  and  a'  differ  but 
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slightly,  or  if  the  pipe  term-  F ig. ; 

inates  at  a'b'  in   a  conical      =;====r_s 

tube,  then  will  the  v:ilnc-  of         ~=___-:. '    ..■_■■■■    :-i^^r~^ 

m'  vary  from  0.82  to  0.96. 

Example.  Let  the  height 
of  the  reservoir  above  the  point  of  delivery  be  70  feet, 
the  diameter  of  the  pipe  0.5  of  a  foot,  and  its  length  1200 
feet:   required  the  quantity  of  water  discharged  in  24 
hours.     In  this  case, 

ft.  ft.  ft. 

D  =  0.5;        H  =  70;        L  =  1200; 

which,  in  Eq.  (269),  give 


-■  47.94  X/Z 
Vis 


0.5  x   70 


1200  +  51.57   X  0.5 
The  value  of  a,  in  Eq.  (268),  will  be  given  by 


:  3.1416  X  ~  =  0.196; 


which,  in  Eq.  (268),  gives 

Q  =  aV=  0.196  X   8.102  =  1.6  nearly; 

and  this  multiplied  by  the  number  of  seconds  in  24  houra, 
equal  to  86400,  gives  138240  for  the  number  of  cubic  feet 
1  in  the  given  time. 
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